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Abstract. Let Σ be a compact oriented surface. We investigate the graded

Lie algebra of homology cylinders over Σ, as introduced by M. Goussarov and

K. Habiro. To analyze its torsion, we refine a strategy initiated by Y. Nozaki,
M. Suzuki, and the third author, which relies on the reduction modulo 1 of the

LMO functor and on clasper calculus. Specifically, we develop general tools for

studying, under the standard action of the symplectic group, the Sp-module
structure of the torsion in the odd-degree component of this Lie algebra. We

show that this torsion part surjects onto an 2-torsion Sp-module, which is

explicitly described in terms of Jacobi diagrams. As an application, we provide
an intrinsic description of the Sp-module given by the degree-three component

of the Lie algebra of homology cylinders. A further motivation is to understand
torsion phenomena in the associated graded of the lower central series of the

Torelli group of Σ: in this direction, we exhibit an explicit Sp-module onto

which the torsion of the Torelli Lie algebra surjects in degree three.
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1. Introduction

Let Σ be a compact, connected, oriented surface of genus g ≥ 0. For simplicity,
we assume here that Σ has exactly one boundary component. A homology cylin-
der over Σ is a compact, oriented 3-manifold M with “the same” boundary and
“the same” homology type as the unit cylinder U := Σ × [−1,+1]: to be more
specific, we assume that M comes with an orientation-preserving diffeomorphism
m : ∂U → ∂M (the boundary parametrization) and there exists an isomorphism
H∗(U ;Z) ≃ H∗(M ;Z) compatible with the map m∗ induced by m in homology.
Two homology cylinders M and M ′ are diffeomorphic if there is an orientation-
preserving diffeomorphism h :M →M ′ such that m′ = h|∂M ◦m.

Let IC := IC(Σ) be the set of diffeomorphism classes of homology cylinders
over Σ. It has a natural structure of a monoid, where the multiplication M ′ ◦M of
two elements M,M ′ ∈ IC is defined by gluing the bottom boundary m(Σ × {−1})
of M to the top boundary m′(Σ× {+1}) of M ′; the unit element of IC is the unit
cylinder U (with its obvious boundary parametrization).

The study of the monoid IC by surgery techniques and finite-type invariants was
initiated by M. Goussarov and K. Habiro [Gou00, Hab00]. The reader is referred to
the survey paper [HM12] for an introduction to these topics and further references.
There are several reasons to be interested in the theory of finite-type invariants
for homology cylinders. First of all, when g = 0, the surface Σ is a disk, and IC
consists of homology 3-balls. In this case, IC is essentially the monoid of homology
3-spheres: the class of 3-manifolds for which the theory of finite-type invariants has
been most thoroughly developed. In contrast, for g > 0, the monoid IC provides an
archetypal class of homologically non-trivial 3-manifolds, revealing to what extent
the theory of finite-type invariants is sensitive to the homology type.

In addition, the monoid IC offers a natural framework for applying 3-manifold
invariants to the study of the Torelli group I := I(Σ), which is the subgroup of the
mapping class group M := M(Σ) acting trivially on the homology H := H1(Σ;Z).
Indeed, the “mapping cylinder” construction defines a monoid homomorphism

(1.1) c : I −→ IC

which is injective, and whose image consists of the invertible elements of IC. The
conjugation action of M on I extends to an action of M on IC: indeed, an f ∈ M
acts on M ∈ IC by changing its boundary parametrization m to m ◦ (f−1 × id)|∂U .

An important tool in the study of the Torelli group I is its lower central series
I = Γ1I ⊃ Γ2I ⊃ Γ3I ⊃ · · · defined inductively by Γk+1I := [ΓkI, I]. It is well
known that I is residually nilpotent, i.e.

⋂
k≥1 ΓkI = {1}. The Torelli Lie algebra

is the associated graded object

(1.2) GrΓ I :=
⊕
k≥1

ΓkI
Γk+1I

of this filtration. It has the structure of a graded Lie Z-algebra and is endowed
with the action of the symplectic group Sp(H) ≃ M/I induced by the conjugation
action ofM on I. (Here the symplectic form is the intersection form ω : H×H → Z
of the surface.) The degree-one component of GrΓ I is the abelianization Iab of I,
which, as an Sp(H)-module, was computed by D. Johnson (in genus g ≥ 3) in
one of his seminal works on the Torelli group [Joh85]. In particular, his result
revealed the presence of 2-torsion, detected by the Birman–Craggs homomorphism
(the 2-dimensional incarnation of the Rokhlin invariant for homology 3-spheres).
All torsion vanishes after tensoring with Q and, in his fundamental work [Hai97],
R. Hain obtained (in genus g ≥ 4) an Sp(H ⊗ Q)-presentation of the graded Lie

Q-algebra
(
GrΓ I

)
⊗Q.

Of course, since it is not a group, the monoid IC does not possess a lower central
series. Nevertheless, it carries a filtration by submonoids which plays a similar role:
this is the Y -filtration

(1.3) IC = Y1IC ⊃ Y2IC ⊃ Y3IC ⊃ · · ·
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which is defined by YkIC :=
{
M ∈ IC : M is Yk-equivalent to U

}
. Here, the

Yk-equivalence relation is generated by a specific type of surgery along embedded
graphs in 3-manifolds, which are called graph clasper of degree k; the Yk-equivalence
relation becomes finer and finer as k increases. (See [HM12] and the references
therein for the precise definition; a brief overview is also given in §2.1.) Conjec-
turally, it is expected that two homology cylinders are diffeomorphic if and only if
they are Yk-equivalent for every k ≥ 1, which would parallel the residual nilpotency
of I. This conjecture is equivalent to asserting that finite-type invariants classify
homology cylinders up to diffeomorphism [Mas07].

Similarly to the Torelli Lie algebra GrΓ I with respect to the lower central series
of I, the Lie algebra of homology cylinders is defined as the associated graded of
the Y -filtration of IC:

(1.4) GrY IC :=
⊕
k≥1

YkIC
Yk+1

.

It has the structure of a graded Z-Lie algebra, and it also carries a natural action of
Sp(H) via the canonical action of M on IC. Since the mapping cylinder construc-
tion c preserves the filtrations, it induces an Sp(H)-equivariant homomorphism

Gr c : GrΓ I −→ GrY IC

of graded Z-Lie algebras. The degree-one component IC/Y2 of GrY IC, as an Sp(H)-
module, has been determined in [MM03]: it turns out to be isomorphic to Iab
(in genus g ≥ 3). Furthermore, a combinatorial description of the Q-Lie algebra(
GrY IC

)
⊗Q, including its Sp(H ⊗Q)-action, was obtained in [HM09] in terms of

Jacobi diagrams, and it was also related to Hain’s description of the rational Torelli
Lie algebra.

To be more specific about this diagrammatic description of the Lie algebra of
homology cylinders, let us recall that it needs the clasper calculus developed by

M. Goussarov and K. Habiro, and the LMO functor Z̃ constructed in [CHM08].
The construction of this TQFT-like invariant of cobordisms involves the choice of
a system of meridians and parallels (α1, . . . , αg, β1, . . . , βg) on the surface Σ

(1.5)

as well as the choice of a Drinfeld associator. Note that this system of based
curves induces a basis of π := π1(Σ, ⋆), and a basis S = (a1, . . . , ag, b1, . . . , bg) of
H = H1(Σ;Z). Thus, the representation

(1.6) Z̃Y : IC −→ A(S)⊗Q

that is directly derived from the LMO functor for homology cylinders, turns out to
be highly dependent on these two choices; it takes values in the algebra of Jacobi
diagrams colored by the finite set S. To partly control this double dependency, it

is better to work with two variations of Z̃Y , which are introduced in [HM09] by

post-composing Z̃Y with appropriate isomorphisms:

• the LMO homomorphism Z< : IC → A<(H)⊗Q with values in a diagram-
matic analogue of the Weyl algebra, where Jacobi diagrams are colored
by H and equipped with a certain order;

• the symmetrized LMO homomorphism Z : IC → A(H)⊗Q with values in
a diagrammatic analogue of the Moyal–Weyl deformation of the symmetric
algebra, where Jacobi diagrams are only colored by H;

see §3.1 and §6.1 for a very brief review of those constructions. While Z< is well-
suited to clasper calculus, the homomorphism Z seems to be more adapted for
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comparison with classical invariants. Both homomorphisms are filtration preserv-
ing, and they induce Sp(H ⊗Q)-isomorphisms of Q-Lie algebras

(1.7)
(
GrY IC

)
⊗Q ≃ A<,c(H)⊗Q ≃ Ac(H)⊗Q

at the graded level. (Here, the superscript “c” indicates modules of connected Jacobi
diagrams.) We observe that, as a consequence of the results of [KRW23, NW26],

the map (Gr c)⊗Q : (GrΓ I)⊗Q → (GrY IC)⊗Q is injective in the stable range; its
image corresponds to the Lie subalgebra of Ac(H)⊗Q generated by its degree-one
component Ac

1(H)⊗Q ≃ Λ3H ⊗Q through the isomorphisms (1.7).
With integral coefficients, the principal unresolved issues regarding the Torelli

Lie algebra and the Lie algebra of homology cylinders can be formulated as follows,
in each degree k ≥ 1:

(1) Describe both ΓkI/Γk+1I and YkIC/Yk+1 as Sp(H)-modules.

(2) Decide whether the Sp(H)-homomorphism Grk c : ΓkI/Γk+1I → YkIC/Yk+1

induced by (1.1) is injective, and determine its image.

As noted earlier, the degree k = 1 case is completely understood [Joh85, MM03],
and the same holds in degree k = 2 [Mor91, Hai97, MM13, FMS26]. Observe,
moreover, that these two situations are markedly different: in degree 1 there is
2-torsion, whereas in degree 2 no torsion occurs.

