GENERALIZED JOHNSON HOMOMORPHISMS
FOR EXTENDED N-SERIES

KAZUO HABIRO AND GWENAEL MASSUYEAU

ABSTRACT. The Johnson filtration of the mapping class group of a compact,
oriented surface is the descending series consisting of the kernels of the actions
on the nilpotent quotients of the fundamental group of the surface. Each term
of the Johnson filtration admits a Johnson homomorphism, whose kernel is
the next term in the filtration. In this paper, we consider a general situation
where a group acts on a group with a filtration called an extended N-series. We
develop a theory of Johnson homomorphisms in this general setting, including
many known variants of the original Johnson homomorphisms as well as several
new variants.

1. INTRODUCTION

In the late seventies and eighties, Johnson studied the algebraic structure of the
mapping class group of a compact, oriented surface ¥ by examining its action on
the lower central series of m1(X) [13]. He introduced a filtration of the mapping
class group, which is now called the Johnson filtration, and defined homomorphisms
on the terms of this filtration, called the Johnson homomorphisms. His study was
preceded by Andreadakis’ work on the automorphism group of a free group [l],
and further developed by Morita [24]. So far, there have been several studies on
variants of the Johnson filtrations and homomorphisms for mapping class groups
and other groups, including the works [2, 3, 6, 14, 17, 18, 20, 23, 26, 28, 31, 32]
where the lower central series are replaced with some other descending series.

The purpose of this paper is to generalize the Johnson filtrations and homo-
morphisms to an arbitrary group acting on another group with a descending series
called an eztended N-series. Our constructions do not only give a generalized set-
ting in order to view the above-mentioned variants from a unified viewpoint, but
also provide new variants of the Johnson filtration and homomorphisms for the
mapping class group of a handlebody.

)

1.1. Extended N-series and extended graded Lie algebras. An N-series
K. = (K;);>1 of a group K, introduced by Lazard [16], is a descending series

K=K >K >

such that [K;, K] < K;4, for all 4, j > 1. The most familiar example of an N-series
is the lower central series I'y K = (I'; K);>1 defined inductively by I'' K = K and
i1 K = [K,T;K] for i > 1. Tt is the smallest N-series of K, i.e., we have I'; K < K;
for all 4 > 1 and for all N-series (K;);>1 of K.
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By a graded Lie algebra we mean a Lie algebra L, = EBiZl L; over Z such that
[Li,L;] C Ly, for i,5 > 1. To every N-series K is associated a graded Lie algebra

gy (Ky) = P Ki/Kita,
i>1
where the Lie bracket is induced by the commutator operation.
An extended N-series, studied in this paper, is a natural generalization of N-
series. An extended N-series K, = (K;);>0 of a group K is a descending series

(1.1) K=Ky>K >Ky>--

such that [K;, K;] < K;4; for all 4,5 > 0. Alternatively, a descending series (1.1) is
an extended N-series if the positive part K = (K;);>1 is an N-series and if K; is a
normal subgroup of K for all i > 1. Note that an N-series K| canonically extends
to an extended N-series by setting Ko = K;.

An extended graded Lie algebra (abbreviated as eg-Lie algebra) Lo = (L;);>0 is
a pair of a graded Lie algebra L, = @, L; and a group Lo acting on L;. To
each extended N-series K, we associate an eg-Lie algebra gr, (K.) = (gr;(K.))i>0,
consisting of the graded Lie algebra gr, (K,.) = gr,(Ky) associated to the N-
series part K of K,, and the action of gry(K,) = Ko/K; on gr, (K ) induced by
conjugation.

1.2. Johnson filtrations and Johnson homomorphisms. To recall Johnson’s
approach to mapping class groups, assume that ¥ is a compact, connected, oriented
surface with 9% = S1. Let K = 7 (X, %), where x € 9%, and let G be the mapping
class group of ¥ relative to d%. The natural action of G on K gives rise to the
Dehn—Nielsen representation
p: G — Aut(K).

Let K, = I'L K be the lower central series of K. The Johnson filtration G, =

(Gm)m>0 of G is defined by
Gm =ker(pm : G — Aut(K/ K1),

where ppm(9)(kKm+1) = p(9)(k)Km+1. The series G, is an extended N-series.
The subgroup Gj is known as the Torelli group of X, and it is well known that

N0 Gm = {1}

For m > 1, the mth Johnson homomorphism
Tm : G — Hom(K1 /Ko, Kiyi1/Kimt2),
is defined by
T (9)(kK2) = g(B)k ' Ko for g€ G, k € K.

Thus, 7,,, measures the extent to which the action of G,,, on K/ K, fails to be triv-
ial; in particular, ker(7,,) = Gmy1. We can identify Hom (K /K, K1/ Kmi2)
with the group Der,,(gr, (K)) of degree m derivations of gr, (K), since the as-
sociated graded Lie algebra gr, (K) = €,,~1 Km/Km41 is free on its degree 1
part K;/K5. Thus the 7,,’s for m > 1 induce_homomorphisms

Tm : Gm/Gmy1 — Dery, (gr (K)),
forming an injective morphism of graded Lie algebras

T4 : gr (G) — Dery (gr, (K)),



GENERALIZED JOHNSON HOMOMORPHISMS 3

where Dery (gr, (K)) = €D,,,~ Derp,(gr, (K)) is the Lie algebra of positive-degree
derivations of gr, (K'). This morphism of graded Lie algebras, which contains all the
Johnson homomorphisms, was introduced by Morita [24, Theorem 4.8]; we call it
the Johnson morphism. From an algebraic viewpoint, it is important to determine
the image of 74, which is a Lie subalgebra of Der(gr, (K)). We refer the reader
to Satoh’s survey [36] for further details and references.

We can extend Dery(gr, (K)) to an eg-Lie algebra Derq(gr, (K)), where the
group Derg(gr, (K)) = Aut(gr, (K)) acts on Dery (gr, (K)) by conjugation. Then
the map 74 naturally extends to a morphism of eg-Lie algebras

(1.2) Te : 8T, (G) — Derq(gr  (K)),
whose degree 0 part
7o : gro(G) = Go/G1 — Derg(gr, (K)) ~ Aut(H,(X%;7Z))

is given by the natural action of the mapping class group on homology.

1.3. The Johnson morphisms associated to extended N-series actions.
We develop a theory of Johnson homomorphisms in the general situation where
an extended N-series Gy = (Gp)m>0 of a group G acts on an extended N-series
K, = (K )m>o0 of another group K. This means that a left action

GxK—K, (g9,k) — g(k),
of G on K satisfies
(1.3) gk)k '€ K;y; forallge Gi,i>0and k€ Kj, j > 0.

We say that a group G acts on an extended N-series K, if g(K;) = Kj for
all j > 0. In this case, we have an extended N-series FX+(G) of G acting on K,,
defined by

(1.4) FE @) ={9eG|gk)k™ € K;y; forall k € K, 7 > 0}.

We call FX+(G) the Johnson filtration of G induced by K,.

To each extended graded Lie algebra L,, we associate the derivation eg-Lie alge-
bra Dere(Ls) (see Theorem 5.3). The degree 0 part Derg(Ls) is the automorphism
group Aut(L,) of L,; the positive part Dery (Ls) is the Lie algebra of positive-
degree derivations of L. Here, for m > 1, a degree m derivation of Le consists of
a degree m derivation dy of L, and a l-cocycle dy : Ly — L., satisfying certain
compatibility condition (see Definition 5.1).

To each action of an extended N-series G, on an extended N-series K,, we
associate a morphism of extended graded Lie algebras

(1.5) To : T4 (G) — Derq(gr (K.)),

which we call the Johnson morphism, and which generalizes (1.2). The morphism
To 1s injective if and only if G, is the Johnson filtration induced by K. (See
Theorem 6.4.)
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1.4. The case of N-series. If K, is the extension of an N-series K = (K )m>1,
then the previous constructions specialize as follows. The target Dere(gr, (K4)) =
Derq(gr, (K4)) of the Johnson morphism (1.5) consists of the automorphism group
Derg(gr, (K4)) = Aut(gr, (K)) of the graded Lie algebra gr, (K ) and the graded
Lie algebra Der (gr, (K4)) of positive-degree derivations of gr, (K.).

These simplifications recover the usual Johnson homomorphisms [13, 24] and
Andreadakis’ constructions [1] since, if Ky = ') K is the lower central series of a
free group K, then Der (gr, (K)) is isomorphic to the Lie algebra of “truncated
derivations”

Dy (gry (Ky)) i= €D Hom(K1/Ka, K1 /K a).

m>1

We also consider the rational lower central series, and two mod-p versions of
the lower central series for a prime p. When K = m(X) for a surface ¥, we
recover the “mod-p Johnson homomorphisms” introduced by Paris [28], Perron [32]
and Cooper [6], which are suitable for the study of the mod-p Torelli group. It is
the subgroup of the mapping class group consisting of elements acting trivially on

Hy(%;Z/pZ).
After the first version of this manuscript was released, the authors were informed
that Darné, in his Ph.D. thesis in preparation [7], constructed the same generaliza-

tion of the Johnson morphism for an arbitrary N-series acting on another N-series.

1.5. Extended N-series associated to pairs of groups. We introduce two
other types of extended N-series K, each associated with a pair (K, N) of a group K
and a normal subgroup V.

First, we associate to (K, N) an extended N-series K, defined by Ky = K and
K,, =T,,N for m > 1. An important case is where N is free; this happens in
particular when K is free. In this case, the positive part gr, (K ) of the associated
eg-Lie algebra gr,(K,) is a free Lie algebra on its degree 1 part K /Ky = N/TaN.
Unlike the classical case where Ky = K7, we have a non-trivial action of Ky/K; =
K/N ongr, (K.). This situation arises when we consider the action of the mapping
class group of a handlebody V; of genus g (based with a disc in the boundary) on
m1(Vy). In fact, our study of generalized Johnson homomorphisms for extended N-
series arises from the study of this action of the handlebody mapping class group.
We remark here that our generalized Johnson homomorphisms determine McNeill’s
“higher order Johnson homomorphisms” [20] on some subgroups of the surface
mapping class group, when N is any characteristic subgroup of the fundamental
group K of a surface.

Second, we associate to a pair (K, N) with [K, K] < N the smallest extended
N-series K, such that Ko = K; = K and K = N. An example is the “weight
filtration” of K = m(X) for a punctured surface ¥; thus, we recover the general-
izations of the Johnson homomorphisms on the mapping class group of ¥ studied
by Asada and Nakamura [3]. In a different direction, we obtain a new notion of
Johnson homomorphisms on the “Lagrangian” mapping class group of a surface
studied from the point of view of finite-type invariants by Levine, who also pro-
posed a related notion of Johnson homomorphisms [17, 18]. This will be studied
in the Ph.D. thesis of Vera in connection with the “tree reduction” of the LMO
functor Z introduced in [5].
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1.6. Formality of extended N-series. We show that an action of an N-series G+
of a group G on an extended N-series K, of a group K has an “infinitesimal”
counterpart if K, is formal in the following sense.

The extended N-series K, induces a filtration on the group algebra Q[K]. We
say that K, is formal if the completion of Q[K] with respect to this filtration
is isomorphic to the degree-completion of the associated graded of Q[K] through
an isomorphism which is the identity on the associated graded. By generalizing
Quillen’s result for the lower central series [35], we show that the associated graded
of Q[K] is canonically isomorphic to the “universal enveloping algebra” of the eg-
Lie Q-algebra grQ(K,) (see Theorem 11.2). (Here grQ(K,) is given by Ko/K; in
degree 0 and by (K,,/K;+1) ® Q in degree m > 1.) We can thus characterize the
formality of K, in terms of “expansions” of K, generalizing the Magnus expansions
for free groups. Then, we prove that such an expansion 6 induces a filtration-
preserving map

o’ G — [] Derm(grd(K.)),
m>1
which induces
77 1 gr  (G.) — Dery (grd(K.)),

the positive part of the rational version 73 of 7, in (1.5) (see Theorem 12.6). Thus,
we may regard the map ¢? as an “infinitesimal version” of the action

G+ — Aut(K*),

containing all the generalized Johnson homomorphisms with coefficients in Q.

1.7. Organization of the paper. We organize the rest of the paper as follows. In
Section 2, we fix some notations about groups. Sections 3 and 4 deal with extended
N-series and extended graded Lie algebras, respectively. In Section 5, we introduce
the extended graded Lie algebra consisting of the derivations of an extended graded
Lie algebra. In Section 6, we construct and study the Johnson morphism induced by
an extended N-series action. In Section 7, we consider truncations of the derivations
of an extended graded Lie algebra. In Section 8, we specialize our constructions
to N-series and, in Section 9, we illustrate these with variants of the lower central
series in order to recover several versions of the Johnson homomorphisms in the
literature. In Section 10, we consider two types of extended N-series defined by
a pair of groups, and we announce some works in progress. Section 11 computes
the associated graded of the filtration of a group algebra induced by an extended
N-series. We consider the case of formal extended N-series in Section 12.

Acknowledgments. The work of K.H. is partly supported by JSPS KAKENHI Grant
Number 15K04873.

2. PRELIMINARIES IN GROUP THEORY

Here we recall a few facts about groups and fix some notations.