Recently, the LMO functor Z̃ has also been shown to be effective in detecting the
presence of previously unknown torsion in both GrΓ I and GrY IC, and thus deter-
mining the isomorphism type of the abelian group YkIC/Yk+1 for new low values
of k [NSS22a, NSS25]. In these works, the central tool is the group homomorphism

(1.8)
(
Z̃Yk+1 mod 1

)
: YkIC/Yk+1 −→ Ac

k+1(S)⊗Q/Z

and other variants induced by the “raw” LMO homomorphism (1.6). Thus, this

approach differs in two essential respects from the use of the functor Z̃ in proving
the rational isomorphism (1.7): (i) the functor is not applied at the graded level

(but with the degree shifted by 1), and (ii) only the reduction modulo 1 of Z̃ is
used. It turns out that the descriptions obtained in [NSS22a, NSS25] depend on

the choices inherent to the construction of Z̃.

In this article, we refine the approach of the aforementioned works by explicitly
incorporating the Sp(H)-actions. A principal aim is to derive intrinsic characteriza-
tions of the Sp(H)-modules ΓkI/Γk+1I and YkIC/Yk+1, with particular emphasis
on their torsion submodules.

Thus, we begin by setting in §2 and §3 the general constructions to reach these
goals. First of all, we review in §2 the clasper surgery maps considered in [Hab00,
MM03, HM09, HM12], which combine here into a surjective Lie map

ψ : A<,c(P ) −→ GrY IC

where P := H1(U(Σ);Z) is the first homology group of the unit tangent bundle
of Σ, and A<,c(P ) is a refinement of the above-mentioned Z-Lie algebra A<,c(H).
In fact, we give a more general treatment by considering the refinement A<(P ) of
the entire Z-algebra A<(H), mapping it by clasper surgery to the larger algebra of
homology cylinders, which needed slight additions with respect to what can already
be found in the literature (see Theorems 2.11 and 2.13). Next, in place of the map
(1.8) which was the main tool of [NSS22a], we consider in §3 the homomorphism

(1.9) ζ<k+1 :=
(
Z<k+1 mod 1

)
: YkIC/Yk+1 −→ A<

k+1(H)⊗Q/Z.

We introduce a degree 1 homomorphism δ< : A<(P ) → A<(H) ⊗ Q/Z (Propo-
sition 3.7) and, by combining its definition with the main result of [NSS22a], we
prove that ζ<k+1 ◦ψk = δ<k (Theorem 3.8): said equivalently, we compute the varia-

tion of ζ<k+1 under arbitrary clasper surgery. We emphasize that, although explicit,

the definition of the map δ< is not intrinsic, in that it involves the truncation to
degrees ≤ 2 of an appropriate expansion θ of π into the (degree-completed) tensor
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algebra T(H)⊗Q: this truncation agrees with the corresponding truncation of the
symplectic expansion considered in [Mas12], which clarifies the manner in which

ζ<k+1 depends on the two choices involved in the construction of Z̃. As an applica-

tion, we investigate structural properties of δ< and, in particular, control the lack
of Sp(H)-equivariance of ζ<k+1 (Corollary 3.14).

Starting from §4, we mainly focus on the 2-torsion of the odd-degree component
of GrY IC that is produced by surgery along graph claspers with order 2 symmetry.
For this purpose, we introduce a new module B<(P (2)) of Jacobi diagrams with
beads colored by P (2) := H1(U(Σ);Z/2Z): the “beads” on such a Jacobi diagram
are meant to be counted modulo 2, so that they encode a 2-fold cover of the Jacobi
diagram, which can thereafter be realized as a graph clasper in U . In this way, we
construct a new surgery map

Ψ : B<n
(
P (2)

)
−→ Tors2

(Y2n+1IC
Y2n+2

)
,

with values in the 2-torsion subgroup of GrY2n+1 IC (see Theorem 4.3), which is
related to the “usual” surgery map ψ through an “expanding” homomorphism
E : B<n

(
P (2)

)
→ Tors2

(
A<,c

2n+1(P )
)
(see Proposition 4.14). Then, as an application

of the constructions and results of §2–§3, we deduce the following:

Theorem A. (See Theorem 4.17 and Corollary 4.18.) Let n > 0. There is an ex-
plicit degree 1 homomorphism ∆ which fits into the following commutative diagram
of Sp(H)-modules:

B<n
(
P (2)

)
∆

**

Ψ

��

Tors2

(Y2n+1IC
Y2n+2

) ζ<2n+2
// Tors2

(
A<,c

2n+2(H)⊗Q/Z
)
.

In particular, the Sp(H)-module Tors2
(
Y2n+1IC/Y2n+2

)
surjects onto the Sp(H)-

submodule ∆
(
B<n
(
P (2)

))
of A<,c

2n+2(H)⊗Q/Z.

The problem of determining the structure of the Sp(H)-module ∆
(
B<n
(
P (2)

))
seems

to be very challenging in general. However, the subsequent sections address this
issue by either establishing lower bounds on its size, or, by restricting attention to
small values of n.

Thus, we consider in §5 the loop filtration on modules of Jacobi diagrams (and
its variant, the s-loop filtration, for Jacobi diagrams with beads). We compute the

homomorphism GrL∆ induced by ∆ at the graded level (Proposition 5.5), and ob-
tain the following lower bound.

Theorem B. (See Propositions 5.8, 5.9 and 5.10.) For every n > 0, we have∣∣∣∣Tors2 (Y2n+1IC
Y2n+2

)∣∣∣∣ ≥
∑
k≥0

tk(n)

where tk(n) is the cardinality of the image of GrL∆ on GrLk B<n
(
P (2)

)
, and is com-

puted in loop degrees k = 0 and k = 1.

In §6, we study the symmetrized LMO homomorphism Z : IC → A(H) ⊗ Q
together with its “modulo 1” reduction ζ : IC →

(
A(H)⊗Q

)
/R(H). Here, R(H)

denotes a suitable lattice in A(H) ⊗ Q, for which we provide several equivalent

descriptions. In particular, we define inductively a family Tr(r) (for r ≥ 0) of trace
homomorphisms: defined on torsion-free quotients of Ac(H), these maps may be
regarded as “multi-loop” analogues of Morita’s trace operators [Mor93a], taking

values in dyadic torsion abelian groups. We use those operators Tr(r) to charac-
terize the Sp(H)-submodule R(H) in A(H) ⊗ Q (see Proposition 6.12), and this
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characterization has two types of applications. First, they yield congruence re-
lations among the loop-degree components of Z (Proposition 6.13). In low loop
degrees, we thus obtain congruence relations involving two classical invariants: the
Johnson homomorphisms τk (for k ≥ 1) and the non-commutative Reidemeister tor-
sion α̃ introduced in [NSS23] (see Corollaries 6.14 and 6.16). Second, returning to
the odd-degree 2-torsion subgroup Tors2

(
Y2n+1IC/Y2n+2

)
, we construct from the

loop-degree components of Z a sequence of homomorphisms R
(r)
2n+2 (for r ≥ 0) which

compute ζ<2n+2 on the associated graded of the loop filtration (Proposition 6.18).

For small values of r, the homomorphismsR
(r)
2n+2 can be written explicitly in relation

with the above-mentioned classical invariants τ2n+2 and α̃2n+2 (see Corollaries 6.20
and 6.21).

The low-degree cases provide testing grounds for the general framework devel-
oped in the paper. As recalled above from the literature, the Torelli Lie algebra
and the Lie algebra of homology cylinders are already thoroughly understood in
degree one. Nevertheless, we apply in §7 the methods of the preceding sections for
the study of Tors2

(
Y2n+1IC/Y2n+2

)
by considering the special case n := 0. This

yields the following description of Tors
(
IC/Y2

)
in terms of P (2) = H1(U(Σ);Z/2Z)

and H(2) := H1(Σ;Z/2Z):

Theorem C. (See Theorem 7.2.) There is an explicit degree 1 homomorphism ∆
fitting into the following commutative diagram of Sp(H)-modules:

S2P (2)/H(2)

Ψ

��

∆

))

Tors
(IC
Y2

)
ζ<2

// A<,c
2 (H)⊗Q/Z,

Moreover, Ψ is an isomorphism, while ζ<2 and ∆ are injective.

Thus, the LMO homomorphism induces an isomorphism of Sp(H)-modules be-
tween Tors(IC/Y2) and a copy of S2P (2)/H(2) inside the module of Jacobi dia-
grams A<,c

2 (H) ⊗ Q/Z. The “classical” description of Tors(IC/Y2) involves the
Birman–Craggs homomorphism β, with values in the space of quadratic functions
on the space of spin structures of Σ [MM03]: this can be recovered from Theorem

C (see Proposition 7.5). From this perspective, the maps R
(r)
2 for r ∈ {0, 1, 2}

introduced in §6 correspond precisely to the successive approximations of β de-
fined by formal differentiation (see Remark 7.7). Finally, a description of the full
Sp(H)-module IC/Y2 is obtained by additionally considering the degree 1 part of
the LMO homomorphism, or equivalently, in the “classical” framework, the first
Johnson homomorphism τ1 (see Proposition 7.8).

In §8, we develop an analogous approach for the degree-three components of the
Torelli Lie algebra and of the Lie algebra of homology cylinders.

Theorem D. (See Theorem 8.6.) We have the commutative diagram of Sp(H)-
modules (

H(2) ⊗ Λ2P (2)
)/

Λ3P (2)

Ψ

��

∆

**

Tors
(Y3IC

Y4

)
ζ<4

// A<,c
4 (H)⊗Q/Z

in which Ψ is an isomorphism, and ζ<4 ,∆ are injective.

Consequently, for n := 1, the torsion subgroup of Y2n+1I/Y2n+2 is purely 2-torsion
and coincides with the Sp(H)-submodule ∆

(
B<n
(
P (2)

))
of A<,c

2n+2(H) ⊗ Q/Z sin-
gled out by Theorem A. Moreover, a description of the full Sp(H)-module Y3IC/Y4
is obtained by incorporating the degree 3 component of the LMO homomorphism
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(Corollary 8.7). By means of the maps R
(r)
4 for r ∈ {0, 1}, introduced in §6, we fur-

ther connect this description with classical invariants (Propositions 8.8 and 8.9). As
an application, we derive a criterion for the triviality of the Y4-equivalence relation
in IC: this criterion involves the variation of the Casson invariant, (a portion of)
the action of IC on π/Γ6π, and (a portion of) the non-commutative Reidemeister
torsion truncated to degrees ≤ 4 (see Corollary 8.10). We note that the isomor-
phism class of the underlying abelian group Y3IC/Y4 was already determined in
[NSS22a] using the “raw” LMO homomorphism (1.6); however, the Sp(H)-module
structure and the connection with classical invariants for the torsion subgroup were
not addressed there.

The article concludes with an application to the Torelli group. Using the above
description of Tors

(
Y3IC/Y4

)
, we establish the following statement.

Theorem E. (See Theorem 8.11.) Assume that g ≥ 4. The mapping cylinder
construction induces, in degree 3, a surjective homomorphism

Gr3 c : Tors(Γ3I/Γ4I) −→ Tors(Y3IC/Y4).

In particular, the Sp(H)-module Tors(Γ3I/Γ4I) surjects onto
H(2) ⊗ Λ2P (2)

Λ3P (2)
.

We do not address here the injectivity of Gr3 c; nevertheless, we provide several
equivalent reformulations (Proposition 8.16). By analogy with the degree 1 sit-
uation, a further natural problem in degree 3 would be to relate the homomor-

phisms R
(r)
4 to the variations of an appropriate reduction of the degree 4 part of

the LMO invariant of integral homology 3-spheres or, equivalently, of the second
Ohtsuki invariant (in the same way the Birman–Craggs homomorphism is defined
by variations of the Rokhlin invariant).
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Conventions. The equivalence class in a quotient set S/∼ represented by an s ∈ S
is denoted by {s}. The cyclic group of order r ≥ 1 is denoted by Zr := Z/rZ.

If not specified, the ground ring for linear algebra and homological algebra is Z.
Thus, a “module” means a Z-module (i.e., an abelian group), and (co)homology
groups are taken with coefficients in Z.

The torsion submodule of a module M is denoted by Tors(M) and, for r ≥ 1, its
r-torsion part is denoted by Torsr(M). We also denote by “M” the natural image
of M in M ⊗ Q, which is canonically isomorphic to M/Tors(M); thus, we have
M ⊗Q/Z ≃ (M ⊗Q)/“M”. ■

2. The surgery map

In this section, we review the surgery map which approximates the Lie algebra
of homology cylinders in terms of Jacobi diagrams. We also extend the definition
of this map on a “larger” algebra.

2.1. The Yk-equivalence relations. The so-called “clasper calculus” has been
introduced independently by Goussarov [Gou00] and Habiro [Hab00]: we follow
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here the terminology and conventions of [Hab00]. A brief overview specialized to
the setting of homology cylinders can be found in [HM12, §5]. Let us simply recall
here a few definitions for the reader’s convenience.

A graph clasper G in a homology cylinder M is a compact surface in the interior
of M , which is decomposed into leaves (diffeomorphic to D1 × S1), edges (diffeo-
morphic to D1×D1) and nodes (diffeomorphic to D2): edges (viewed as 1-handles)
connect leaves and nodes, in such a way that every leaf is incident to a single edge,
and every node (viewed as a 0-handle) is incident to three half-edges.

The graph clasper G is said to be allowable if every connected component of G
has at least one node. A leaf of G is special if it is (−1)-framed and unknotted
in M .

The shape of a graph clasper G is the unitrivalent abstract graph that one obtains
by deleting the leaves and by collapsing edges and nodes (viewed as handles) to
their cores. The (internal) degree of G is defined as the number of nodes, i.e., the
number of trivalent vertices of its shape.

Example 2.1. A Y -graph is a Y -shaped graph clasper, and an H-graph is an H-
shaped graph clasper. For instance, the bottom figure of Example 2.10 shows a
graph clasper consisting of a Y -graph (with one special leaf) and an H-graph. ■

A graph clasper G inM carries instructions for surgery : the result of the surgery
is denoted by MG and, if G is allowable, then MG is also a homology cylinder.
Conversely, any homology cylinder can be obtained from the unit cylinder U =
Σ× [−1,+1] by surgery along an allowable graph clasper.

The Yk-equivalence is the relation on IC generated by surgeries along connected
graph claspers of degree k ≥ 1. This definition is especially suited to analysis of
the Yk-equivalence via clasper calculus: see [HM12, §5] and references therein. It
turns out that two homology cylinders M and M ′ are Yk-equivalent if, and only if,
there exists a compact, oriented, connected surface with one boundary component
S ⊂M and an element s ∈ ΓkI(S) such that M ′ is diffeomorphic to the homology
cylinder obtained from M by cutting along S and regluing with s.

2.2. The algebra of homology cylinders. As recalled in the introduction, the
Y -filtration (1.3) of IC is defined by considering, for all k ≥ 1, the submonoid
YkIC of homology cylinders that are Yk-equivalent to the unit cylinder U . Clasper
calculus shows that the quotient monoid IC/Yk+1 is in fact a group for every k ≥ 1,
and that the inclusion of commutators

(2.1) [YiIC/Yk+1, YjIC/Yk+1 ] ⊂ Yi+jIC/Yk+1

holds in this group for all i, j ≥ 1. Then, the associated graded

GrYIC =
⊕
k≥1

YkIC
Yk+1

of the Y -filtration has the structure of a graded Lie algebra over Z, and we call
it the Lie algebra of homology cylinders. Furthermore, the natural action of the
mapping class group M on IC preserves the Y -filtration; as a consequence of (2.1),

this action factorizes through Sp(H) ≃ M/I at the graded level: so GrY IC is an
Sp(H)-module.

Similarly, we can consider the monoid algebra Z[IC] endowed with theGoussarov–
Habiro filtration

Z[IC] = F0Z[IC] ⊃ F1Z[IC] ⊃ F2Z[IC] ⊃ · · ·
which is defined as follows: for every k ≥ 0, the submodule FkZ[IC] is generated
by the linear combinations of the form

[M ;G] :=
∑
G′⊂G

(−1)|G\G′| ·MG′

for all M ∈ IC and any allowable graph clasper G in M of degree k, where the sum
is over all ways G′ of selecting some connected components of G and |G \G′| is the
number of remaining components. Recall that an invariant I : IC → A with values
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in an abelian group A is said to be of finite-type of degree at most d if Z[I] vanishes
on Fd+1Z[IC].

Clearly, we have FiZ[IC] · FjZ[IC] ⊂ Fi+jZ[IC] for all i, j ≥ 0: hence the
associated graded

GrFZ[IC] :=
⊕
k≥0

FkZ[IC]
Fk+1Z[IC]

of the Goussarov–Habiro filtration is a graded (associative, unital) algebra, called
the algebra of homology cylinders. Furthermore, the canonical action ofM on Z[IC]
preserves the Goussarov–Habiro filtration, and it factorizes through Sp(H) ≃ M/I
at the graded level (by the same arguments of clasper calculus that lead to (2.1)):

so GrF Z[IC] is an Sp(H)-module.
The relationship between the algebra of homology cylinders and its Lie version

is given by the following result, which is essentially contained in [Mas07] and based
on a result of [Hab00].

Theorem 2.2. The map ι : GrYIC → GrF Z[IC] defined by

YkIC/Yk+1 ∋ {M} ι7−→ {M − U} ∈ FkZ[IC]/Fk+1Z[IC]

induces an Sp(H)-equivariant algebra homomorphism

U(ι) : U
(
GrYIC

)
−→ GrF Z[IC]

on the universal enveloping algebra. Furthermore, U(ι) is surjective.

Proof. The map ι is linear since we have

{MN − U} = {(M − U)(N − U) + (M − U) + (N − U)}
= {M − U}+ {N − U} ∈ IC/Yk+1

for any M,N ∈ YkIC, and ι is a Lie map since we have

{MNM ′N ′ − U}
= {(M − U)(N − U)M ′N ′ − (N − U)(M − U)M ′N ′ +NMM ′N ′ − U}
= {(M − U)(N − U)− (N − U)(M − U) +N(MM ′ − U)N ′ + (NN ′ − U)}
= {(M − U)(N − U)− (N − U)(M − U)} ∈ IC/Yi+j+1

for any M,M ′ ∈ YiIC and for any N,N ′ ∈ YjIC such that M ◦ M ′ ∼Yi+j+1
U

and N ◦ N ′ ∼Yi+j+1 U . Therefore, ι induces an algebra homomorphism U(ι) :

U
(
GrYIC

)
→ GrF Z[IC]. Clearly, ι is Sp(H)-equivariant, and so is U(ι).

The map U(ι) is surjective, because the Goussarov–Habiro filtration on the
monoid algebra Z[IC] is induced by the Y -filtration on the monoid IC, meaning
that

(2.2) FkZ[IC] =
k∑
l=1

∑
k1,...,kl≥1
k1+···+kl=k

(Yk1IC − U) · · · (YklIC − U).

This identity is due to Habiro in the analogous case of string-links [Hab00, Prop.
6.10]: see [Mas07, Lemma 3.8]. □

Remark 2.3. The injectivity of the map U(ι) does not seem to be known. Ac-
cording to [Mas07, §5.2] and as an analogue of Quillen’s result [Qui68], U(ι⊗ F) is
an isomorphism if coefficients are taken in a field F instead of Z (provided the uni-
versal enveloping algebra functor U(−) is understood in the restricted sense when
the characteristic of F is positive).