2.1. Groups. Let G be a group. By N < G we mean that N is a subgroup of G,
and by N < G that N is a normal subgroup of G. Given a subset S of G, let (S)
denote the subgroup of G generated by S, and (S)) = ((S))¢ the normal subgroup
in G generated by S.
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For g,h € G, set
lg.h] = ghg™'h™',  9h=ghg™",  hI=g 'hg.

We will freely use the following commutator identities:

(2.1) [a,bc] = [a,D] - °[a, ], [ab,c] = “[b, ] - [a, ],
(2.2) [a, 0717 = [a,b]°, [a ', 07 = [a,b]%,
(2.3) [[a,b],%c] - [[b,c], “a] - [[c, a], “b] = 1.

We will need the well-known three subgroups lemma:

Lemma 2.1. If A,B,C < G, N < G, [A,[B,C]] < N and [B,[C,A]] < N, then
we have [C,[A,B]] < N.

2.2. Group actions. Consider an action of a group G on a group K:
GxK-—K, (g,k)— g(k).

Let K x G denote the semidirect product of G and K, which is the set K x G with
multiplication

(k) (K. g') = (kg(K'), 99)).
We naturally regard K and G as subgroups of K x G. Then, for g € G, k € K,
Ik =gkgt=gk) e K<KxG
and
[9,k] = gkg 'k ' =g(k)k™' € K <K xG.

We will use these notations whenever a group G acts on another group K.

For G < G and K’ < K, let [G', K'] denote the subgroup of K generated by
the elements [¢/, k'] for ¢ € G', k' € K’', and let K’ denote the subgroup of K
generated by the elements 9%’ for ¢ € G/, k' € K'. For g € G, let [g, K'] denote
the set of elements of K of the form [g, k'] for all ¥’ € K.

3. EXTENDED N-SERIES AND THE JOHNSON FILTRATION

In this section, we introduce the notion of extended N-series and the Johnson
filtration for an action of a group on an extended N-series.

3.1. N-series. An N-series [16] of a group G is a descending series
G=G12Gy2--2>2G; >~

such that

(3.1) (G, Gr] < G, for mym > 1.

Note that (G;);>1 is a central series, i.e., [G,G;] < G341 for i > 1. In particular,
we have G; < G for 1 > 1.

As mentioned in the introduction, the lower central series of G is the smallest
N-series of G.
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3.2. Extended N-series. An extended N-series Gy, = (Gu)m>0 is a descending
series

Go>2G1 2 2>Gp>---
such that
(3.2) (G, Gr] < Grpgrn for m,n > 0.

For every extended N-series Gy = (G, )m>0, the subseries G4 = (Gp)m>1 is an
N-series. Conversely, every N-series (Gp,)m>1 extends to an extended N-series by
setting Gy = G.

A morphism f: G, — K, between extended N-series G, and K, is a homomor-
phism f : Gy — Kj such that f(G,,) C K,, for all m > 0. Let eNs denote the
category of extended N-series and morphisms.

In the rest of this section, we adapt several usual constructions for groups to
extended N-series.

3.3. Actions on extended N-series. Let K, be an extended N-series. By an
action of an extended N-series GG, on K, we mean an action of Gg on K such that
(3.3) Gy K] C K, for myn > 0.

By an action of a group G on K,, we mean an action of G on K such that

(3.4) 9(K,)=K, forgeG,n>0.

Note that if G, acts on K,, then Gg acts on K,.

3.4. Johnson filtrations. If a group G acts on an extended N-series K, then we
have an extended N-series FX+(G) of G defined by

(3.5) FE(G) = {9 € G | [9,Kn] C Kppin for n > 0}
for every m > 0, which we call the Johnson filtration of G induced by K.

Proposition 3.1. If a group G acts on an extended N-series K, then the Johnson
filtration FX+(G) is the largest extended N-series of G acting on K.,.

Proof. Set G, = FX+(G). One easily checks that G, is a descending series of G,
and that [G,,, K| C Kty for myn > 0. We have [G,,, G1] C Gigrn for myn > 0,
since for ¢ > 0
[[Gma Gn]a Kz] C << [G’rn7 [Gna Kz]] . [Gna [Gm; Kz]] >>K0><IG (by Lemma —)l)
C (Gm, Knyil - [Gny Kimvi] D KoxG
- << KernJri >>K0><1G - Km+n+i~
Hence G, is an extended N-series acting on K. It is clear from the definition of G,
that, if G, is another extended N-series of G acting on K, then G}, < Gy,. O

Remark 3.2. In the proof of Proposition 3.1, we did not use the condition [K,, K,] <
Kpyin, m,n > 0. Therefore, we can generalize Proposition 3.1 to any normal series
K, = (Km)m>o0 of a group K.
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3.5. Automorphism group of an extended N-series. Let K, be an extended
N-series. Define the automorphism group of K, by

(3.6) Aut(K,) = {g€ Aut(Ky) | g(K;) = K, for i > 0},

which is the largest subgroup of Aut(Kj) acting on K. Note that a homomorphism
G — Aut(K,) is equivalent to an action of G on K.

Let Aut,(K,) denote the Johnson filtration FX~(Aut(K,)) of Aut(K,) induced
by K,; thus,

(3.7) Aut,, (K,) = {g € Aut(K,) | [9, Kn] C Knyn for n > 0}

for m > 0. Note that a morphism G, — Aut.(K,) of extended N-series is equivalent
to an action of G, on K,. The following lemma is easily verified.

Lemma 3.3. Let K. be an extended N -series.
(1) If K, is characteristic in Kq for all m > 1, then Aut(K,) = Aut(Kj).
(2) If Ky, is characteristic in Ky for allm > 2, then Aut(K,) = Aut(Ky, K1),
where Aut(Ko, K1) = {g € Aut(Ky) | g(K1) = K3}

Example 3.4. Let K, be an extended N-series. Then K, acts on itself via the
conjugation K x K — K, (k,k') + Fk’. Thus, we have a morphism of extended
N-series

AdR K, — Aut,(K,),

called the adjoint action of K,. In general, K, does not coincide with the Johnson
filtration FX+ (Ky) of Ky induced by its action on K,. For example, if Kj is abelian,
then FX+(Ky) = (Ko)n>0, which is different from K, in general. See Remark 10.4
for an example where we have K, = FX+(K).

4. EXTENDED GRADED LIE ALGEBRAS

It is well known [16] that to each N-series is associated a graded Lie algebra
over Z. Here we associate to each extended N-series an eg-Lie algebra.

4.1. Graded Lie algebras. Recall that a graded Lie algebra Ly = (Ly,)m>1 con-
sists of abelian groups L,,, m > 1, and bilinear maps

[,]: Lim X Ly, = Lipgn
for m,n > 1 such that
o [z,2]=0forxz € L, m>1,
o [z, [y, 2|+ [y, [2,2]] + [z, [z,y]] =0 for x € L,,,, y € Ly, 2 € Ly, m,n,p > 1.
Also, let Ly denote the direct sum @m21 L,, by abuse of notation.

A morphism fy : Ly — L', of graded Lie algebras is a family f; = (fi)i>1 of
homomorphisms f; : L; — L) such that f;y;([z,y]) = [fi(z), f;(y)] for all x € L,,
y € Lj, 1,7 > 1. An automorphism of L, is an invertible morphism from L4 to
itself. Let Aut(L) denote the group of automorphisms of L .

An action of a group G on L4 is a homomorphism from G to Aut(L). In other
words, it is a degree-preserving action (g,x) + 9z of G on L, such that

(4.1) Iz,y] = [Yz,%] for g€ G and z,y € L.
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4.2. Extended graded Lie algebras. An extended graded Lie algebra (abbrevi-
ated as eg-Lie algebra) Ly = (Ly,)m>0 consists of

e a group Lo,

o a graded Lie algebra Ly = (Ly,)m>1,

e an action (g,z) — 9z of Ly on L.

A morphism fo = (fm : Lm — L},)m>0 : Le — L/, between eg-Lie algebras L,
and L consists of

e a homomorphism fo : Ly — L,
e a graded Lie algebra morphism fi = (fp)m>1: Ly — L/,
such that

Fn("y) =7 (fn(y))

forall z € Lg, y € L,,, m > 1. Let egL denote the category of eg-Lie algebras and
morphisms.

4.3. From extended N-series to eg-Lie algebras. For each extended N-series K.,
we define the associated eg-Lie algebra Ko = gr(K,) as follows. Set

Km = grm(K*) = Km/Kerl

for all m > 0. The group K is not abelian in general, whereas K, is abelian for
m > 1. Thus we will use multiplicative notation for the former, and the additive
notation for the latter. The Lie bracket [, ] : K, X K, = K4, in K, is given by

(4.2) [aK i1, bKi1] = [a, ) K pptnt1

for m,n > 1, and the action of Ky on K,, is given by

(4.3) @K (DK y1) = (“D) Kt

Observe that K is the usual graded Lie algebra associated to the N-series K, (see
[16, Theorem 2.1]).

There is a functor gr, : eNs — egL. Indeed, every morphism f : G, — K, in
eNs induces a morphism gr, (f) : gry (G«) — gre(K.) in egL defined by

(4.4) gre()(9Gm+1) = f(9) Km+1, (9 € Gm,ym >0).

5. DERIVATION EG-LIE ALGEBRAS OF EG-LIE ALGEBRAS

In this section, we introduce the derivation eg-Lie algebra of an eg-Lie algebra,
which generalizes the derivation Lie algebra of a graded Lie algebra.

5.1. Derivations of an eg-Lie algebra. Let L, be an eg-Lie algebra.
Definition 5.1. Let m > 1. A derivation d = (d;);>o of Le of degree m is a family
of maps d; : L; — Ly, 4; satisfying the following conditions.

(1) d+ = (d;);>1 is a derivation of the graded Lie algebra L4, i.e., the d; for
i > 1 are homomorphisms such that

diy;([a,b]) = [di(a), b] + [a, d;(b)]

forae L;,be L, 4,5 > 1.
(2) The map do : Ly — Ly, is a 1-cocycle. In other words, we have

do(ab) = do(a) + *(do(D))
for a,b € Lg.
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(3) We have
di(*b) = [do(a), “b] + *(d;(D))
fora € Lo, b€ L;, i > 1.

For m > 1, let Der,,(Ls) be the group of derivations of Le of degree m. Set
Dery(Ls) = (Dery,(Le))m>1-

Theorem 5.2. We have a graded Lie algebra structure on Dery (Lo) such that, for
m,n > 1, the Lie bracket

[-,:] : Dery,,(Le) X Dery,(Le) — Derytp (Le)
is given by
dn(dy(a)) — d;,(do(a)) — [do(a),dg(a)] (i =0,a € Lo),
dnti(di(a)) = dynyi(di(a)) (i>1,a€L;).
We call Dery (L,) the derivation graded Lie algebra of L,.

(5.1) mwmw={

Proof of Theorem 5.2. For simplicity of notation, set D = Der (Ls,).

For d € Dm, d e Dn, m,n > 1, define [d, d/] = ([d, d/]l : Lz — Li+m+n)i20
by (5.1). We prove [d,d'] € Dy, 4r as follows.

First, [d,d']+ = ([d,d];);>1 is a derivation of Ly since the commutator of two
derivations of a Lie algebra is a derivation.

Second, we verify that [d,d']o : Lo = Lur is a 1-cocycle. For a,b € Ly,

d, d')(ab)
—me d'd(ab) — [d(ab), d'(ab)]
—dw’ “(d(v)) — d (d(a) +*(d(b))) ~ [dla) +*(d(B)). d'(a) + (&' ()]
= dd'(a wa‘L%bﬂ+aw (b)) — d'd(a) — [ (), “(d(b))] — *(d'd(b))
—Waww — [d(a),*(@(®))] ~ [*(d(®)). d'(a)] - ,

= dd'(a) + *(dd'(b)) — d'd(a) — *(d'd(b)) — ld(a),d'(a)] — “[d(b),d ()]
= [d, d'](a) + *([d, d'](b))-
Third, for a € Lo, b € L;, i > 1, we have
[d, d']("b) = dd'(*b) — d'd("D)
= d([d'(a),"b] +“(d'(b))) — ([d(a)vab] +(d(0)))
= [dd'(a), “b] + [d'(a), d(“ ¢

— [d'd(a), "] — [d(a),d b)] :

= [dd'(a),b] + [d'(a), [d(a),"b] + “(d(b))] + [d(a), " (d'(b))] + *(dd' (b))

= [d'd(a),“b] = [d(a), [d'(a), "b] + “(d'(b))] — [d'(a),"(d(b))] — “(d'd(b))
= [dd'(a)

8] + [d'(a), [d(a), “B]) + *(dd (b))
(a), “8]) - “(d'd(b))

— [d'd(a), “b] - [d(a), [d'(a),
()], “b] + “(dd'(b) — d'd(b))

= [dd'(a) — d'd(a) — [d(a),d
= [l d'](a),"b] +“([d, d'](b)).

Therefore, [d,d'] is a derivation of L, of degree m + n.