The injectivity of the map ι itself is equivalent to requiring that, for every k ≥ 1,
we have YkIC = IC ∩

(
U + FkZ[IC]

)
in Z[IC]. This is another way to state the

Goussarov–Habiro conjecture: for every d ≥ 0, two homology cylinders are not
distinguished by finite-type invariants of degree at most d if, and only if, they are
Yd+1-equivalent. ■
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Recall that the monoid algebra Z[G] of a monoid G has a structure of cocom-
mutative bialgebra, whose coproduct ∆ (resp. counit ε) is given by ∆(g) = g ⊗ g
(resp. ε(g) = 1) for every g ∈ G. Besides, the universal enveloping algebra U(g) of
a Lie algebra g also has a structure of cocommutative bialgebra, whose coproduct
∆ (resp. counit ε) is given by ∆(g) = g ⊗ 1 + 1⊗ g (resp. ε(g) = 0) for every g in
the image of g in U(g).

Corollary 2.4. The bialgebra structure on Z[IC] induces a bialgebra structure on

GrF Z[IC]. Furthermore, U(ι) : U
(
GrYIC

)
→ GrF Z[IC] preserves the bialgebra

structures.

Proof. The counit ε : Z[IC] → Z is filtration-preserving, since we clearly have
ε(FkZ[IC]) = 0 for every k ≥ 1. Moreover, the coproduct ∆ : Z[IC] → Z[IC]⊗Z[IC]
is filtration-preserving too, since we have

∆(FkZ[IC]) ⊂
⊕
i+j=k

FiZ[IC]⊗ FjZ[IC]

for any k ≥ 1, as can be deduced from (2.2) and the following fact:

(2.3) ∆(M−U) = (M−U)⊗U+U⊗(M−U)+(M−U)⊗(M−U) for any M ∈ IC.

Thus, GrF Z[IC] inherits from Z[IC] a bialgebra structure.

The identity (2.3) shows that the image of ι : GrYIC → GrF Z[IC] consists
of primitive elements. Since the algebra U

(
GrYIC

)
is generated by the image of

GrYIC, we deduce that the algebra map U(ι) is also a coalgebra map. □

2.3. The abelian group P . We consider the oriented frame bundle p : F(U) → U
of the unit cylinder U = Σ × [−1,+1], which is a principal GL+(3;R)-bundle. As
a refinement of the surface homology group

H = H1(Σ) ≃ H1(U),

we shall need

P := H1(F(U))

in the next subsections. Denoting by s the generator of H1(GL+(3;R)) ≃ Z2, we
deduce the following from the Serre exact sequence in homology:

(2.4) 0 // Z2 s // P
p∗ // H // 0.

The next lemma reviews a few well-known facts about the abelian group P .

Lemma 2.5. (a) There is a group isomorphism

t :
(
{framed oriented knots in U}/∼ , ♯

)
−→ P

which adds to any framed oriented knot an extra (+1)-twist and takes the homology
class of its lift to the frame bundle; here, two oriented framed knots K1 and K2

are ∼-equivalent if (−K1) ⊔K2 bounds a compact oriented surface with respect to
which the framings of K1 and K2 differ by an even integer.

(b) P is isomorphic to Z2 ⋊ω H, which denotes the set Z2 × H with the internal
law (z, h) · (z′, h′) =

(
z + z′ + (ω(h, h′) mod 2), h + h′

)
; specifically, the group

extension (2.4) has a setwise section σ : H → P whose associated 2-cocycle is the
mod 2 reduction of ω : H ×H → Z.

(c) The canonical action of M on P factorizes through Sp(H).

Proof. (a) is proved in [MM03, Lemma 2.7.b]. To prove (b), recall that there is a
notion of framing number Fr(K) for framed knotsK in U (see, for instance, [MM13,
§B]). Then, according to (a), there is a map σ : H → P defined by

(2.5) σ(h) := t({Kh}) + Fr(Kh) s

where Kh is any framed oriented knot in U whose homology class is h ∈ H1(U).
Clearly, σ is a right section of (2.4). (Its mod 2 reductionH1(Σ;Z2) → H1(F(U);Z2)
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coincides with Johnson’s construction [Joh80].) Moreover, the associated 2-cocycle
H ×H → Z2 s of σ maps any (h, h′) to

σ(h+ h′)− σ(h)− σ(h′)

= t({Kh♯Kh′}) + Fr(Kh♯Kh′) s− t({Kh})− Fr(Kh) s− t({Kh′})− Fr(Kh′) s

= 2Lk(Kh,Kh′)s = ω(h, h′) s.

(Here we used [MM13, Lemma B.4] and the notion of linking number Lk(−,−) in
U = Σ × [−1,+1].) Consequently, there is an isomorphism ρ : P → Z2 s ⋊ω H
defined by ρ(x) :=

(
x− σ(p∗(x)), p∗(x)

)
.

We now prove (c). Let f ∈ M inducing f∗ : P → P . For any h ∈ H, we have

f∗σ(h) = f∗t({Kh}) + Fr(Kh) s(2.6)

= t({(f × id)(Kh)}) + Fr((f × id)(Kh)) s

= t({Kf∗(h)}) + Fr(Kf∗(h)) = σf∗(h).

It follows that, for any x ∈ P , we have

ρ(f∗(x)) =
(
f∗(x)− σ(p∗f∗(x)), p∗f∗(x)

)
=

(
f∗(x)− σ(f∗p∗(x)), f∗p∗(x)

)
=

(
f∗(x− σ(p∗(x))), f∗p∗(x)

)
= (id×f∗)(ρ(x)).

This computation shows that the action of f on P corresponds to id×f∗ on Z2s×H
via the isomorphism ρ: hence, the action of f on P only depends on f∗ ∈ Sp(H). □

We call the quantity t({K}) ∈ P , defined in Lemma 2.5.(a), the type of a framed
oriented knot K in U . For instance, for a simple oriented closed curve δ ⊂ Σ
representing d ∈ H, we deduce from (2.5) that the oriented knot D := δ × {0}
(with the surface framing) has type t({D}) = σ(d).

Besides, observe from Lemma 2.5.(b) that the abelian group P has the primary
decomposition

(2.7) P = Z2 s⊕ Zσ(a1)⊕ · · · ⊕ Zσ(ag)⊕ Zσ(b1)⊕ · · · ⊕ Zσ(bg),
where (a1, . . . , ag, b1, . . . , bg) is any symplectic basis of H (for instance, arising from
the choice of a system of curves as in (1.5)).

Remark 2.6. There is yet another description of P , which involves the set Ω :=
Spin(Σ) of spin structures on Σ. This set can be identified to Spin(U), hence

Ω =
{
y ∈ H1(F(U);Z2) : ⟨y, s⟩ ≠ 0

}
.

Recall that Ω is a Z2-affine space over the Z2-vector space H1(Σ;Z2). Then, P
is isomorphic to the fibered product H ×H(2) Aff(Ω) where Aff(Ω) is the space of
affine functions on Ω and H(2) := H1(Σ;Z2); specifically, according to [MM03,
Lemma 2.7.a], we have the pull-back diagram

P Aff(Ω)

H H(2)

e

p∗

⌟
κ

mod2

where e maps any x ∈ P to the Kronecker evaluation ⟨−, x⟩ : H1(F (U);Z2) → Z2

at x, and κ maps any element of Aff(Ω) to the corresponding Z2-linear form in
Hom(H1(Σ;Z2),Z2) ≃ H(2). ■

2.4. The module A<(P ) of Jacobi diagrams. We now define a module of Jacobi
diagrams, which simultaneously generalizes two earlier constructions and involves
the group P of the previous subsection.

Recall that a Jacobi diagram is a finite graph whose vertices are either univalent
(and called external), or trivalent (and called internal). Furthermore, every internal
vertex is oriented in that its incident half-edges are cyclically ordered. (When
Jacobi diagrams are drawn, the convention is that internal vertices are oriented
counterclockwise.) A Jacobi diagram is allowable if each connected component has
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at least one internal vertex. The (internal) degree of a Jacobi diagram is the number
of its internal vertices.

Example 2.7.
A Y -diagram is a Jacobi diagram which is Y -shaped (it has
degree 1), and a H-diagram is a Jacobi diagram which is H-
shaped (it has degree 2). ■

Then, we define the following module of Jacobi diagrams:

A<(P ) :=

Z
ß
allowable Jacobi diagrams whose external
vertices are P -colored and totally ordered

™
AS, IHX, multilinearity, special, STU-like, slide

Here the relations are

AS: = − , IHX: − + = 0,

multilinearity:

x+ y

=

x

+

y

, special:

· · ·< s < · · ·

= 0.

STU-like:

· · · < x < y < · · ·

−

· · · < y < x < · · ·

= ω(p∗(x), p∗(y))

· · · · · ·
,

slide:

· · ·< x < s < · · ·

=

· · ·< x < x < · · ·

=

· · ·< s < x < · · ·

,

where x, y ∈ P are arbitrary and s ∈ P is the special element defined by the fiber.

Remark 2.8. The defining relations of A<(P ) have the following consequences:

• We have the extra relation stating that any Jacobi diagram containing a
looped edge must be zero:

self-loop : = 0

For connected components with at least two internal vertices, this follows
from “IHX”, while for the remaining components it is a consequence of
“STU-like” with “AS”, “multilinearity”, and “slide”.

• The special and multilinear relations imply

· · · < x < . . .

=

· · · < y < . . .

whenever p∗(x) = p∗(y) ∈ H. So, the relevance of P -coloring with respect
to H-coloring is only justified by the possibility of Y -diagram components.

• It follows from the STU-like relation that the order of external vertices is
not relevant for s-colored vertices. ■

Since all the relations are homogeneous with respect to the (internal) degree of
Jacobi diagrams, the module A<(P ) is graded: for n ≥ 1, the degree n submodule
is denoted by A<

n (P ). Besides, let A<,c
n (P ) be the submodule of A<

n (P ) generated
by connected Jacobi diagrams.

As explained in the next proposition, the module of Jacobi diagrams A<(P )
should be regarded as the synthesis of two earlier constructions:

(i) As in [MM03, §2], observing that “AS” is implied by the other relations in
degree 1, we define

A1(P ) :=
Z { Y -diagrams whose external vertices are P -colored }

multilinearity, slide
.
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(ii) As in [Hab00, §8.5] and [HM09, §1.8], we define

A<(H) :=

Z
ß

allowable Jacobi diagrams whose external
vertices are H-colored and totally ordered

™
AS, IHX, multilinearity, STU-like, slide

,

where the first three relations are the same as before, and the last two re-
lations are written as follows:

STU-like:

· · · < x < y < · · ·

−

· · · < y < x < · · ·

= ω(x, y)

· · · · · ·
(x, y ∈ H),

slide:

· · ·< x < x < · · ·

=0 (x ∈ H),

Note that “slide” can be removed if one takes coefficients in Q, or, if one
restricts oneself to A<,c

n (H) with n ≥ 2. Besides, A<
1 (H) can be identified

to Λ3H through the map
x < y < z

7−→ x ∧ y ∧ z.

Proposition 2.9. We have the following Sp(H)-isomorphisms:

(i) The map A<
1 (P ) = A<,c

1 (P ) → A1(P ) that forgets the order of external
vertices is an isomorphism.

(ii) The map p∗ : A<(P ) → A<(H) that applies p∗ : P → H to all external
vertices induces an isomorphism A<(P )⊗Q ≃ A<(H)⊗Q, as well as an
isomorphism A<,c

n (P ) ≃ A<,c
n (H) for n ≥ 2.

Proof. Statements (i) and (ii) are easily checked from the definitions, and the above
observations on the defining relations of A<(P ). □

Let us also mention some further structures on the module A<(P ). On the one
hand, it is an Sp(H)-module thanks to the canonical action of Sp(H) on P (see
Lemma 2.5.(c)). On the other hand, A<(P ) is a cocommutative bialgebra: the

product is given by the ordered disjoint union
<
⊔ of diagrams, the unit is the empty

diagram ∅, the coproduct ∆ is defined on any diagram D by

∆(D) =
∑

D=D′⊔D′′

D′ ⊗D′′

where the sum is over all the decompositions of D into two families of connected
components D′, D′′ (their external vertices being ordered as they were in D), and
the counit ε is defined by ε(D) = δD,∅.

Finally, we draw the reader’s attention to some upcoming abuses of notation
that will be used in handling Jacobi diagrams in A<(P ) and in related modules:

(2.8)
Given x ∈ P (2) := H1(F(U);Z2) (resp., x ∈ H(2) = H1(Σ;Z2)),
the choice of a lift to P (resp., to H) is denoted by the same sym-
bol x if the choice of this lift is irrelevant in our formula.

(2.9)
We color the external vertices of a Jacobi diagram indifferently
with P or H if the diagram is connected of degree at least 2, or, if
we are working with rational coefficients (see Proposition 2.9).

2.5. The surgery map ψ. By merging the constructions of [MM03] (which deal
with the degree-one case) and those of [Hab00, HM09, HM12] (which deal with the
higher-degree connected case), we shall now define a surgery map

ψ : A<(P ) −→ GrF Z[IC].
For this, we describe a recipe to associate to every Jacobi diagram D among

the generators of A<(P ), a graph clasper C(D) in U = Σ × [−1,+1] which is a
“topological realization” of D. (In particular, C(D) has the same shape as D.)
This recipe is divided into two steps:
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Step 1: We thicken D to a compact oriented surface (using its vertex-orientation),
so that vertices of D are thickened to disks, and edges of D to bands. For
each disk produced in this way from an external vertex, we cut a smaller
disk in the interior, so as to produce an oriented compact surface S(D),
decomposed into disks, bands and annuli. The orientation of S(D) also
induces an orientation on the core of each annulus (namely, the orientation
parallel to the outer oriented boundary of the annulus).

Step 2: We embed S(D) into the interior of U in such a way that each annulus A
of S(D), viewed as a framed oriented knot A ⊂ U , has the type t(A) ∈ P
specified by the color of the corresponding external vertex of D. Further-
more, the annuli of S(D) should be embedded in disjoint “horizontal slices”
of U , in such a way that their “vertical height” along [−1,+1] respect the
total ordering of the corresponding external vertices of D. The result is a
graph clasper C(D) in U .

Note that the surface S(D) produced in “Step 1” is univocal, and it does not
depend on the coloring nor on the ordering of the external vertices of D. On the
contrary, the graph clasper G(D) produced in “Step 2” depends on the coloring
and the ordering, and it is equivocal in the sense that one has to make choices for
the embedding of S(D) into U .

Example 2.10. The following is an example of a Jacobi diagram D of degree
3, together with the corresponding “abstract” surface S(D) and a graph clasper
C(D) ⊂ U realizing D:

D =

s < σ(b2) < σ(a4) < σ(a3) < σ(a2) < σ(a1) < σ(b1)

S(D) =

(Here we use the elements s, σ(ai), σ(bi) of a basis (2.7) of P .) ■

The following is a natural generalization of [MM03, Th. 2.11] (which deals with
the degree 1 case) and [HM12, Th. 6.5] (which deals with the higher-degree con-
nected case).

Theorem 2.11. Using the above recipe, we define a graded homomorphism ψ :
A<(P ) → GrF Z[IC] by setting

ψ(D) :=
{
[U ;C(D)]

}
∈ FkZ[IC]/Fk+1Z[IC]

for any Jacobi diagram D ∈ A<(P ) of degree k. Furthermore, ψ is surjective,
Sp(H)-equivariant and it respects the bialgebra structures.

Proof. That ψ is well-defined and surjective is proved by combining the arguments
of [MM03, §2.3] as well as [HM09, §2.2] and [HM12, §6.2], which are based on
clasper calculus. In particular, note that the special relation is implied by [GGP01,
Lemma 4.9], and the STU-like relation is verified following Remark 4.10 below.

The Sp(H)-equivariance of ψ is verified as follows. Let f ∈ M inducing f∗ ∈
Sp(H) ≃ M/I. Using the canonical action of M on IC, we obtain

ψ(f∗ ·D) =
{[
U ; (f × [−1,+1])(C(D))

]}
=
{
f · [U ;C(D)]

}
= f∗ · ψ(D).

That ψ preserves the bialgebra structures is easily checked from the definitions of
the product and coproduct. □
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Example 2.12. In genus g = 0 (i.e., for Σ = D2), P = Z2 s is the order 2 group
generated by s. Hence we have a canonical isomorphism of graded modules

(2.10) A(∅)⊗ Z[Y ]/⟨2Y ⟩ ≃−→ A<(P )

whereA(∅) denotes the graded module of purely-trivalent Jacobi diagrams (modulo
“AS” and “IHX”), and Z[Y ]/⟨2Y ⟩ is the quotient of the polynomial algebra by the
ideal generated by 2Y . This isomorphism maps the generator Y to the Y -diagram
with vertices colored by s. Then Theorem 2.11 specializes to [GGP01, Th. 4.13]. ■

There is also a variant of Theorem 2.11 for the Lie version of the algebra of
homology cylinders. To state this, we consider the submodule A<,c(P ) of A<(P )
generated by connected Jacobi diagrams. The commutator of the product in the
algebra A<(P ) restricts to a Lie bracket on A<,c(P ): specifically, for any two
connected Jacobi diagrams D and E, we have

(2.11) [D,E] =
∑
u,v

ω(u, v) ·D ∪u=v E,

where the sum is over all external vertices u and v of D and E, respectively, we
denote by ω(u, v) the evaluation of ω ◦ (p∗ × p∗) on the pair of colors of (u, v), and
D ∪u=v E is obtained by gluing D and E at u = v and by ordering the external
vertices as follows: first, the vertices of E lower than v (in their given order); second,
the vertices of D other than u (in their given order); third, the vertices of E upper
than v (in their given order).

Theorem 2.13. We define a surjective Sp(H)-equivariant graded homomorphism

ψ : A<,c(P ) → GrYIC of Lie algebras by setting

ψ(D) :=
{
UC(D)

}
∈ YkIC/Yk+1

for any connected Jacobi diagram D ∈ A<,c
k (P ) of degree k ≥ 1. Furthermore, we

have the following commutative diagram:

(2.12) A<,c(P )� _

��

ψ
// GrY IC

ι

��

A<(P )
ψ
// GrF Z[IC]

Proof. The well-definedness and surjectivity of ψ is justified by clasper calculus,
exactly as for the proof of Theorem 2.11, appealing to [MM03, HM09]. (Again, the
most noteworthy relation to verify is “STU-like”, which follows from Remark 4.10
below.) The Sp(H)-equivariance is also justified as in the proof of Theorem 2.11,
and the commutativity of (2.12) is obvious.

That ψ is a Lie map is also well-known in some analogous situations but, since
the argument does not seem to be detailed anywhere, we include it here. Let D ∈
A<,c
k (P ) and E ∈ A<,c

l (P ) be connected Jacobi diagrams: then, [ψk(D), ψl(E)] ∈
Yk+lIC/Yk+l+1 is represented by

UC(D)∪C(E)∪C(D)′∪G∪C(E)′∪H ∈ IC

where the graph claspers C(D), C(E), C(D)′, G,C(E)′, H are located in disjoint
horizontal slices of U = Σ × [−1,+1] in this order from bottom to top, C(D)′

differs from C(D) by a half-twist on an edge, G is a disjoint union of graph claspers
of degrees ≥ k + 1 such that UC(D′)∪G is an inverse of UC(D) in IC/Yk+l+1, and
C(E)′, H play similar roles with respect to E. By clasper calculus, we can swap
C(E) and C(D)′ at the price of surgeries along the graph claspers that realize [D,E]
in (2.11): since any of these graph claspers has degree k + l, they can be displaced
to the top slice up to Yk+l+1-equivalence. Hence we have

[ψk(D), ψl(E)] =
{
UC(D)∪C(D)′∪C(E)∪G∪C(E)′∪H

}
◦ ψk+l([D,E]) ∈ IC/Yk+l+1;

since UC(E) and UG commute in IC/Yk+l+1 (for E being of degree l and G being
of degree ≥ k + 1), we deduce that [ψk(D), ψl(E)] = ψk+l([D,E]). □
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We now recall how the surgery map ψ of Theorem 2.13 relates to an approxima-
tion of the graded Lie algebra associated to the lower central series of the Torelli
group I. The determination of the abelianized Torelli group Iab by Johnson [Joh85]
is formulated in [MM03] as a group isomorphism J : A1(P ) → Iab. This induces a
surjective Lie algebra homomorphism

J : Lie(A1(P )) −→ GrΓ I
from the Lie algebra freely generated by the module A1(P ) to the associated graded
of the lower central series of I. Then, it follows from [FMS26, Th. A] that J
factorizes in every degree k ≥ 2 through p∗ : Liek(A1(P )) → Liek(Λ

3H) to a
homomorphism

Jk : Liek
(
Λ3H

)
−→ GrΓk I.