)
(
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Now we show that the maps [+, -] : Dy, X Dy, = Dy, for m,n > 1 define a graded
Lie algebra structure on D, . Clearly, we have [d,d] = 0 and [d,d] + [d’,d] = 0 for
d,d" € D,. Thus it remains to check the Jacobi identity

(5.2) [d, [d', d"]}(a) + [d", [d, d"}(a) + [d', [d", d]}(a) = O

for d,d’,d" € Dy and a € L; with ¢ > 0. For ¢ > 1, this is the standard fact that
derivations of a Lie algebra form a Lie algebra. For i = 0, we have

[d,[d',d")|(a) = d|d’,d")(a) — [d',d"]d(a) — [d(a),[d",d"](a)]
— d(d'd"(a) — d"d'(a) — [d(a),d"(a)]) — (d'd"d(a) — d"d'd(a))

— [d(a),d'd"(a) — d”d’( ) — [d(a),d"(a)]]
= dd'd"(a) — dd"d(a) ~ [dd'(a),d" ()] ~ [d'(a), dd" (o)

—d'd"d(a) + d”d'd(a)

— [d(a),d'd" (a)] + [d(a),d"d'(a)] + [d(a), [d'(a),d" (a)]],
from which (5.2) follows. O
5.2. Derivation eg-Lie algebras. Let L, be an eg-Lie algebra.

Theorem 5.3. The derivation graded Lie algebra Dery (Le) extends to an eg-Lie
algebra Derq(Ls) by setting Derg(Le) = Aut(Le) and by defining an action

(5.3) Derg(L,) x Der,,(Ls) — Der,,(La), (f,d) — 'd
form >1 by
(54) (fd)l((l) = feridZ-f[l(a) (Z > 0, a € Ll)

We call Dere(Ls) = (Dery, (Le))m>0 the derivation eg-Lie algebra of L,.

Proof. For simplicity of notation, set Dy = Derq(Ls). For f € Dy, d € D,,, m > 1,
define fd = ((Yd); : L; — Litm)i>o0 by (5.4). We prove fd e D,, as follows.
First, we check that (fd); is a derivation of Ly. For a € L;, b€ Lj, i,5 > 1,
(Yd)([a,b]) = fdf ~*([a,b])
= fd([f(a), F1(D)])
= f([df~a), fHO)] + [f (@), df 71 (B)])
= [fdf " (a),b] + [a, fdf =1 (b)]
= [(Vd)(a),b] + [a, (Yd)(b)].

Second, we check that (fd)g : Lo — L,y is a 1-cocycle. For a,b € Ly,

(Yd)(ab) = fdf ~*(ab)
= fd(f~"(a) /(1))
= 1(dr @)+ @ (@ )
= fdf "M (a) +“(fdf (b)) = (Pd)(a) +* (D) (D).
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Third, we have for a € Lo, b € L;, 1 > 1,
(Yd)(*D) = fdf ~*(“b)
— fd(ffl(a)(ffl(b)))
= ([ @O )+ O @ )
= [fdf =" (a), “b] +*(fdf (b))
= [(Yd)(a),“b] + *((*d)(D)).

Therefore, /d is a derivation of the eg-Lie algebra L, of degree m.

It is easy to check that the maps Dy x D,,, — D, (f,d) — fd for m > 1 form
an action of Dy on the graded abelian group D,. Let us verify that this action
preserves the Lie bracket of Dy. Let g € Dy, d € D,,, d' € D,, with m,n > 1, and
let a € L; with ¢ > 0. For ¢ > 1, we have

(“ld,d'])(a) = g[d,d')g"" (a)
=g(dd' —d'd)g~'(a) = (g9dg~'gd'g™" — gd'g” " gdg™")(a) = [?d,?d')(a)
and, for ¢ = 0, we have
(?[d, d'))(a) = g[d,d']g" (a)
= gdd'g~"(a) — gd'dg™" (a) — gldg~"(a),d'g " (a)]

=gdg'gd g (a) — gd'g " gdg™ " (a) — [gdg~"(a), 9d'g" " (a)]
= [9d,?d'](a).

Hence D, is an eg-Lie algebra. (I
Example 5.4. Let L, be an eg-Lie algebra. There is a morphism of eg-Lie algebras
(5.5) ad = ad™ : Ly — Der, (L),

called the adjoint action of Le. It is defined by

b fora e Ly, be L,, n >0,
ad(a)(b) =
[a,b] fora € L,,m>1,b€L,,n>0,
where we set [a,b] = a — %a for a € L,,, m > 1 and b € Ly. The proof is

straightforward and left to the reader.

6. THE JOHNSON HOMOMORPHISMS OF AN EXTENDED N-SERIES ACTION

In this section, we generalize Johnson homomorphisms for an arbitrary action of
extended N-series G, on K,. These “Johnson homomorphisms” form a “Johnson
morphism”

Te : 814 (Gy) — Dere(gr, (K.))

with values in the derivation eg-Lie algebra of gry(K.).



GENERALIZED JOHNSON HOMOMORPHISMS 13

6.1. Generalized Johnson homomorphisms. In this subsection, we consider an
extended N-series G acting on an extended N-series K., and we set K¢ = gro (K,).
For every m > 0, we will define a homomorphism

Tm = 795 1 @, — Der,, (K,),

which we call the mth (generalized) Johnson homomorphism. We treat the cases
m = 0 and m > 0 separately.

Proposition 6.1. There is a homomorphism

T0 Go — Aut(l_(.)
which maps each g € Go to 70(g) = (10(9)i : Ki — K;)i>o0 defined by
(6.1) 70(9)i (aKiy1) = (Ya)Kiy1.
Proof. Let End(K,) denote the monoid of endomorphisms of the eg-Lie algebra K,.
Let g € Go. We prove that 79(g) € End(K,) is well defined as follows. It is easy to
see that 70(g); : K; — K; is a well-defined homomorphism for i > 0.

Next, (19(g)i)i>1 : K+ — K4 is a graded Lie algebra automorphism since, for
ac K;,be Kj,i,j7 > 1, we have

70(9)([aKit1,bKj11]) = 7o(9)([a, 0] 1+J+1) = (g[a b])Kz+y+1 [fa, 9] Kt j+1
= [(Pa)Kit1, (Ob)Kjt1] = [r0(9)(aKit1), T0(g) (0K s1)).
We now check the equivariance property:
70(9) (“FV (K1) = 70(9) ("D K1) = (D) Kir1 = (V%)) Kiy

(Ya) K1 ((gb)Ki+1> — 7o(9)(aK1) (To(g)(bKiH))

for a € Ko, b € K;, i > 1. Thus, we have 79(g) € End(K,).
The map 79 : Go — End(K,) is a monoid homomorphism, i.e., we have 19(gg’) =
70(9)10(g") for g,¢9’ € Gy. Indeed, for a € K;, i > 0, we have

(99 (aKin) = (“a)Kin = (7 @) Kiva = 70(9) (' ) K1)
= 70(9)(70(9")(aKit1)) = (10(9)70(g")) (aKit1).
Hence 19 takes values in Aut(R’.). O

Proposition 6.2. For m > 1, there is a homomorphism
T 2 Gy — Der,, (K,)
which maps each g € G, to T (9) = (T (9): : Ki = Kimti)i>o defined by
(6.2) Tm(9)i (aKit1) = [g, a] Kinpiva.
Proof. Let g € G,. We show that 7,,(g) € Der,,(K,) is well defined as follows.
Since G acts on K., we easily see that the map Tm( )i+ K — Ky is well

defined by (6.2) for all 4 > 0. The map 7,,(g9); : K; = Ky is a 1-cocycle if i = 0
and a homomorphism if ¢ > 1: indeed, for all a,b € K;, we have

Tm(9) ((aKi11)(0Ki1)) = 7im(9)(abKit1)
= [g,ab|Kptit1
= (lg.al - *l9,0]) Kinita

_ {mg)() @K (7, (g)(b)) i i =0,
T (9)(@) + T (9) (0) ifi > 1.
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Next, we verify that (7,,(g)i)i>1 is a derivation of K. For a € K;, b € Kj,
i,7 > 1, we have

Tm(9)([0Kiy1,bK11]) = 7m(9) ([0, b] Kiyji1)
= [9, [a7b]] m+i+j+1
= (llg;al, 0l Kp+ivj+1) + ([a, [9, U] Kintitj+1)

[lg, a] Kintitr1, bKj 1] + [aKiy1, (9, 0] Ky j11]

= [rm(9)(aKit1), bK 1] + [aKip1, T (9) (DK j41)]-
It remains to check that
(6.3) Tim(9) (“FV(bKi41)) = [m(9)(aK1), D (0K 41)] + K (10(9) (0K 41))
for a € Ko and b € K;, i > 1. Indeed, since
“lg.0] = ["g,°b] = [[a, g]g, D] = [[g,"b] - [[a, g], D]
= [9,°b] - [lg,a]", b = [g,°0] - [[g, a], *b] " (mod Kpnyisr),

we obtain

(QKI)(Tm(Q)(bKiH)) = (K ([g, )] K psig1)

= ([gvab] 1) m+i+1

= ([g, “D] K. +z+1) (Ilg, ] B K pyit1)

=Tm (9)( z+1) [ Ky, b)Ki+l}

= 7 (9) (T (0K i11)) = [rin(9) (K1), KD (0K 12 )],
proving (6.3). Thus, we have 7,,(g) € Derm( o)

Finally, we show that the map 7,, : G,, — Der,,(K,) is a homomorphism.
Indeed, for g,¢9' € G, a € K;, i > 0, we have

Tm(99')(aKi1) = (99", a] Kyt
= (g[g/’ al - g, a])KeriJrl
= (9, a] - [9, a]) Kimtisa
=9, Al Km+it1 + 19, a] Kmtiv
= Tm(9')(aKis1) + Tim(9)(aKiv1) = (Tim(9) + Tm(9")) (@K it1).
O
It is easy to prove the following.
Proposition 6.3. For m > 0, we have
(6.4)  ker(rn) = G NFi21(Go) = {9 € G | 9, K] C Kpnyiga fori >0},
where FX+(Gy) is the Johnson filtration of Gy induced by K.,.

Set G, = gr,,(G+) for each m > 0. By Propositions 6.1 and 6.2, 7,,, induces a
homomorphism

(6.5) T+ Gy — Deryy, (K).
By Proposition 6.3, we have

(6.6) ker(m) = (G N X2 (G0)) /G i1
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6.2. The Johnson morphism. In this subsection, we show that the family of all
generalized Johnson homomorphisms form a morphism of eg-Lie algebras, which
we call the Johnson morphism.

The_orem 6.4. Let_cm extended N-series G, act on an extended N-series K., and
set Go = gry(Gy), Ko = gr (K.). Then the family To = (T )m>0 of all homomor-
phisms T,, defined by (6.5) is a morphism of eg-Lie algebras

(6.7) 7o : Go — Derg (K,).
Moreover, T, is injective if and only if G is the Johnson filtration FX+(Gy).

Proof. We know that 7, is a homomorphism for each m > 0. Let us check that
(Tm)m>1 : G4 — Dery(K,) preserves the Lie bracket. For g € G, ¢ € Gy,
m,n>1,a€ K;, i >0, we have

+n([9Kmi1, 9 Knia])(aKit1)
= Tmn([9 91 Kmint1)(@Kit1)
[[ } } m+n+z+1
9.9, [0, 9] 7 0] Kpsnyi
9/] ] mAnti+1
[9/ [a, ] [9, l9', a]])KM+n+i+1
[[979 ] U , 919, [g’,a]])KernHH
2 [a,g} [97 g.dl] - [la,gl, 19" al]) Kinsnsit
[ 19:al '] - 9,19 al] - [l9, a7 9", al]) Kot

= _Tn(g Gn+1)(Tm(gGm+1)(aKi+1)) "’%m(gGm+1)(fn(g,Gn—&-l)(aKi-&-l))

—05,0[Tm (9Gm11)(aKi11), Tn(9' Gni1) (K1)

= [Fn(9Gm+1), T(9' Gni1) | (K ip).

Hence (7, )m>1 is a morphism of graded Lie algebras.
It remains to verify the equivariance property for 7,. For g € Gy, ¢ € G,

m>1,a€ K;, 1> 1, we have

T (Y9 (g Gir)) (aKig1) = T ((79) Gingr ) (aKi11)

= [g9/7 a] Kontiv1

)

[ly
[ly
(
(
(
(

= g[g/,gila] Koptita

= 7_—0(gG1) (%m(g/Gm+1)(fo(gGl)il(aKiJrl)))
= (TO(gGl m (9’ Gm+1))(GKi+1)-

Hence 7, is a morphism of eg-Lie algebras.

The second statement of the theorem says that 7, is injective for all m > 0
if and only if we have G,, = FX~(Gy) for all m > 0. This equivalence is easily
checked by induction on m > 0 using (6.6). O

As a special case of Theorem 6.4, we obtain the following.
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Corollary 6.5. Let K, be an extended N-series. Then we have an injective mor-
phism of eg-Lie algebras

(6.8) To 1 gla(Aut,(K,)) — Dere(gre (Ky)),
where Aut,(K,) is the Johnson filtration of Aut(K,) defined by (3.7).
Example 6.6. Continuing Examples 3.4 and 5.4, let us consider the adjoint actions

Ad® and ad® <) The morphism 7, in (6.8) fits into the following commutative
diagram:

gro (Ad%~)

gry(Ky) gry(Aut, (Ky))

.