Besides, by Proposition 2.9, the map ψk can be viewed as a homomorphism

ψk : A<,c
k (H) −→ GrYk IC.

Proposition 2.14. For every k ≥ 2, we have the commutative diagram

Liek
(
Λ3H

)
Bk

��

Jk // // ΓkI/Γk+1I

Grkc

��

A<,c
k (H)

ψk

// // YkIC/Yk+1

where the left vertical map is induced by the isomorphism Λ3H ≃ A<,c
1 (H) and the

right vertical map is given by the mapping cylinder construction (1.1).

Proof. We have the commutative triangle

A1(P )
J //

ψ1 $$

Iab

Gr1c

��

IC/Y2,

which implies the commutative square of Lie algebras

Lie
(
A1(P )

)
��

J // // GrΓ I

Gr c

��

A<,c(P )
ψ
// // GrYIC

where the left vertical map is induced by the isomorphism A1(P ) ≃ A<,c
1 (P ). The

proposition follows immediately. □

2.6. Another description of A<(P ). We conclude this section with a simpler,
but non-intrinsic, description of A<(P ). It depends on the choice of a symplectic
basis

S := (a1, . . . , ag, b1, . . . , bg)

of H. Let

(2.13) A(S) :=
Z
{

allowable Jacobi diagrams whose
external vertices are S-colored

}
AS, IHX, self-loop, swap

where “AS, “IHX” and “self-loop” are as before, and the last relation is

swap:

y

xx

=

x

yy

for all x, y ∈ S.

Remark 2.15. With rational coefficients, the self-loop and swap relations are
consequences of “AS”. Hence, A(S) ⊗ Q corresponds to the space that is denoted
by AY (⌊g⌉+ ∪ ⌊g⌉−) in [CHM08]. ■
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Any Jacobi diagram D with S-colored external vertices defines a Jacobi diagram
D< with totally-ordered and P -colored vertices, by transforming every color u ∈
S ⊂ H to σ(u) ∈ P and declaring that all the vertices colored by {σ(a1), . . . , σ(ag)}
are lower than the vertices colored by {σ(b1), . . . , σ(bg)}. Then, the following propo-
sition generalizes (2.10) to the genus g > 0 case, and, given Remark 2.15, it is a
refinement of [CHM08, Lemma 8.4].

Proposition 2.16. The homomorphism φ : A(S) ⊗ Z[Y ]/⟨2Y ⟩ → A<(P ) that is
defined, for every Jacobi diagram D and every k ≥ 0, by

(2.14) φ(D ⊗ Y k) := (−1)χ(D) ·D< <
⊔

s < s < s

<
⊔ · · ·

<
⊔

s < s < s︸ ︷︷ ︸
k times

is an isomorphism of graded abelian groups.

Proof. The right-hand side of (2.14) is well-defined in A<(P ) as a consequence of
the STU-like relation. Hence we get a group homomorphism

Z
{

allowable Jacobi diagrams
with S-colored external vertices

}
⊗ Z[Y ]/⟨2Y ⟩ −→ A<(P ).

Clearly, this maps “AS”, “IHX”, “self-loop” and “swap” to “AS”, “IHX”, “self-
loop” and “slide”, respectively. So, we get a map φ : A(S)⊗Z[Y ]/⟨2Y ⟩ → A<(P ).

It is easily checked from the STU-like, slide and special relations in A<(P ) that
the map φ is surjective. To prove the injectivity, we shall construct a homomor-
phism ρ : A<(P ) → A(S) ⊗ Z[Y ]/⟨2Y ⟩ such that ρ ◦ φ = id. Since P has the
primary decomposition (2.7), the abelian group A<(P ) can be identified to

A<(S ⊔ {s}) :=

Z

{
allowable Jacobi diagrams

whose external vertices are S ∪ {s}-colored
and S-colored vertices are totally ordered

}
AS, IHX, special, STU-like, slide

where “AS”, “IHX” and “special” are as before, the STU-like relation involves only
the S-colored vertices:

STU-like:

· · · < x < y < · · ·

−

· · · < y < x < · · ·

= ω(x, y)

· · · · · ·
for x, y ∈ S,

and the slide relation writes as follows:

slide: s

· · · < x < · · ·

=

· · ·< x < x < · · ·

= s

· · · < x < · · ·

for x ∈ S.

(Note that “AS” and “slide” imply that any diagram with an s-colored vertex has
order 2 in A<(S ⊔ {s}).) Then, for every Jacobi diagram E among the generators
of A<(S ⊔ {s}). we define

ρ(E) := (−1)χ(E) ·

Ñ
sum of all ways of connecting
some ai-colored vertices of E′

to some lower bi-colored vertices

é
& forget the order

⊗ Y e

where E′ is the diagram without s-colored vertex obtained from E as follows: every
component of E of degree ≥ 2 with an s-colored vertex is set to 0; any Y -diagram
component with all three vertices colored by s is erased from E, and we denote by
e the number of such components originally in E; every Y -diagram component of
E with one or two s-colored vertices is transformed as follows:

s

· · · < x < · · · < y < · · ·
⇝

· · · < x < x < · · · < y < · · ·
,



18 QUENTIN FAES, GWÉNAËL MASSUYEAU, AND MASATOSHI SATO

s

· · · < x < · · · < y < · · ·
⇝

· · · < x < · · · < y < y < · · ·
,

s s

· · · < x < · · ·
⇝

· · · < x < x < x < · · ·

It is straightforward to verify that each of the defining relations of A<(S ⊔ {s}) is
mapped by ρ to zero; hence we get a map ρ : A<(S ⊔ {s}) → A(S) ⊗ Z[Y ]/⟨2Y ⟩.
Since the computation of ρ on φ(D⊗Y k) does not involve any connection of vertices,
it follows that ρ ◦ φ = id. □

Remark 2.17. As in [CHM08, §8], we define on A(S) a bialgebra structure, with
product ⋆ given by

(2.15) D⋆E =

Å
sum of all ways of connecting some bi-colored vertices of D

to some ai-colored vertices of E, for all i ∈ {1, . . . , g}

ã
.

Combining this with the usual bialgebra structure on Z[Y ]/⟨2Y ⟩, we obtain that
the map φ : A(S)⊗ Z[Y ]/⟨2Y ⟩ → A<(P ) is a bialgebra map.

Restricting to the submodules generated by connected diagrams, we obtain a Lie
algebra isomorphism φ : Ac(S) ⊕ Z2Y → A<,c(P ). The Lie bracket on the source
is given by the commutator of the product ⋆, and is such that Y is central. ■

3. The LMO homomorphism and the “delta” maps

After a very brief review of the LMO homomorphism [CHM08, HM09, HM12],
and a study of symplectic expansions up to degree 2 [Mas12], we define the map
δ< which is an alternative version of the map δ introduced in [NSS22a] to compute
the “mod 1 reduction” of the LMO homomorphism.

3.1. The LMO homomorphism Z< and its mod 1 reduction ζ<. The LMO
functor can be restricted to the setting of homology cylinders, thereby yielding a
monoid homomorphism

Z̃Y : IC −→ A(S)⊗Q
called the LMO homomorphism. (Strictly speaking, Z̃Y actually takes values in
the degree-completion of A(S) ⊗ Q, but we shall keep the same notation for the
degree-completed modules.) We refer the reader to [CHM08, HM09, HM12], and

recall that the construction of Z̃Y involves two choices:

(i) a Drinfeld associator, used to define the Kontsevich integral of tangles, on
which the LMO functor is built via surgery presentations of cobordisms;

(ii) a system of curves (α1, . . . , αg, β1, . . . , βg) as in (1.5), giving rise to the
symplectic basis S := (a1, . . . , ag, b1, . . . , bg) of H.

Remark 3.1. The target A(S) ⊗ Q of Z̃Y is denoted by AY (⌊g⌉+ ∪ ⌊g⌉−) in
[CHM08], where rational coefficients are taken by default. ■

To partly “control” how Z̃Y depends on the above choices (i) and (ii), we look
at the following compositions:

IC
‹ZY
//

Z<

88

ζ< := (Z< mod 1)

88
A(S)⊗Q

φQ

≃
// A<(H)⊗Q // // A<(H)⊗Q/Z.

In this diagram, φQ denotes the rational version of the map φ from Proposition 2.16;
more precisely, for any Jacobi diagram D among the generators of A(S), we have
φQ(D) = (−1)χ(D) · D<, where D< ∈ A<(H) is obtained by imposing an order
on the external vertices of D such that every vertex colored by some ai lies below
every vertex colored by some bj .
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Remark 3.2. This variant Z< of the LMO homomorphism is equal to the map
that is simply denoted by “LMO” in [HM09, (2.3)]. ■

For every k ≥ 1, the degree k part Z̃Yk of Z̃Y is a finite-type invariant of

degree k, and [CHM08, Cor. 8.6] computes the induced homomorphism Z̃Yk :
FkQ[IC]/Fk+1Q[IC] → Ak(S) ⊗ Q in terms of clasper surgery. As a result, we
obtain the commutative diagram

(3.1) A<
k (H)⊗Q

ψQ
//
FkQ[IC]
Fk+1Q[IC]

Z<
k

��

A<
k (H)⊗Q.

Here, the map ψQ is the rationalization of the map ψ in Theorem 2.11; specifically,
we have ψQ(D) =

{
[U ;C(D)]

}
for any Jacobi diagram D among the generators of

A<(H), where C(D) is a graph clasper in U “realizing” D by the same recipe as in
§2.5, except that we only have to care here about the homology classes of the leaves
of C(D) (instead of their types). As a consequence, Z<k : GrFk Q[IC] → A<

k (H)⊗Q
does not depend on the above choices (i) and (ii); moreover, it is Sp(H)-equivariant.

More recently, it has been shown that (Z̃Yk+1 mod 1) is itself a finite-type invariant
of degree k, and [NSS22a, Th. 1.1] describes the induced homomorphism(

Z̃Yk+1mod 1
)
: FkZ[IC]/Fk+1Z[IC] → Ak+1(S)⊗Q/Z

in terms of clasper surgery. The purpose of the rest of this section is to give an
alternative formulation of this result by explicitly computing the composition

(3.2) A<
k (P )

ψ
//
FkZ[IC]
Fk+1Z[IC]

ζ<k+1
// A<

k+1(H)⊗Q/Z.

In particular, our calculation will make explicit to what extent the map ζ<k+1 de-
pends on the above choices (i) and (ii), and will measure its failure to be Sp(H)-
equivariant.

Remark 3.3. Since p∗ : A<(P ) → A<(H) is surjective and, moreover, yields an
isomorphism p∗ : A<(P ) ⊗ Q → A<(H) ⊗ Q (see Proposition 2.9), it follows that
it also induces an isomorphism p∗ : A<(P )⊗Q/Z → A<(H)⊗Q/Z. ■

3.2. Symplectic expansions up to degree 2. In order to compute the composi-
tion (3.2), we need the notion of “symplectic expansions” and their “truncations”.

Let π := π1(Σ, ⋆) be the fundamental group of Σ based at ⋆ ∈ ∂Σ. Recall from

[Mas12] that a symplectic expansion is a monoid map θ : π → T̂Q, with group-like

values in the complete tensor algebra T̂Q := T̂ (HQ) generated by HQ, satisfying:

• θ(x) = 1 + [x] + (deg ≥ 2) for all x ∈ π representing [x] ∈ H,
• θ(∂Σ) = exp(−ω) where ω ∈ Λ2H ⊂ H⊗2 is the intersection form.

Sometimes, it is more convenient to work with the corresponding symplectic logan-

sion ℓθ := log ◦ θ : π → L̂Q, where L̂Q := L̂(HQ) is the complete free Lie algebra
generated by HQ.

The truncation (to degrees at most 2) of a symplectic expansion θ is the map

θ≤2 : π −→ T̂Q/T̂Q
≥3 ≃

(
Z⊕H ⊕H⊗2

)
⊗Q.

Observe that it is determined by the map θ2 : π → H⊗2⊗Q. We say that θ is even
(up to degrees at most 2) if θ2(π) ⊂ 1

2H
⊗2 or, equivalently, if ℓθ2(π) ⊂ 1

2L2(H).

Lemma 3.4. (a) The set of truncated symplectic expansions is a torsor over Λ3HQ.

Specifically, for any symplectic expansions θ and θ̃, there is a unique

(3.3) d ∈ Ker
(
HomQ(H

Q,LQ
2 ) ≃ HQ ⊗Q LQ

2

[−,−]−−−→ LQ
3

)
≃ Λ3HQ

such that θ̃≤2(x) = θ≤2(x) + d([x]) for all x ∈ π.
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(b) For any symplectic expansion θ, the map θ2 : π → H⊗2⊗Q induces a homomor-
phism ϑ : H → H⊗2 ⊗Q/Z. Equivalently, ℓθ2 : π → L2(H)⊗Q induces a quadratic
map λ : H → L2(H)⊗Q/Z.

(c) The set of truncated even symplectic expansions is a torsor over 1
2Λ

3H. More-
over, for any even symplectic expansion θ, we have

(i) u′ ⊗u′′ = u′′ ⊗u′ ∈ H⊗2 ⊗Q/Z, for all u ∈ H, hence ω(u′, u′′) = 0 ∈ Q/Z,
(ii) ω(u′, v)u′′ = ω(v′, u) v′′ ∈ H ⊗Q/Z, for all u, v ∈ H,
(iii) ω(u′, u)u′′ = u/2 ∈ H ⊗Q/Z, for all u ∈ H,

where we use Sweedler’s notation ϑ(h) =
∑
i h

′
i ⊗ h′′i =: h′ ⊗ h′′ for all h ∈ H.

Proof. (a) That the set of truncated symplectic expansions is non-empty follows
from the existence of symplectic expansions. For any two symplectic expansions

θ and θ̃, there exists a unique automorphism ψ of the complete Hopf algebra T̂Q,
which induces the identity at the graded level and fixes ω ∈ L2(H), such that

θ = ψ ◦ θ̃. Then, δ := logψ is a (co-)derivation of T̂Q, which strictly increases
degrees and vanishes on ω. Denoting by d the restriction of δ to HQ, truncated to
degrees ≤ 2, we obtain

θ̃(x) = (id+δ + δ2/2 + · · · )(θ(x))
= θ(x) + δ(θ(x)) + (deg ≥ 3) = θ(x) + d([x]) + (deg ≥ 3)

for every x ∈ π. That d belongs to the kernel of the bracketing map written at (3.3)
follows from the condition δ(ω) = 0. This kernel is well-known to be isomorphic to
Λ3HQ by the map

(3.4) Λ3HQ −→ HQ ⊗ L2(H
Q), a ∧ b ∧ c 7−→ a⊗ [b, c] + c⊗ [a, b] + b⊗ [c, a].

(b) For all x, y ∈ π, we have

θ(xy) = θ(x) · θ(y) =
(
1 + [x] + θ2(x) + (deg ≥ 3)

)
·
(
1 + [y] + θ2(y) + (deg ≥ 3)

)
= 1 + [x] + [y] + [x][y] + θ2(x) + θ2(y) + (deg ≥ 3).

which shows that θ2(xy) = θ2(x) + θ2(y) + [x][y]. Hence, θ2 : π → HQ ⊗Q H
Q

induces a group homomorphism ϑ : H → (HQ ⊗Q H
Q)/(H ⊗H).

The previous computation also shows that ℓθ2(xy) = ℓθ2(x) + ℓθ2(y) +
[
[x], [y]

]
/2,

for all x, y ∈ π. Thus, ℓθ2 : π → L2(H
Q) induces a map λ : H → L2(H

Q)/L2(H)
such that

(3.5) λ(u+ v) = λ(u) + λ(v) +
[u, v]

2
, for all u, v ∈ H.

(c) According to [Mas12, Ex. 2.19], for every choice of a basis (α, β) of π inducing

the basis (a, b) of H, there exists a symplectic expansion θ̃ such that®
θ̃(αi) = 1 + ai +

1
2a

2
i − 1

2 [ai, bi] + (deg ≥ 3),

θ̃(βi) = 1 + bi +
1
2b

2
i − 1

2 [ai, bi] + (deg ≥ 3).

Hence, the set of truncated even symplectic expansions is non-empty: it is easily
deduced from (a) that it is a torsor over 1

2Λ
3H.

Let θ be an even symplectic expansion. Since we have

(3.6) ϑ([x]) =
[x]2

2
+ ℓθ2(x) ∈ H⊗2 ⊗Q/Z, for all x ∈ π,

and since ℓθ2(x) is in 1
2L2(H), the condition (i) is clearly satisfied (using the fact

that the form ω is alternate). We now prove (ii).
A straightforward computation on u, v ∈ {a1, . . . , ag, b1, . . . , bg} shows that (ii)

is satisfied by the particular expansion θ̃ that has been mentioned above. Let
d ∈ Hom(HQ,LQ

2 ) be given by the difference θ̃ − θ. Then ϑ̃ = ϑ + (d mod 1).

Thus, to deduce that ϑ satisfies (ii) just as ϑ̃ does, it suffices to prove that

(3.7) ω(u̇, v)ü− ω(ü, v)u̇ ≡ ω(v̇, u)v̈ − ω(v̈, u)v̇ mod H, for all u, v ∈ H,
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where we write here d(u) in Sweedler’s notation:

d(u) =
∑
i

[u̇i, üi] =: [u̇, ü] = u̇⊗ ü− ü⊗ u̇ ∈ HQ ⊗Q H
Q.

Since d(H) ⊂ 1
2L2(H), (3.7) can be equivalently written as

(3.8) ω(u̇, v)ü+ ω(ü, v)u̇+ ω(v̇, u)v̈ + ω(v̈, u)v̇ ≡ 0 mod H, for all u, v ∈ H.

Since d is in the image of 1
2Λ

3H by the map (3.4), we can assume that there exist
a, b, c ∈ H such that

(3.9) d =
1

2
ω(a,−)[b, c] +

1

2
ω(b,−)[c, a] +

1

2
ω(c,−)[a, b].

Hence, (3.8) easily follows for any u, v ∈ H.
To prove (iii), we first deduce from (ii) that the map y : H → HQ/H defined

by y(u) := ω(u′, u)u′′ is linear. Then, a straightforward computation with u ∈
{a1, . . . , ag, b1, . . . , bg} shows that (iii) is satisfied by the particular expansion θ̃.

Thus, as in the previous paragraph, letting d := θ̃ − θ, we are reduced to showing
that

(3.10) ω(u̇, u) ü− ω(ü, u) u̇ ≡ 0 mod H.