Der, (gry (K-))-

7. TRUNCATION OF A DERIVATION EG-LIE ALGEBRA

Here we define the “truncation” De(L,) of the derivation eg-Lie algebra Derq(Ls)
of an eg-Lie algebra Le. This structure is useful mainly when the positive part L,
of Lo is a free Lie algebra generated by its degree 1 part.

7.1. Truncation of a derivation eg-Lie algebra. Let L, be an eg-Lie alge-
bra. Here we define a graded group De(Le) = (Dy(Le))m>0, which we call the
truncation of Derq(Ls). Set

Do(L.) = {(do,dl) S Aut(Lo) X Aut(Ll)
| dy(%b) = () (d, (b)) for a € Lo, b € Ly},

which is a subgroup of Aut(Lg) x Aut(Lq). For m > 1, define an abelian group
Dy (Le) by

Dy (Le) = {(do,dy) € Z*(Lo, Ln) x Hom(Ly, Lyy1)
| dy(*b) = [do(a), *] + *(d1 (b)) for a € Lo, b € Ly},

(7.1)

(7.2)

where Zl(LO7 L,,) denotes the group of L,,-valued 1-cocycles on Lg:

(7.3)  Z%(Lo, L) = {do : Lo — Ly, | do(ab) = do(a) + *(do(b)) for a,b € Lo}.
For every m > 0, there is a homomorphism

(7.4) tm : Dery(Le) — Dpp(Le), (di)i>0 — (do,d1)-

Lemma 7.1. If the positive part Ly of an eg-Lie algebra Lo is generated by its
degree 1 part Ly, then t,, is injective for each m > 0.

Proof. First, we prove that the kernel of ¢y is trivial. Take d = (d;);>0 such that
(do,d1) = (idL,,idr, ). We prove d; = idy, for all ¢ > 0 by induction on i > 0. Let
i > 2. Since Ly generates Ly, L; is generated by the elements [x,y] with = € Ly,
y € L;_1. We have

di([z,y]) = [di(2), di-1(y)] = [, 9]

by the induction hypothesis. Hence d; =idy,.
Now we prove that the kernel of ¢, is trivial for m > 1. Take d = (d;);>0 with
(do,d1) = (0,0). We prove d; = 0 for all ¢ > 0 by induction on ¢ > 0. Let ¢ > 2.
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Since Ly generates L., L; is generated by the elements [z,y] with x € Ly, y € L;_1.
We have

di([z,y]) = [di(2),y] + [z, di—1(y)] = 0

by the induction hypothesis. Hence d; = 0. (]

Lemma 7.2. Let Ly = @i21 L; be the graded Lie algebra freely gemerated by an
abelian group A in degree 1. Form > 1, every homomorphism dy : A =Ly — Ly41
extends (uniquely) to a derivation d of Ly of degree m.

This lemma is well known at least for A a free abelian group. (See [34, Lemma 0.7]
for instance.) We give a proof here since we could not find a suitable reference for
the general case.

Proof of Lemma 7.2. Let M = @,~,; M; be the non-unital, non-associative algebra
freely generated by A in degree 1. (Thus we have My = A, My = A® A, M3 =
AR (ARA) (AR A)® A, etc.) Let x : M x M — M denote the multiplication
in M. Then the free Lie algebra L, may be defined as the quotient M /I of M by
the ideal I generated by the elements

bxb, by (ba*bs)~+ box (bg *by) + bz * (b1 * by)

for all bl bl, b2, bs € M.
Let dy : M1 — M, 41 be a lift of d; to M,,,+1, i.e., we require that the diagram

dy
M1 —_— Mm+1

id{: l

L1 T) Lm+1

commutes, where p denotes the projection. The map dy extends uniquely to a degree
m derivation dy = (d; : M; — My, y)i>1 of M. One easily checks d(I) C I.
Therefore, cﬁ induces a family of homomorphisms dy = (d; : Lj — Lpti)i>1-
Clearly, dy is a degree m derivation of L. O

Proposition 7.3. If the positive part Ly of an eg-Lie algebra Lo is freely generated
by its degree 1 part Ly, then t,, is an isomorphism for all m > 0.

Proof. By Lemma 7.1, t,, is injective. Thus it suffices to check that if (dg,d;) €
Dy, (L), then it extends to at least one (d;);>0 € Dery,(La).

First, let m = 0. The automorphism d; of L; extends uniquely to an automor-
phism dy = (d; : L; — L;);>1 of the graded Lie algebra L. It suffices to prove the
equivariance property, i.e.,

(7.5) di(*b) = ©(V(d;(b))

for a € Lo, b € L;, i > 1, which is verified by induction on 7 > 1.
Now, let m > 1. By Lemma 7.2, we can extend the homomorphism d; to a
derivation d4 = (d; : Lj = Lyy4i)i>1 of Ly of degree m. It suffices to prove that

(7.6) di(*b) = [do(a), *b] + “(di(b))
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for a € Lo, b € L;, i > 1. The proof is by induction on ¢ > 1. Let 7 > 2. We may
assume b = [0/, 0], ' € L1, V" € L;_1. Then we have

di("b) = di ([0, “b"])

(a /) ab//] + [ab/,d ( b//)]

o(a),” ]+“(d1(b ), V'] + [V, [do(a), *b"] + *(di-1 (b"))]

(a ab//] dl b/ ab//} [ab/, [do(a)’ab//u + [ab’,a(difl(bn))]
_ O(a)’[ b ab//] dl b/ b//] [bl,difl(b”)]

= [do(a), [V, b"]] + *(ds([t', "])) = [do(a), “B] + *(di (D)),

where the third identity is given by the induction hypothesis. (I

=[d

= [ld
= [ld
[d

7.2. The eg-Lie algebra structure of the truncation. Let L, be an eg-Lie
algebra whose positive part L, is freely generated by L;. By Proposition 7.3,
D.(L,) is endowed with a unique eg-Lie algebra structure such that

(7.7) te = (tm)m>0 : Dere(Le) —> Do(Ls)

is an eg-Lie algebra isomorphism. The following is easily derived from the definition
of Derq(L,) given in Section 5.2.

Proposition 7.4. Let Lo be an eg-Lie algebra such that Ly is freely generated by
Ly as a graded Lie algebra. Then the graded group De(Lse) has the following eg-Lie
algebra structure.
(1) The Lie bracket [d,d'] € Dpyn(Le) of d = (do,d1) € Din(Le) and d' =
(dy,d}) € Dp(Le) with m,n > 1 is defined by

[d, d'lo(a) = dn(do(a)) — d;,(do(a)) — [do(a), dy(a)]  for a € Lo,
[d, d']1(b) = dny1(dy (b)) — 41 (da (D)) forbe Ly,

where dy = (d;)i>1 and d’, = (d);j>1 are the derivations of L, extending
dy and d}, respectively.

(2) The action fd € Dy,(Ls) of f = (fo,f1) € Do(Le) on d = (do,d1) €
Dy (Le) with m > 1 is defined by

(Yd)o(a) = fmdofy *(a) fora € Ly,
(d)1(b) = frmirdifr1(b) forbe Ly,

where fi = (fi)i>1 is the automorphism of Ly extending fi.

8. EXTENDED N-SERIES ASSOCIATED WITH N-SERIES

In this section, we illustrate the constructions of the previous sections with the
extended N-series defined by N-series.

8.1. Extended N-series associated with N-series. Let K, = (K,;,)m>1 be
an N-series of a group K = K;. We consider here the extended N-series K, =
(Km)m>0 obtained by setting Ko = K7 = K.
By an action of an extended N-series G on K, we mean an action of G, on K,.
Let Ly be a graded Lie algebra. Let Derg(Ly) = Aut(L4) be the automorphism
group of L and, for m > 1, let Der,, (L) denote the group of derivations of L, of
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degree m. We call Dery (L4 ) = (Derp,(L+))m>1 the graded Lie algebra of positive-
degree derivations of Ly. The group Aut(L4) acts on Dery (Ly) by conjugation.
Thus Dere(Ly) = (Derp,(L+))m>0 is an eg-Lie algebra.

Theorem 6.4 implies the following.

Corollar}: 8.1. Let an extended N-series G, act on an N-series K, and let Ge =
gry(Gy), Ky = gr (Ky). Then the family To = (Tm)m>0 of all homomorphisms
Tm defined by (6.5) is a morphism of eg-Lie algebras

(8.1) To 1 Go — Derg (K, ).
Moreover, T, is injective if and only if G is the Johnson filtration FX+(Gy).

In the rest of this section, we consider N-series with special properties (called
Ny-series and N,-series). We show that if a group G acts on such a special N-series,
then the positive part of the Johnson filtration of GG is an N-series of the same kind.

8.2. Ny-series. An Ny-series of a group K is an N-series K such that K/K,, is
torsion-free for all m > 1.

An N-series K, can be transformed into an Ny-series /K by considering the
root sets of its successive terms. Specifically, we define for all m > 1

VK, ={r e K|z €K, for some i > 1}.
See [29, §IV.1.3] or [30, §11, Lemma 1.8] in the case of the lower central series, and
[21, Lemma 4.4] in the general case. Note that /K is the smallest Ny-series of K
containing K : thus, VK = K if and only if K is an Ny-series.
Example 8.2. The rational lower central series of a group K is the Ny-series

VI1K = (VT K)m>1 associated to the lower central series I'y K of K. It is the
smallest Ny-series of K.

Proposition 8.3. Let a group G act on an Ny-series K. Then the positive part
ff* (G) of the Johnson filtration FX+(G) is an Ny-series.

Proof. Set G, = FX+(G). By Proposition 3.1, G is an N-series of G;. Therefore,
it remains to show that G,, /Gy, 11 is torsion-free for m > 1. By Corollary 8.1, the
mth Johnson homomorphism induces an injection

Tm Gm/Gm+1 — Derm(K+).

Hence it suffices to check that Der,,(K ) is torsion-free. This follows since K
itself is torsion-free. O

8.3. N)-series. Let p be a prime. An N,-series of a group K is an N-series K|
such that (K,)? C Ky for all m > 1. By a result of Lazard [16, Corollary 6.8],
K, =@,-, Ki/K;11 is a restricted Lie algebra over the field F,, = Z/pZ, whose
p-operation
Ky — K,y
is defined by (2K, )P = (2P Kipgq) for x € Ky, 0> 1.
Every N-series K can be transformed into an N-series KE’] defined by

K,[f;}: H Kfj for m > 1.

i>1,j>0,ipi >m
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See [29, §IV.1.22] or [30, §11, Lemma 1.18] in the case of the lower central series,

and [21, Lemma 4.6] in the general case. Note that KE’]

of K containing K : thus, KE]

is the smallest N,,-series

= K if and only if K is an Nj-series.

Example 8.4. The Zassenhaus mod-p lower central series (also called the Zassen-

]

haus filtration) of a group K [41] is the N-series I‘[fr’ K associated to the lower

central series I'} K of K:

(8.2) K = [I @KrY fom>1

i>1,5>0,ipi>m
This “mod-p” variant of I'y K should not be confused with the Stallings mod-p
lower central series (also called the lower exponent-p central series) F@K [38],
which is defined inductively by ]."§p 'K = K and

(8.3) I K= CPK)YP[KTPK] form>1.

Indeed F[f]K is the smallest N,-series of K, whereas F@K is the smallest N-series
K of K such that (K,,)? C K41 for m > 1.

Proposition 8.5. Let a group G' act on an Np-series K. Then the positive part
}'f* (G) of the Johnson filtration FX+(G) is an Np-series.

Proof. Set G, = FX+(G@). Since G, is an N-series of G| by Proposition 3.1, it
suffices to check (Gy,)? C Gy for all m > 1. Let g € G, and x € K;, j > 1. By
Dark’s commutator formula (see [30, §11, Theorem 1.16]), we have

97, x] = H cz@,

where ¢; is a product of iterated commutators, each with at least ¢ components
equal to g¥! and at least one component equal to z*!. Tt follows that

¢ € Kjiim, fori=1,...,p.
Therefore, ¢, € Kjypm and, for ¢ € {1,...,p — 1}, we have

1-_7
C‘(l) € (KjJrim)p C Kjptimp C Kjtmp

K2

since p divides (?) and K is an N-series. Hence [gF, 2] € K mp and gP € Gpp.
(I

Remark 8.6. Let a group G act on an Nj-series K. Since K is a restricted
Lie algebra over [F),, so is Der (I_(Jr) with p-operation defined by the p-th power.
Besides, by Proposition 8.5, gr+]-'f* (G) is a restricted Lie algebra over F,. One
can expect that the positive part of the Johnson morphism in Corollary 8.1,

Ty gr+}"f*(G) — Dery (K,),

is a morphism of restricted Lie algebras (i.e., it preserves the p-operations). Fur-
thermore, it is plausible that 7, takes values in the restricted Lie subalgebra of
Der (K, ) consisting of restricted derivations in the sense of Jacobson [11].

In degree 0, it is easily verified that 7o : Fo'*(G)/F,"" (G) — Aut(K;) takes

values in the subgroup of automorphisms of the restricted Lie algebra K .
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Remark 8.7. An exponent-p N-series of a group K is an N-series K of K such that
(Kn)P < K41 for all m > 1. For instance, the Stallings mod-p lower central series

F@K of K satisfies this property. We have the following variant of Proposition 8.5:
If a group G acts on an exponent-p N-series K, then the positive part F.*(G)

of the Johnson filtration FX+(G) is an exzponent-p N-series. The proof is easy and
left to the reader.

9. THE LOWER CENTRAL SERIES AND ITS VARIANTS

In this section, we consider the lower central series I' 1 K of a group K and its

variants: the rational lower central series /I'y K, the Zassenhaus mod-p lower

]

central series F[fr’ K and the Stallings mod-p lower central series I‘@K .

9.1. The filtration Gl. Let K, be an N-series of a group K, and extend it to
an extended N-series K, with Ky = K. Let a group G act on K,, and let G, =
FE+(G) be the Johnson filtration of G induced by K,. Define a descending series
Gl = (GL)m>0 of G by
(9.1) Gl ={9€G|[g,K]C K1} =ker(G— Aut(K/Kpi1)).
Clearly, G}n > Gy, for m > 0, and G(l) =G = Gy.

The filtration G1 is not an extended N-series in general, but it is so for the
lower central series and its variants. In fact, Andreadakis was the first to study

the filtration Gl in the case of K, = 'y K with G = Aut(K), and he proved the
following proposition in this case [1, Theorem 1.1.(i)]. See also [(6, Lemma 3.7]

and [28, proof of Theorem 2.4] for K, = F@K, and see [23, Lemma 2.2.4] for
K, =T"K.

Proposition 9.1. If K is one of ' K, /'L K, FE@K and FPK, then we have
G. = GL. (In particular, G} is an extended N-series.)

Proof. To prove Proposition 9.1, it suffices to check G < G,, = FE-(G) for
m > 1. Thus, we need to check

(9.2) GL, K, < Kppyn form>1,n>2.
We prove (9.2) in the four cases separately.

Case 1: Ky =T' K. Here we repeat Andreadakis’ proof. We verify (9.2) by in-
duction on n as follows:

(G K] = (G, [K K]

(G K, K] - [[Grs K1l K] )iexe (by Lemma 2.1)
{[Km+t1, Kn-1] - [Kman-1, K] W kxe (by the induction hypothesis)
{ Kmtn DEkxG = Kmin.

IANIAIA

(]
Case 2: Ky = /T 1 K. By induction on n, we will prove that [g,a] € K1, for
g € Gl and a € K,,. We have a' € T',K for some t > 1. We have

lg.a]t = [T 'lg.al = lg,a"] € (G, TuK] < [GL,,[K, Kpn1]l,
(mod Kpyyn) =1
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where = follows from
[ai_17 [g7a’]] S [Kna [G71n7K]] < [Kanm-l‘l] < Km+”+1 < Km+n-

Similarly to Case 1, we obtain [G | [K, K,_1]] < Ky in using the induction hy-
pothesis. Therefore, we have [g, a|® € K4, hence [g,a] € K. O

Case 3: Ky = FEf]K. By (8.2), it suffices to prove by induction on n that [g, 2’| €
Kpinifge Gl 2eK,i>1,7>0andip! > n.

If j =0, then z e K <T,K = [K,T,,_1 K] < [K, K;,—1]. Then we proceed as
in Case 1 using the induction hypothesis.

Let j > 1. By Dark’s commutator formula (see [30, §11, Theorem 1.16]), we have

(93) 9,27 = [T ™.
d=1

where ¢4 is a product of iterated commutators, each with at least d components
equal to 2! and at least one component equal to g*'. We can assume without loss
of generality that i is the least integer greater than or equal to n/p’, so that i < n.
By z € I';K < K; and the induction hypothesis, we have [g*!, 2*1] € K, ;. It
follows that

(9.4) Cd € Kt di-

For each k > 1, let |k|, denote the p-part of k, which is the unique power of p
such that k/|k|, is an integer coprime to p. Then we have ‘(Z’)’ > ﬁ (see, e.g.,
P
the proof of [30, §11, Lemma 1.18]). Therefore,

)
()

Since K is an Np-series, (9.4) implies ¢;*" € Ky4p. Hence, by (9.3), we have
[9,27"] € Koy O

J J )
(m+di) = 2 (m +di) = Zom 4+ p/i > m .
p

Case }: Ky = F@K. By (8.3), it suffices to prove by induction on n that we have
[GL, K, K,_1]] C Kpmin and [GL,, (K,—1)P] C Kyin. The former is proved simi-

m?

larly to Case 1 by using the induction hypothesis; to prove the latter, we will verify
[9,2°] € Kpyn for g € GL and z € K,,_;. We have

[g’z]p S [G}annfl]p S (Kernfl)p S KerTm

9.2 = 11" 1971

i1 (mod Kpyyn)

where = follows from
[Ziilv [9,2]] € [Kp-1, [Grlann—l]] < K1, Kimyn—1] < Kimyon—2 < Ky
Hence [g, 2P] € Kpin- O
This completes the proof of Proposition 9.1. (]

We now observe that the Johnson filtration G = G, can be given a ring-theoretic
description, in the case of the rational (resp. Zassenhaus mod-p) lower central series.
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Corollary 9.2. If K, = /'L K, then for m > 0 we have
Gm = Gy, = ker(Aut(K) — Aut(Q[K]/I™)),
where I = ker(e : QK| — Q) is the augmentation ideal.

Proof. This follows from a classical result of Malcev, Jennings and P. Hall, which
computes the “dimension subgroups” with coefficients in Q:

A+I""NYNK =T, 1K CQIK] form>0.
(See, e.g., [29, §IV.1.5] or [30, §11, Theorem 1.10].) O

Corollary 9.3. If K, = F[f]K, then for m > 0 we have
Gm = G, = ker(G — Aut(F,[K]/I™H)),
where I = ker(e : Fy[K] — F,) is the augmentation ideal.

Proof. This follows from a classical result of Jennings and Lazard, which computes
the “dimension subgroups” with coefficients in Fp:

A+ 1" K =T K CF,[K] form>0.
ee, e.g., |29, .2.8] or |30, , eorem 1.20].
S §IV.2.8 §11, Th 1.20 (]

9.2. Examples and remarks. In the light of Proposition 9.1, we now relate the
results and constructions of the previous sections to those in the literature.

Example 9.4. Andreadakis [1] mainly considered the case where Ky = '} K is
the lower central series of a free group K and G = Aut(K). (By Lemma 3.3, G acts
on K.) In this case, the Johnson filtration Aut_* (Ky) =Gy = Gi is usually called
the Andreadakis-Johnson filtration. Note that K, is the free Lie algebra Lie(K?P)
on the abelianization K*" = K /T, K. Hence, by Proposition 7.3, the eg-Lie algebra
morphism (7.7)
t. : Der.(K+) — D.(R+)
is an isomorphism, where Do(K4) = (Dy,(K+1))m>0 is given by
Dy(K,) = Aut(K*) and D,,(K)= Hom(K?®" Lie,, i (K?"))

and has the eg-Lie algebra structure described in Proposition 7.4. For a finitely
generated free group K, the composition

teTe : gle(Gx) — Do(K )
has been extensively studied since Andreadakis’ work; we refer to [37] for a survey.

Example 9.5. Let 3,1 be a compact, connected, oriented surface of genus g with
one boundary component, and let K = m1(X1,%), where x € 9%, 1. The mapping
class group

G =MCG(X4,1,0%541)
of ¥, 1 relative to 0%, 1 acts on K = I' K in the natural way. By Proposition 9.1,
the Johnson filtration G, in our sense coincides with the Johnson filtration G in
the usual sense, and its first term G; = G} = ker(G — Aut(H1(2,,1;Z))) is known
as the Torelli group. By Example 9.4, we have an injective morphism of eg-Lie
algebras teTe : g1, (G4) — De(K ). The components

tmTm @ G — Hom(H, Lie,,+1(H))
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for m > 1, where H = H;(X,1;Z), are the original Johnson homomorphisms
introduced by Johnson [12, 13] and Morita [24]. See [36] for a survey.

Remark 9.6. (i) Since the rational lower central series of a free group coincides with
the lower central series, we could replace the latter by the former in Examples 9.4
and 9.5. Thus, Corollary 9.2 implies that the Johnson filtration of the mapping
class group of ¥, (resp. the Andreadakis—Johnson filtration of the automorphism
group of a free group) can be described using Fox’s free differential calculus [24, 31].

(i) Example 9.5 can be adapted to a closed oriented surface X4 of genus g. In this
case, additional technicalities arise since K = m1(3,) is not free, and the mapping
classes of ¥, act on K as outer automorphisms. The Johnson homomorphisms in
this case were introduced by Morita [25].

Example 9.7. As in Example 9.5, we consider the mapping class group G =
MCG(Xg,1,0%4,1) acting on K = m1(Xg,1,*). Here, let Ky be one of the two
versions of the mod-p lower central series. Note that the associated graded Lie
algebra K is defined over F, in both cases. If K, = I‘[f_’}K (resp. I‘@K), then
the Johnson filtration G, induced by K, coincides with the “Zassenhaus (resp.
Stallings) mod-p Johnson filtration” considered by Cooper in [6], and its first term
G1 = ker(G — Aut(Hy(X,,1;F,))) is the mod-p Torelli group. Furthermore, the
“mth Zassenhaus (resp. Stallings) mod-p Johnson homomorphism” for m > 1 de-
fined in [6] coincides with the composition

G 2 Dery (K1) 2 Hom(K7, Kony1).

According to Proposition 9.1, we have ker(¢,,7) = Gima1. In fact, these construc-

tions for Ky = F@K had been used by Paris [28] to prove that the mod-p Torelli
group (of an arbitrary compact, oriented surface) is residually a p-group.

Now let us focus on the case K = I‘[f_’]K. In this case, the graded Lie al-
gebras K, Dery(K) and G, are restricted over F,. (See Proposition 3.5 and
Remark 8.6.) Since K is a free group, K is the free restricted Lie algebra over F,
generated by K; ~ Hy(X,1;F,) [16, Theorem 6.5]. By Corollary 9.3, we can de-
scribe G, using Fox’s free differential calculus, so that G, coincides with Perron’s
“modulo p Johnson filtration” [32]. (See also [6, Theorem 4.7] in this connection.)
By Proposition 8.5, this filtration satisfies (G,)? C Gypp for m > 1; this fact does
not seem to have been observed before.

Remark 9.8. It seems plausible that one can adapt the constructions of this paper
to the setting of (extended) N-series of profinite groups and, in particular, pro-p
groups. In fact, the literature offers several such constructions for the lower central
series of a pro p-group, or its variants. For instance, Asada and Kaneko [2] intro-
duced analogues of the Johnson homomorphisms on the automorphism group of the
pro-p completion of a surface group. More recently, Morishita and Terashima [23]
studied the Johnson homomorphisms for the automorphism group of the Zassenhaus
filtration of a finitely generated pro-p groups, which may be regarded as variants
of Cooper’s “Zassenhaus mod-p Johnson homomorphisms”.

10. TWO TYPES OF SERIES ASSOCIATED WITH PAIRS OF GROUPS

In this section, we consider two types of series K, = (K, )m>0 determined by
their first few terms: the smallest extended N-series with given Ky and K;, and
the smallest N-series with given Ky = K; and K.
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10.1. Extended N-series determined by Ky and K;. Let K = K be a group,
and let Ky < K. Define an extended N-series K, = (Kp,)m>0 by

K if m =0
(10.1) Ky = nm=
', Ky ifm>1.

Note thaE K, is the smallest extended N-series with these Ky and K;. The eg-Lie
algebra K, = gr,(K,) associated to K, is given by

R() :KO/KI and [_(m:FmKl/FerlKl formZ 1.

Let a group G act on K in such a way that “K; = K;. Since K; = I';K;
is characteristic in K; for all i > 1, G acts on the extended N-series K, (see
Lemma 3.3). Define three descending series G¥, GL and G, of G by

G ={g€G|lg,Ko] C K} =ker(G — Aut(Ky/K,,)),

G, ={9€G |9, K1] C Kpp1} = ker(G — Aut(K1 /K1),

Gm =G’ NG: ={g€G|lg,Ko] C K, l9,K1] C Kpns1}.
The Johnson filtration X+ (G) has the following simpler description.

Proposition 10.1. We have G, = FX+(G). (Hence G, is an extended N-series.)
Moreover, Gl is an extended N-series.

Proof. By Proposition 9.1, we have

(10.2) Gl ={9€G|lg,Kn] C Kpyn forn>1}

for m > 0, and G! is an extended N-series. By (10.2), we have

(10.3) G =Gy, NGy, = Fie(G)

for m > 0. O

Since G, > GY ., for m > 0, the filtrations G, and G? are nested:

(10.4) G=G)=Go>G\ >G> >Gp1>G% >Gp>---.

Theorem 10.2. If K is a non-abelian free group, then, for each m > 0, we have
Gm =Gl <G°.

Proof. Note that G} < GO implies G,,, = GL,. Hence it suffices to prove by
induction on m > 0 that if g € G, [g, K1] C K41, then [g, Ko] C K,,. The case
m = 0 is trivial; let m > 1. Let y € Ky. By the induction hypothesis, we have
l9,vy] € [9,Ko] C K1, i-e., g(y) = zy for some z € K,,_1. For each x € K;, we
have

Ve =g(Yx) = g(y)g(x) =9Wp — 2y — [z,%2] Y&  (mod Kpi1),

where each = follows from [g,K;| C K,4+1. Therefore [2,K;] C Kpy1. By
Lemma 10.3 below, we have z € K,,, and hence [g,y] € K,,. O

Lemma 10.3. If F is a non-abelian free group and m > 1, then we have

{a € F|la,F|CTypp1F}=T,,F.
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Proof. Let L, = {a € F | [a,F] C T'\,41F}. We will prove L, =T, F for m > 1
by induction. Let m > 2. Clearly, I',,FF < L,,. By the induction hypothesis,
we have L,, < L,,—1 < I',_1F. The quotient group L,,/T",,F, regarded as a
subgroup of

L1 F/T F ~ Liey,_1(F®), where F** = F/T',F,

is the centralizer of Liey(F®) = F2P in the free Lie algebra Lie(FP). Since
rank(FP) > 2, the center of Lie(F") is trivial. Hence L,, /T, F is trivial. O

Remark 10.4. Lemma 10.3 can be restated as follows. Let F' be a non-abelian free
group, let Fy = I'} F' be its lower central series, and extend F to an extended
N-series F, with Fy = F;. Then, letting F' act on F, by conjugation, the Johnson
filtration of F' induced by F, coincides with Fj.

In what follows, let K “be a non-abelian free group. Then K, = (K /Kmt1)m>1
is the free Lie algebra on K; = K. By Theorem 6.4 and Proposition 7.4, we obtain
an injective eg-Lie algebra morphism

Ga 7 Derg (Ky) =% Do(Ky),
where Gy = (G /Gm+1)m>0- By (7.1) and (7.2), the mth Johnson homomorphism
timTm : Gm — D (K,e) has two components
70 Gy — Aut(Ko/K1), 7¢:Go — Aut(KP)
for m =0, and
70 G — ZY (Ko /K1, Lie, (K2)), 7L : G — Hom(K2P, Liey, 1 (K3P))
for m > 1. Furthermore, these two components are related to each other by
75 (@) (1 () (b -0
a g m b
w5 @en={, 0o =0
[T (9) (@), *b] +“(75,(9)(b))  (m >1)
for g € Gy, a € K, b€ K. Note also that
ker 70, = Go 1, ker7h =G = G (m >0).
Proposition 10.5. The homomorphism 74 restricts to
Tolgo : GY — Autgr i, (KPP).,

For m > 1, the homomorphism 1}, restricts to

T GOyt GY,1 — Homg i, | (K7, Lien, 11 (K")).

Proof. This immediately follows from (10.5). O
Proposition 10.6. Let m > 1. There is a map

700 GO — Z' (Ko, Lie,, (Ki))
which is a homomorphism for m > 2 (resp., a l-cocycle for m = 1) with ker-
nel G%H, and which makes the following diagram commute:

(10.6) GO — — = — 5 ZV(Ky, Lie,, (K2P))

L

 ——— s 71 (Ko / K1, Lie,, (KiP))



GENERALIZED JOHNSON HOMOMORPHISMS 27

(Here the arrow on the left is the inclusion, and that on the right is induced by the
projection Ko — Ko/K1.)

Proof. For g € GY, the map ¢’ : Ko — K,,/Kni1 =~ Lie,(K?) defined by
g'(x) = [g, 7] is a 1-cocycle. Thus the map 72 : GO — Z'(Ky, Lie,, (K3")) defined
by 79 (g) = ¢’ makes the diagram (10.6) commute. For g,h € G% and z € K, we
have

(9h)' (&) = [ghs @] K11 = 91, allg, 2l K = “(W (@) + ¢/ ().
Hence, 70 is a 1-cocycle for m = 1, and a homomorphism for m > 1. Clearly, its
kernel is G, ;. (]

We now illustrate the above constructions with a few examples.

Example 10.7. As in Example 9.5, we consider the mapping class group G =
MCG(Xy,1,0%,,1) acting on K = m1(X41,%). If H := K, is a characteristic sub-
group of K, then the filtration (GY,),>1 of G coincides with the “higher order
Johnson filtration” defined by McNeill [20], and her “higher order Johnson ho-
momorphism” 7 coincides with our 7—73171|G9n for m > 2. When H = I';K, the

subgroup GY of G is the Torelli group, and GY is the kernel of the so-called “Magnus
representation”: the study of this case is carried out in [20].

Example 10.8. Let Ko = (z1,...,%p,Y1,--.,Yq) be the free group of rank p + g,
p,g > 0. Set K1 = {x1,...,2p) < Ko. We have Ko/K1 ~ Fy := (y1,...,Yq)-
Let K, be the extended N-series defined by (10.1). We call

G =Aut(K,) ={f € Aut(Ky) | f(Ky) = K}
the fake handlebody group of type (p,q), and
GY = ker(G — Aut(F,))

the fake twist group of type (p,q); see Example 10.9 below to clarify this termi-
nology. If p > 1 and (p,q) # (1,0), then K; is a non-abelian free group, and
Theorem 10.2 applies. We will study these groups in more details in [10] using the
Johnson homomorphisms (7},),>0 and (7,)m>0 defined on the two nested filtra-
tions (Gm)m>0 and (GY,),,>0, respectively.

Example 10.9. Let V; be a handlebody of genus g > 1, fix a disk § C 9V, and
let ¥,1 = 0V, \ int(S). Let x € 98,1 and set
Ko=m(3g1,%) and Ky =ker(i.:m(Zg1,%) — m(Vy, %)),

where i, is induced by the inclusion i : ¥4 < V;. Let MCG(32,,1,0%,,1) act on Ko
in the canonical way. The subgroup

G= {f € MCG(Zg,laazg,l) | fo(K1) = Kl}
is usually called the handlebody group, since it is the image of MCG(V,,S) in
MCG(X4,1,0%,.1) by the restriction homomorphism (which is injective). The sub-
group
G(l) = ker(G — Aut(Ko/Kl))
~ ker(MCG(Vy, S) — Aut(m1(Vy, %)),
usually called the twist group, is generated by Dehn twists along the boundaries

of 2-disks properly embedded in V, \ S [19]. The present example corresponds
to Example 10.8 with p = ¢ = ¢, where the basis (z1,...,24,y1,...,y4) of Ko



28 KAZUO HABIRO AND GWENAEL MASSUYEAU

is a system of meridians and parallels on 3, 1, and the automorphisms of K are
required to fix the homotopy class of 0%, 1. We will prove in [10] that this boundary
condition implies that the two nested filtrations (10.4) on G agree:

G = G?n for all m > 0.

In this case, the Johnson homomorphisms (7,)m>0 and (72)m>0 = (79)m>0 are
interchangeable and correspond to the “tree reduction” of the Kontsevich-type func-
tor Z introduced in [9]. Moreover, the maps 7'711|G9n+1 given in Proposition 10.5 are
trivial.

10.2. N-series determined by K; and K,. Let K = K; be a group, and let
Ky <« K with Ky > [K, K]. Let Ky = (K,;,)m>1 be the smallest N-series of K with
these K1 and Ko, i.e., Ky is defined by

(10.7) K, = [Km-1, K1] - [Kim—2, K3]
inductively for m > 3. Note that
I'nK c K, C ].—‘"m/g"K
for m > 1, where [m/2] = min{n € Z | n > m/2}. Extend K, to an extended
N-series K* = (Km)mZO with K() = Kl-
Let a group G act on K in such a way that “Ky = K. Then each g € G satisfies
g(K;) C K; for all j > 3, as can be verified inductively using (10.7). Hence G acts

on K, and we can consider the induced Johnson filtration FX+(G). It has the
following description. Set

(10.8) Gmn={9€G |9, K1] C Kpm1, [9,K2] C Kypyo} for m > 0.

Proposition 10.10. We have FE+(G) = G, for allm > 0. Hence G, = (Gm)m>0
is an extended N-series.

Proof. Obviously, FX+(G) C G, and Gy = G = F)**(G).

It remains to prove G,,, C FX+(G) for m > 1. It suffices to check that if g € G
satisfies [g, K1] C K11 and [g, K2] C K42, then we have [g, K;] C K4y for
all ¢ > 1. This is obvious for ¢ = 1,2. The case ¢ > 3 is proved by an induction
using (10.7), similarly to the proof of Proposition 9.1 in the case K, =T K. O

By Corollary 8.1, we have an injective morphism of eg-Lie algebras
(10.9) To 1 Go — Derg (K ).

In contrast with Section 10.1, the graded Lie algebra K is not generated by its
degree 1 part. Thus, Proposition 7.1 does not apply and t, : Dere(K 1) — De(K)
might not be injective. Nonetheless, K, is generated by its degree 1 and 2 parts.
This observation motivates the following definitions.

Let Ly be a graded Lie algebra, and let A be a subgroup of Ly such that
Lo = [Ly,L1] + A. We define a graded group De(Ly, A) as follows. For m > 1,
consider the abelian group

D,,L(L+, A) = HOHl(Ll, Lm+1) X HOIII(147 Lm+2)
and, for m = 0, set

Do(Ly, A) = {(u,v)EAut(Ll)xHom(A,Lg)
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the map fe30] 0 — ulrn)uln))+(0) )
defines an automorphism of [L1,L1]+ A= Lo J'

The subgroup
{(dy,ds) € Aut(Ly1) x Aut(Ls)|dz2([b,c]) = [d1(D),d1(c)] for b,c € L1}

of Aut(L;)x Aut(Ls) is mapped bijectively onto Do(Ly, A) by (d1,ds) — (d1,dz|a).
Hence Dgy(Ly,A) inherits from Aut(L;) x Aut(Lz) a group structure. For ev-
ery m > 0, there is a homomorphism

tm - Derm(L+) — Dm(L+,A), (di)iZI — (dl,dglA).

Clearly, te = (tm)m>0 is injective if the graded Lie algebra Ly is generated by its
degree 1 and 2 parts (and, so, by L1 @& A). Furthermore, t, is bijective if L is
freely generated by L; @ A, where L; and A are in degree 1 and 2, respectively.
Hence, in this case, there is a unique eg-Lie algebra structure on De(L., A) such
that ¢, is an eg-Lie algebra isomorphism.

Now, let K be freely generated by B = K| and a subgroup A of K. Then, the
previous paragraph gives an injective eg-Lie algebra morphism

Go 7 Dera(Ky) =5 Do(K 4, A).

The mth Johnson homomorphism #,, 7, : Gy — Dy (K, A) has two components
70+ Go — Aut(B), 75 : Gy — Hom(A, A’B) x Aut(A)
for m =0, and
7} Gy — Hom(B, Lie,, 1(B; A), 72 : G — Hom(A, Liey, 2(B; A))

for m > 1. Here Lie(B; A) denotes the graded Lie algebra freely generated by
B ® A, where B and A are in degree 1 and 2, respectively.

We illustrate the above constructions with a few examples. The following lemma
is easily deduced from [15, Proposition 1].

Lemma 10.11. Let K = Ky = (x1,...,%p,Y1,-..,Yq) be a free group of rank p+q
with p,q > 0, and let

Ky =T9K - {x1,...,2p)) = ker(K — (y1,... ,yq>ab).

Then the graded Lie algebra K is freely generated by y, Ko, . .. YKo in degree 1
and by v1Ks, ..., K3 in degree 2.

Example 10.12. This generalizes Example 9.5. Let 25’1 be the surface ¥, ; with
p > 0 punctures, and let i : X2 | — X, 1 be the inclusion. Set K = K = 71 (2} |, %),
where x € 9%} | = 0%, 1, and

K> = ker (ﬂl(Ep

b1 %) LN m(Zg1,%) — Wl(ZgJ,*)ab ~ Hl(Zg’l;Z))

The smallest N-series K = (K,,)m>1 with these K7 and K, is known as the
weight filtration. It was introduced by Kaneko [14] in the framework of pro-¢ groups
following ideas of Oda, and has been studied by several authors including Nakamura
and Tsunogai [26], and Asada and Nakamura [3].

Set B = Kl/KQ = Hl(Eg,l;Z) and

A= ker(i* : Hl(ES,UZ) — Hl(ngl;Z)).
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We regard A as a subgroup of Ky/K3 as follows. Let x1,...,z, € K be represented
by loops (based at ) around the p punctures. Since A is free abelian with basis
[z1], ..., [xp], there is a unique homomorphism j : A — Ky /K3 defined by j([z;]) =
x;K3; one easily checks that j does not depend on the choice of z;,...,z,. By
Lemma 10.11, j is injective and the graded Lie algebra K, is freely generated by
B ® j(A), where B and j(A) are in degree 1 and 2, respectively.

The mapping class group G = MCG(E?DGEZJ) acts on K in the canonical
way, and we have K, = K,. The extended N-series G = Gy > Gy > G > ---
coincides with the filtration

Loy 2 Topn (D) 2T 00 (2) > -+
1 2

in [3, §2.1]. Furthermore, for m > 1, the Johnson homomorphism t,,7, = (7, Tr,)
is essentially the same as the homomorphism ¢,, in [3, §2.2].
There is a short exact sequence

1— Bp(341) — G — MCG(X,,1,05,1) — 1,

where By, (X, 1) is the braid group in £, ; on p strands. Thus, the homomorphisms
7i (for m > 1,4 = 1,2) generalize both the “classical” Johnson homomorphisms
(p = 0) and Milnor’s p-invariants (¢ = 0). The former are contained in the “tree
reduction” of the LMO functor [5], while the latter are contained in the “tree reduc-
tion” of the Kontsevich integral [8]. It seems possible to describe diagrammatically
the generalized Johnson homomorphisms ¢, for any g,p > 0 and to relate them to
the “tree reduction” of the extended LMO functor introduced in [27].

Example 10.13. As in Example 10.9, consider a handlebody V; of genus g > 1
and a surface 41 C 0V, of genus g. Set K = Ky = m(X,,1,*) and

K = ker (m1(Sg1,%) 5 m1(Vy, %) — i (Vy, 0)™ = Hi(V32)).
The smallest N-series Ky = (K,,)m>1 with these K; and K> is given by
Ky =T)K-A, K3=T3K-[K,A], etc,
where A = ker (i, : 11 (3g,1,%) — m1(Vy, %)). Let
A =ker (iy : Hi(3g,1;Z) — H1(Vy;Z)) and B = Hy(Vy; Z).
Identify B with K; /K>, and let j : A — K5/K35 be the canonical homomorphism

NLEK-A A A K>

LK T,KNA  [K,A]  Ks

A~

Then, by Lemma 10.11, j is injective and the graded Lie algebra K, is freely
generated by B @ j(A), where B and j(A) are in degree 1 and 2, respectively.

The subgroup G of MCG(X, 1,0%,,1) that preserves the Lagrangian subgroup
A C Hi(34,1;Z) is usually called the Lagrangian mapping class group of ¥, 1. It
acts on K in the canonical way and satisfies GK, = K5. Hence we obtain an
extended N-series Gy = (G, )m>0, which is the Johnson filtration induced by K..
The generalized Johnson homomorphisms 7, (for m > 0, i = 1,2) will be studied by
Vera [40] in relation with the “tree reduction” of the LMO functor introduced in [5].
This is also connected to the “Lagrangian” versions of the Johnson homomorphisms
introduced by Levine in [17, 18].
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11. FILTRATIONS ON GROUP RINGS AND THEIR ASSOCIATED GRADED

In this section, we consider filtrations on group rings induced by extended N-
series and we compute their associated graded. By a ring we mean an associative
ring with unit.

11.1. Filtrations on group rings. A filtered ring J, = (Jm)m>o0 is a ring Jy
together with a decreasing sequence
JoDNh DD DJpy1 D
of additive subgroups such that
(11.1) Imdn C Imgn for m,n > 0.

Note that J,, is an ideal of Jy for each m > 0. The associated graded of J,,

g (1) = @D -2

J )
>0 R+

has the obvious graded ring structure.
Let K, be an extended N-series, and Z[Ky] the group ring of Ky. For m > 1,
we set

I (K.) = ker (Z[Ko] 5 2[Ko /K ,0)),
where 7, : Ko — Ko/K,, is the projection. We associate to K, the filtered ring
(11.2) Jo(Ky) = (Jm (Ki))m>0
defined by Jo(K.) = Z[Ky] and by

T (K,) = > Ly (K. I (Ky) for m > 1.

Note that J,, (K, ) is the ideal of Z[K] generated by the elements (z1—1) - -- (z,—1)
forall x1 € Ky oo ytp € Koy my+ -+ - +my > m, my,...,my > 1, p>1. For
instance, if K, is the extended N-series defined by the lower central series of the
group Ky, then we have J,,,(K,) = I, where I is the augmentation ideal of Z[Kj).

Now we equip the group ring Z[Kj] with the usual Hopf algebra structure with
comultiplication A, counit € and antipode S. Since

A(Ik<K*)> C Ik(K*) X Z[Ko] + Z[Ko] ® Ik(K*)
for k > 0, we have

A(Jm(KL)) C Y Ti(K) @ J;(K.).
i+j=m
Clearly, we have €(J,,,(K,)) = 0 and S(J;,(Ky)) = Jn(K,) for all m > 1. Hence
J«(K) has the structure of a filtered Hopf algebra and, consequently, the associated
graded

gro(‘]*(K*)) = . Ji+1(K*)

12

has the structure of a graded Hopf algebra.
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11.2. Universal enveloping algebras of eg-Lie algebras. Let L, be an eg-Lie
algebra. Then we have two Hopf algebras Z[Lo] and U (L, ), the universal enveloping
algebra of Li. The action of Ly on Ly induces an action of Z[Lg] on U(L4). The
universal enveloping algebra U(L,) of L, is defined to be the crossed product (or
the smash product) U(Ly)§Z[Lo) of U(Ly) and Z[Lg], which is the Hopf algebra
structure on U(L4 ) ® Z[Lg] with multiplication and comultiplication defined by

(11.3) (u@g) (W ®@g)=u(®)®gg  foruu €U(Ly), 9,9 € Lo,
(11.4) Aueg) =Y (Wog oW og) foruelU(Ly), g€ L,

where A(u) = > o' @u”.
We usually write © ® g = u - g in U(L,), and we regard both U(L,) and Z[L]
as Hopf subalgebras of U(L,). By (11.3) we have

1

g-u-g =% for g € Ly, u € U(Ly).

The grading of L, makes U(L,) a graded Hopf algebra.

11.3. Taking rational coefficients. Here we carry out some of the previous con-
structions over Q. First of all, there is a notion of filtered Q-algebra similar to that
of filtered ring in Section 11.1. For each extended N-series K, there is a filtration
JO(K.) of Q[K,] whose definition is parallel to that of J,(K).

We define an eg-Lie Q-algebra Lo in the same way as an eg-Lie algebra in Sec-
tion 4.2: here L, is assumed to be a graded Lie algebra over Q. For each ex-
tended N-series K, there is an associated eg-Lie Q-algebra grQ(K,) defined by
ord(K,) = Ko/K, and gr2(K,) = (K /Kmy1) © Q for m > 1.

The contents of Section 5.2 can also be adapted to an eg-Lie Q-algebra L,. Thus
we define the derivation eg-Lie Q-algebra Derg(Ls) of Lo, and Theorem 5.3 works
over Q as well.

Finally, the definitions of Section 11.2 work also over Q. The universal enveloping
algebra U(L,) of an eg-Lie Q-algebra L, is the Q-vector space U(Ly) ®g Q[Lo]
with multiplication - defined by (11.3). Note that U(L,) has a graded Hopf Q-
algebra structure. Let U (Le) denote its degree-completion, which is a complete
Hopf algebra.

Lemma 11.1. For every eg-Lie Q-algebra Lo, the group-like part of U(L.) 18
{exp(€)-g | L€ Ly, g€ Lo},
where ﬁ+ denotes the degree-completion of L .

Proof. Tt is easy to see that exp(f) - g is group-like in U(L,) for £ € Ly, g € L.
Conversely, let = be a group-like element of U(L,). We can write

(11.5) T = Z Zg -4,
g€Lo

where z, € U(L+) are uniquely determined by x, and for each m > 0 there are
only finitely many g € Ly such that the degree m part of z, is non-zero. We have

A) =) > (r-9) ® (25 - 9),

g€Lo
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where A(x,) = >z, @ z;. We also have
rRx = Z (zg-9) ® (zp - h),
g9,h€Lo
Since A(x) = z ® z, it follows that
Azg) =24 ® 24 for all g € Ly,
Ty @y =0 for all g,h € Ly, g # h.
Since & # 0, there is g € Lo such that £ = x4 - g and x4 is group-like. Hence

¢ = log(z,) is primitive in U(L,). Since the primitive part of U(L,) is L, the
element ¢ belongs to the degree-completion of L . O

11.4. Quillen’s description of the associated graded of a group ring. A well-
known result of Quillen describes the associated graded of a group ring filtered by
powers of the augmentation ideal [35]. This result is generalized to the filtration of
a group ring induced by any extended N-series, as follows.

Theorem 11.2. Let K, be an extended N-series. There is a (unique) ring homo-
morphism

(11.6) T: Ulgre(Ky)) — gro(J+(K.))

defined by Y(gK1) = g+ Ji(Ky) for g € Ko and by Y(xKit1) = (z—1) + Jip1 (Ks)
for x € K;, i > 1. Furthermore, the rational version of T

T U(grd(K.)) — gro(J2(KL))
is a Q-algebra isomorphism.

Proof. The N-series Ky = (K,,)m>1 defined by K, induces a filtration

(11.7) T (K y) = (T (K4 ))mz1,
where J;, (K ) is the subgroup of Z[K; ] spanned by the elements (z1—1) - - - (x,—1)
forall 21 € Kooy p € Ky my+---+mp >m, my,...,mp > 1, p>1. (It is

an ideal of Z[K;] contained in J,,(K.).) Let

o, (14 (K0) = €D m

be the associated graded ring, and let

gri(Ky) = @

m>1

K,

Km+1

be the graded Lie algebra associated to the N-series K. It is easily checked that
the graded abelian group homomorphism

gry (Ky) — gry (JL(KY)), (#Kmi1) — (2 — 1) + T (K4
preserves the Lie bracket and hence induces a ring homomorphism
T Ugr, (Ky)) — gy (T (K4)).

By composing it with the canonical map gr, (J) (Ky)) — gr, (J«(K)), we obtain
a ring homomorphism

(1L8) T Ugry (K.) = Ulgry (K4) — gra(Ju(K.).
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Besides, the inverse of the canonical isomorphism Z[Ko]/J; (Ks) — Z[Ko], where
Ky = Ko/K3, defines a ring homomorphism

(11.9) Y ZIKo) — gry(J.(K.)).

A straightforward computation shows that (11.8) and (11.9) define together a ring
homomorphism (11.6) on U(gr,(K.)) = U(gr, (K.)) § Z[Ko).

As a generalization of Quillen’s result mentioned above, it is known that the
rational version Y'€ of Y’ is an isomorphism [21, Corollary 5.4]. Thus, to conclude
that Y@ is an isomorphism, it suffices to prove that gr, (J«(K,)) is isomorphic to
gr, (J) (K4))®Z[Ky). Specifically, we need to prove that the group homomorphism

S (K - Im (K)
=0 ® Z| Ko —
J7ln+1(K+) [ 0} ‘]77L+1(K*)
defined by r((u + J), 1 (K4)) ® (9K1)) = (ug + Jm41(K,)) is an isomorphism for
each m > 1. Clearly, r is surjective. To construct a left inverse to r, let 7 : Ky — Ko

denote the canonical projection, and let s : Ky — K{ be a set-theoretic section of =.
Then there is a unique group homomorphism

defined by ¢(g) = (g (s7(g)) ') @7 (g) for g € Ko. Forany x1 € Kpn,,..., 2, € Ky,
with mq +---4+mp > m, my,...,my, > 1, p>1, and for any y € Ky, we have

a((@1 = 1)+ (= 1y) = (@1 = 1)+ (@, = D(y(sm() ") @ (),

which shows that ¢(J,,,(K.)) C J),(K+) ® Z[Ko]. Therefore, ¢ induces a group
homomorphism

I (Kx) Ji(K4) ® Z[Ky I (K+) -
: — —— ~ ® Z| Ky,
Toit (K2 Ty (Ke) 9 20Ko] -~ Ty (Kp) PO
which satisfies gr = id. g

Remark 11.3. It is easily verified that T preserves the graded Hopf algebra struc-
tures. Hence Yq is a graded Hopf Q-algebra isomorphism.

12. FORMALITY OF EXTENDED N-SERIES

Assuming that an extended N-series K, is “formal” in some sense, we here show
that an action of an extended N-series GG, on K, has an “infinitesimal” counterpart
containing all the Johnson homomorphisms. In this section, we work over Q.

12.1. Formality and expansions. Let K, be an extended N-series and consider
the completion

o —

QK] = lim Q[Ko] /IE(K.)
k

of the group Q-algebra Q[Kj] with respect to the rational version J2(K,) of the
filtration (11.2). The filtered Hopf Q-algebra structure of Q[Ky| extends to a com-

plete Hopf algebra structure on @, whose filtration is denoted by jfk@(K*)
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An extended N-series K, is said to be formal if the complete Hopf algebra Q[K]
is isomorphic to the degree-completion of its associated graded, namely

Q
g (79(K.) = T
k>0 o1 (%)
through an isomorphism whose associated graded is the identity.
Recall that U(gr2(K,)) denotes the degree-completion of the universal envelop-
ing algebra of the eg-Lie Q-algebra grQ (K, ) associated to the extended N-series K.
An ezxpansion of an extended N-series K, is a homomorphism

0: Ko — U(grd(K.))

which maps any x € K;, i > 0 to a group-like element of the form

| 1+ (xKipq) + (deg > i) if i >0,
(12.1) 0(z) = { (xK1) + (deg > 0) iti=0.
Example 12.1. Assume that K, is associated with the lower central series of a
free group Ky = K. Let Lie(H?) denote the free Lie Q-algebra generated by
HQ = (K,/K;) ® Q in degree 1. Then the identity of H? extends uniquely to
an isomorphism Lie(H?®) ~ grg(K*) of graded Lie Q-algebras, so that we have a
canonical isomorphism of graded Hopf Q-algebras

U(grd(K.)) = U(gr}(K.)) ~ U(Lie(H?)) = T(H?),

where T(H@) is the tensor algebra generated by H? in degree 1. Hence, in this
case, an expansion of K, is a homomorphism 6 : Ky — T'(H®) such that

)

(12.2) 0(x) = exp ([z] + (series of Lie elements of degree > 1))
for all z € Ko, where [z] = (vK3) ® 1 € HC. For instance, for each basis b = (b;);
of Ky, there is a unique expansion 8, of K, such that 6,(b;) = exp([b;]).

The following establishes the relationship between formality and expansions.

Proposition 12.2. An extended N-series K, is formal if and only if it has an
expansion.

Proof. Consider the diagram

(12.3) Kool U(gr2(KL))
Ll 0:7 NJY@
QK] Lo g, (J9(K.)),

where ¢ is the canonical map and T is the isomorphism in Theorem 11.2.

Assume that K, is formal. Then there is a complete Hopf algebra isomorphism
f in (12.3) inducing the identity on the associated graded. The complete Hopf
algebra isomorphism 6 := (T@)~! f satisfies

By) = (Y7 (y+ I3 (K) + (deg > m) for y € JS(K.), m > 0,

which implies (12.1) for the homomorphism 6 := .. Since 1(Kp) is contained in the

group-like part of (@ and @ preserves the comultiplication, 0(Ky) is contained
in the group-like part of U(gr2(K.,)).
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Conversely, assume that K, has an expansion, i.e., a homomorphism 6 in (12.3).
Extend 6 by linearity to an algebra homomorphism 6 : Q[Ko] — U(gr2(K,)), which
is filtration-preserving by (12.1). Hence it induces a complete algebra homomor-
phism 6 in (12.3). Since ¢(Kj) generates (@K\*] as a topological vector space and
since  maps L(Kp) into the group-like part of U(gr?(K*)), it follows that 6 pre-
serves the comultiplication: therefore, 6 is a complete Hopf algebra homomorphism.
By (12.1), 6 induces the isomorphism (Y@)~! on the associated graded: hence 6 is
an isomorphism. Thus, f := TQ0 tells us that K, is formal. (]

Remark 12.3. Let 6 be an expansion of an extended N-series K,. The arguments
in the proof of Proposition 12.2 shows that 6 induces a complete Hopf algebra
isomorphism

0: QK. — U(@¥(K.)),

where Q/[Ia] denotes the completion of Q[K] with respect to the rational version
of the filtration J! (K) defined at (11.7).

Remark 12.4. Assume that K, is the extended N-series defined by the lower cen-
tral series of a group. Then an expansion of K, in our sense is called a “Taylor
expansion” in [4] and a “group-like expansion” in [22] (in the case of a free group).
Note that K, is formal in our sense if and only if it is “filtered-formal” (over Q) in
the sense of [39]. Proposition 12.2 is a generalization of [22, Proposition 2.10] and
[39, Theorem 8.5].

12.2. Actions of extended N-series in the formal case. Let a group G act on
an extended N-series K. This action induces a homomorphism

p:G— Aut((@[(\*])

with values in the automorphism group of the complete Hopf algebra @ Here,
p maps each g € G to the unique automorphism p(g) extending the automorphism
of Ky defined by = — 9.

Now, assume that K, is formal, and fix an expansion 6 of K,. According to the
proof of Proposition 12.2; 6 extends uniquely to a complete Hopf algebra isomor-
phism

0: QK] — U(KD),
where U(K) is the universal enveloping algebra of the eg-Lie Q-algebra KQ :=
grQ(K,) associated to the extended N-series K. Thus # induces a homomorphism

P’ G — Aut(U(KQ))

defined by p?(g) = 0p(g)6~" for g € G.

Furthermore, we assume that G is equipped with an N-series G+ = (Gpn)m>1
and that (the extended N-series corresponding to) G4 acts on K,.. Recall that
Der (KQ) denotes the derivation graded Lie algebra of the eg-Lie Q-algebra K2,
and let 5&41’(?) denote its degree-completion. Here is the main construction of
this section:

Lemma 12.5. Let an N-series G4 of a group G act on a formal extended N-
series K, and let 0 be an expansion of K.. Then, for any g € G,,,m > 1, the
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series .
-1 . -
toa(e(9)) = 3 " ((9) )" € Bndg(0(KD)
k>1
converges and its restriction to KEJQ = Ko/K; and K= K, ®Q defines an element
0%(g) of the degree > m part of ]5&@([?9).

Proof. Let g € G, m > 1 and let 7 = p(g). Since
r(z)=z+ (r(x)a”' =z € (z+ J;%(K*)) for z € Ky,
we have (r —id) (Q/[\K*]) c J2(K.); similarly, since
re—1)=@-1)+ @z -z € (z—1)+ J%m(K*)) forx e K;,i>1,

we have (r —id)(J2(K.)) C j9+m(K*) for all n > 1. Hence

(12.4) (r —id)P(JY(K,)) c JE, (K.) foralln>0,p>1.

n+pm
Taking n = 0 in (12.4), we see that

_1)k+1
log(r) = Z %(r —id)*

k>1

is well defined as a linear endomorphism of (@ and, taking p =1 in (12.4), we
see that log(r) increases the filtration step by m:

log(r) (JY(K.)) C jg+m(K*) for all n > 0.

Furthermore, since r is an algebra automorphism, log(r) is a derivation of the

T

algebra Q[K,]. (It is well known that the logarithm of an algebra automorphism is
a derivation whenever it is defined; see e.g. [33, Theorem 4], whose combinatorial
argument given for a commutative algebra works in general.)

Of course, the conclusions of the previous paragraph for r apply to ¥ := p?(g)
as well. Thus we obtain

(12.5) (r? —id)P (Uspn(KQ)) C Uspypm(K2) foralln >0,p>1,

and log(r?) is a well-defined derivation of the algebra U(KQ) which increases the
filtration step by m.

Now we prove that log(r?) maps U(K’g) -x into itself for each z € Kj: it suffices to
prove the same property for 7. As a topological vector space, U(f( 9) is spanned by
its group-like elements: for instance, this follows from Remark 12.3 since Q/[K\+] is
spanned by the homomorphic image of K7 as a topological vector space. Therefore,
it suffices to check r%(u - ) € U(f(g) -z for any group-like u € U([_(g) Since u -
is group-like, 7% (u - x) is group-like and, by Lemma 11.1, we have

1
r(u-w) =exp(l) y=y+ly+ 5yt

for some ¢ in the degree-completion Iﬁ(g of R’g and y € K. Property (12.5) with
p = 1 shows that r? induces the identity on the associated graded. Hence r?(u - z)
and u - x have the same degree 0 part, and we deduce that y = x.

Next, we show that log(r?) maps any = € K into I%g -x. By the previous
paragraph, we have log(r?)(z) = tz for some t € U(f{g) Thus we need to show
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0

that ¢ is primitive. Since r? is a coalgebra homomorphism, log(r?) is a coderivation.

It follows that
Atz) = (1og(r9) ®id+id® log(ra))A(:ﬂ)
= (log(ra)®id+id®log(r6))(x®x) = tr@r+rdtx

and we deduce that A(t) =t® 1+ 1&¢t. Similarly, we can show that log(r?) maps
any £ € K’g to I%g indeed, by the previous paragraph, we know that log(r?)(¢)
belongs to U(K 9) and, using that log(r?) is a coderivation, it is easily checked that
log(r?)(¢) is primitive.

Thus, by the previous paragraph, we can define a map dy : Ko — I%g and a
group homomorphism d; : Kg — I%ﬂ% by

log(rf)(z) = do(z) - @ and  log(r")(¢) = d=(0),

respectively. It remains to show that (dp,dy) is an element of ]5e\r+(l?9), ie.,
(do,dy) is an infinite sum of derivations of the eg-Lie Q-algebra K2. (Those deriva-
tions will have degree > m since we have seen that log(r?) increases the filtration
step by m.)

First, d; consists of derivations (in the usual sense) of the Lie Q-algebra Kﬂ%
since it is a restriction of the derivation log(r?) of the algebra U(K2). Next, we

check that dj is a 1-cocycle. For any z,y € K, we have
log(r’)(wy) = @ -log(r")(y) +log(r")(x) -y
= - do(y) y+do(w) x-y = (“do(y) + do(2)) - xy,
which shows that do(zy) = do(z) + *do(y). Finally, for any € Ky and £ € K%,
we have
log(7?)(®0) = log(rg)(x L-xh)

= log(r)(z)- -z 4+ 2 -log(r?)(0) -7t + - £ - log(r?)(z™1)

= do(x) - “+%d (0) —z- Lz log(r®)(x) -z 1
do x€+xd+(€) —xf'do(aﬁ),
which shows that d (*¢) = [do(z), %] +*d(f). We conclude that ¢°(g) := (do, d4 )
belongs to Der (KQ). O

(x

We can now prove the main result of this section.

Theorem 12.6. Let an N-series Gy of a group G act on a formal extended N-
series K, with an expansion 6. Then the filtration-preserving map

oG — 6&4([_(9))
in Lemma 12.5 induces the rational version of the Johnson morphism:
gr(e’) = 7"9 : G, — Der (KQ).

Proof. Let g € Gy, m > 1. Set 7 = p(g) and r? = po(g). The leading term of
0%(g) is a derivation of degree m of the eg-Lie Q-algebra K2, which is denoted by
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We prove that dp : Ky — K,, ® Q is the rationalization of 7,,,(g)o : Ko — K.
Let © € Ky. By definition of dy, we have

log(r®)(z) - 271 = do(z) + (deg > m) € K<

Besides, it follows from (12.5) that

log(r?)(x) = (" (z) — x) + (deg > m) € U(f(?),
hence

do(z) = (degree m part of (r(z) -2t — 1)).
Let y € Ko be a representative of z: since §(y) = x + (deg > 1) by (12.1), we have
0~1(z) = 1(y)z, where z € (1 + J2(K,)). Therefore,
éil(re(x) Tt —-1) = r(éil(sc)) (éfl(x))fl -1

= r(y)r(z)z"uy) T -1
However, (12.4) shows that r(z) — z € JA;%H(K*), which implies that r(z)z~1 is
congruent to 1 modulo j%+1(K*). It follows that
071 () 27t —1) = r(ly)ly) "t =1 (mod 2, (K.)).
We deduce that
do() = (degree m part of (0([g.31) = 1)) =" (9.9} Kn41) = Tn(g)ola).

Let i > 1. Now we prove that d; : K; ®Q = K;\m ® Q is the rationalization of
Tm(9)i + K; = Kipm. Let £ € K;. By definition of d;, we have

log(r?)(€) = d;(£) + (deg > i +m)
Besides, it follows from (12.5) that
log(r?)(£) = (r°(¢) — £) + (deg > i +m) € U(KQ);
hence
d;i(¢) = (degree (i +m) part of (r?(¢) — ¢)).
Let y € K; be a representative of £. Then we have 0(y) = 1+ £+ (deg > i) by

(12.1), which implies that §~1(¢) = («(y) — 1) (mod jgl(K*)) Using (12.4), we
deduce that

07 (%) ) = (r—id)(07'(0) = (r—id)(ly) —1) (mod J2 ., i (K.))
= r(y)) —uy)
= r@)) =1 (mod JE . (K.)).

We conclude that

di(0) = (degree (i +m) part of 0([g, 5] — 1)) "= ([g, 4 Kirms1) = 7 (9)i(0).
O

Remark 12.7. We can regard the map ¢’ : G — ﬁe\u(f(?) in Theorem 12.6 as a
“linearization” or an “infinitesimal version” of the extended N-series action of G
on K. Let ]Se\r+(l?p)30H denote the group whose underlying set is ]Se\r+(l?9) and
whose multiplication - is defined by the Baker—-Campbell-Hausdorff series:

1 1 1 —
d-e:=d+e+ i[d,e] + ﬁ[d’ [d,e]] + E[e, [e,d]] +--- ford,e € Dery (KQ).
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(Here [-, -] denotes the degree-completion of the Lie bracket defined in Theorem 5.2.)
Then

oG — 6&4(1_(;@)301{
is a group homomorphism, which maps G into the N-series of I/)e\r+(f( D pen whose
mth term is ]ﬁzm(l_ﬂ@) for every m > 1.

Remark 12.8. In Theorem 12.6, let K} be an Ny-series of K (see Section 8.2). Then
the canonical map K, — f(g is injective. Therefore, one can trade the Johnson
morphism 7, with its rational version ﬁ@ without loss of information. It follows
that the map o’ in Theorem 12.6 determines all the Johnson homomorphisms.

Example 12.9. Assume as in Example 9.5 that K, is the extended N-series asso-
ciated with the lower central series of Ko = K := m(X4,1,%), and let G, denote
the “classical” Johnson filtration of Gy := MCG(X,,1,0%,,1). Then, by Proposi-
tion 8.3, G is an Ng-series of G := G, namely the Torelli group of ¥, ;. Since Ky
is a free group, Example 12.1 applies: an expansion of K, is a homomorphism

0: Ko — T(H®), where H® = H,(%;Q)

satisfying (12.2). According to Remark 12.8, the map ¢? in Theorem 12.6 contains
all the “classical” Johnson homomorphisms. It is shown in [22] that, for an appro-
priate expansion 6, the map ¢? can be identified with the “tree reduction” of the
LMO functor introduced in [5].
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