Again, we can assume without loss of generality that d is of the form (3.9), and
(3.10) easily follows. □

We shall also need the following technical lemma about symplectic expansions.
Let fr : P → Z2 be the projection given by Lemma 2.5.(b), which is defined by the
identity

(3.11) fr(x) s = x− σ(p∗(x)) ∈ P, for all x ∈ P .

(Thus, by (2.5), fr(t(K)) is the mod 2 reduction of the framing number Fr(K) ∈ Z
for any framed oriented knot K in U .) Besides, let ϖ : L2(H) ⊗ Q/Z → Q/Z be
the homomorphism defined by ϖ([u, v]) := ω(u, v) for all u, v ∈ HQ. In the sequel,
for any l = {L} ∈ Z2, we denote l/2 := {L/2} ∈ Q/Z.

Lemma 3.5. For any symplectic expansion θ, the map

υ :=
fr

2
+ϖ ◦ λ ◦ p∗ : P −→ Q/Z

is a homomorphism. If θ is even, then υ is valued in
(
1
2Z
)
/Z.

Proof. The second statement is obvious. To prove the first statement, let x, y ∈ P
and set x̄ := p∗(x), ȳ := p∗(y) ∈ H. Since the associated 2-cocycle of the section σ
of p∗ : P → H is (ω mod 2), it follows from (3.11) that

(3.12) fr(x+ y)− fr(x)− fr(y) = ω(x̄, ȳ) ∈ Z2.

On the other hand, we deduce from (3.5) that

ϖλ(x̄+ ȳ)−ϖλ(x̄)−ϖλ(ȳ) =
ω(x̄, ȳ)

2
∈ Q/Z.

We conclude that υ(x+ y)− υ(x)− υ(y) = 0. □

3.3. The map δ<. We shall define a degree 1 linear map

δ< = δ<θ : A<(P ) −→ A<(P )⊗Q/Z

for every choice of an even symplectic expansion θ. (Recall from Remark 3.3 that
A<(P )⊗Q/Z is isomorphic to A<(H)⊗Q/Z: so, at the target of δ<, considering
colors in P is equivalent to considering colors in H.)

Let n ≥ 1 and let D be a Jacobi diagram among the generators of A<
n (P ). In

order to define δ<(D) ∈ A<
n+1(P ) ⊗ Q/Z, we first introduce the following Jacobi

diagrams, constructed for each external vertex i of D with color ci ∈ P :
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• For u, v ∈ H, we obtain DII
i (u, v) from D by duplicating the edge attached

to i and assigning colors as indicated:

D =
· · · < ci < · · ·

⇝
· · · < u < v < · · ·

=: DII
i (u, v)

• We define DU
i from D by again doubling the edge incident to i , but this

time joining the two new external vertices by an additional edge:

D =
· · · < ci < · · ·

⇝ · · · · · · =: DU
i

With these preparations, we set

(3.13) δi(D) := DII
i (c′i, c

′′
i ) + υ(ci)D

U
i ∈ A<

n+1(P )⊗Q/Z

where ϑ(p∗(ci)) = c′i ⊗ c′′i ∈ H⊗2 ⊗Q/Z is defined in Lemma 3.4.(b) and is written
here using Sweedler’s notation, and υ(ci) ∈ Q/Z is introduced in Lemma 3.5.

Besides, for any Y -diagram component C of D, with external vertices colored by
x, y, z ∈ P , we define δC(D) ∈ A<

n+1(P )⊗ Z2 by “duplicating” C in D as follows:

D =
C

· · ·x < · · · < y < · · · < z · · ·

⇝

· · ·x ∥ x < · · · < y ∥ y < · · · < z ∥ z · · ·

=: δC(D)

or

D =

· · ·x < · · · < y < · · · < z · · ·

⇝

· · ·x ∥ x < · · · < y ∥ y < · · · < z ∥ z · · ·

=: δC(D)

Here, the expression on the right-hand side represents a sum of 23 Jacobi diagrams,
written according to the notational convention

(3.14)

· · · < c ∥ c < · · ·

:=

· · · < c < c < · · ·
+ fr(c) ∈ A<(P )⊗ Z2.

Remark 3.6. This notation is inspired from an identity in clasper calculus, when
considering the surgery along a graph clasper with two parallel leaves of type c
in U . (See the last part of the proof of Proposition 4.14.) ■

We now proceed with the construction of the map δ<. This map is a variation
(and a mild generalization) of the map δ introduced in [NSS22a, §3], and it is better
suited for the analysis of certain properties.

Proposition 3.7. Let θ be an even symplectic expansion of π. There is a well-
defined homomorphism of degree 1

δ< = δ<θ : A<(P ) −→ A<(P )⊗Q/Z
which maps every Jacobi diagram with a looped edge to zero, and maps any Jacobi
diagram D without looped edge to

(3.15) δ<(D) :=
∑
i

δi(D) +
∑
C

δC(D)

2
,

where the first sum ranges over external vertices i of D, and the second sum over
Y -diagram components C of D.

Before establishing the proposition, we further discuss formula (3.15):

• Since θ is assumed to be even, the map δ< actually lands in the 2-torsion
subgroup of A<(P )⊗Q/Z. More precisely, for any Jacobi diagram D, each
summand δi(D) and δC(D)/2 appearing in (3.15) is an element of order 2;
furthermore, every term in the formula (3.13) for δi(D) has order 2.
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• Assume that the Jacobi diagram D is connected and of degree n ≥ 2. Then
we have

(3.16) δ<(D) =
∑
i

DII
i (c′i, c

′′
i ) ∈ A<

n+1(P )⊗Q/Z

where ϑ(p∗(ci)) = c′i⊗ c′′i ∈ H⊗2⊗Q/Z, and the sum runs over all external
vertices i colored by ci ∈ P . This simpler expression is a consequence of the
fact that any connected Jacobi diagram of degree ≥ 3 containing a
subdiagram is divisible by 2 in A<(P ):

(3.17) = + = 2

• For an arbitrary Jacobi diagram D, the term δi(D) appearing in (3.15) can
be rewritten as

(3.18) δi(D) =
1

2
DII
i (ci, ci) +D

Y

i (ċi, c̈i) +
fr(ci)

2
DU
i ∈ A<

n+1(P )⊗Q/Z,

where λ(p∗(ci)) = [ċi, c̈i] ∈ L2(H) ⊗ Q/Z is defined in Lemma 3.4.(b) and
is written here in Sweedler’s notation, and, for any x, y ∈ H, the diagram

D

Y

i (x, y) is obtained from D by the following local modification:

(3.19) D =
· · · < ci < · · ·

⇝
· · · < x < y < · · ·

=: D

Y

i (x, y).

(Using the IHX and STU-like relations, the identity (3.18) follows from
(3.6) which, in Sweedler’s notation, writes c′i ⊗ c′′i = 1

2ci ⊗ ci + [ċi, c̈i].)
• It is immediate that the definition of δ<θ depends only on the truncation

of θ in degrees ≤ 2. If θ̃ is another even symplectic expansion, we obtain a
corresponding map δ<

θ̃
. In that case, δ<

θ̃
− δ<θ can be explicitly determined

from the element of 1
2Λ

3H that encodes the change from θ to θ̃.

Proof of Proposition 3.7. We need to check that δ< is compatible with each of the
defining relations of A<(P ). As already observed from the assumption on θ, every
term that occurs in the formulas for δ<(D), for a Jacobi diagram D, has order 2 in
A<(P ) ⊗ Q/Z. Hence, in the computations that follow, we can disregard all sign
considerations.

We begin with the AS relation applied to a Jacobi diagram D. If this relation
occurs away from the external vertices, there is nothing to verify. Otherwise, we
have to examine the two contributions δi(D) and δC(D) appearing in the expression
(3.15) for δ<(D). The identity

· · · < x < x < · · ·

=

· · · < x < x < · · ·

=

· · · < x < x < · · ·

∈ A<(P )

shows that the first summand of δi(D) ∈ A<(P ) ⊗ Q/Z in (3.18) respects the
AS relation. (The first equality is an application of “AS”, and the second arises
from “STU-like”.) The second and third summands of δi(D) in (3.18) are handled
analogously (by using the AS relation in the target). Moreover, from its definition,
it is immediate that the term δC(D) ∈ A<(P )⊗ Z2 also respects the AS relation.

To check the IHX relation, we only have to consider the terms δi(D) in the
formula (3.15) for δ<(D). Note that we have

· · · < x < x < · · ·

=

· · · < x < x < · · ·

+

· · · < x < x < · · ·

∈ A<(P )⊗ (Q/2Z)

by “pushing” the vertical edges to the right via the IHX relation and then applying
the STU-like relation to discard the other two terms modulo 2Z. This verifies that
the first term of δi(D) in (3.18) is compatible with the IHX relation in the Kirchhoff
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form of [CDM12, §5.2.7]. The second and third terms of δi(D) in (3.18) are treated
using “IHX” in the target and (3.17), respectively.

Next, we examine the multilinearity relation for a Jacobi diagram D(x) with
respect to a fixed external vertex i colored by x ∈ P . Let ci, di ∈ P ; our goal is to
prove that

(3.20) δ<(D(ci + di)) = δ<(D(ci)) + δ<(D(di)).

Let C be a Y -diagram component of D: if i belongs to C, then by using the
multilinearity and STU-like relations, together with (3.12), we obtain

δC(D(ci + di)) = δC(D(ci)) + δC(D(di)) ∈ A<(P )⊗ Z2;

if i does not lie in C, the same identity follows immediately from “multilinearity”
in A<(P ) ⊗ Z2. Now let j be an external vertex of D: if j ̸= i, then for the same
reason, we clearly have

δj(D(ci + di)) = δj(D(ci)) + δj(D(di)) ∈ A<(P )⊗Q/Z;

if instead j = i, the same equality holds true by (3.13) and the fact that both ϑ
and v are homomorphisms. This establishes (3.20).

The compatibility of δ< with the special relation follows directly from the expres-
sion of δi in (3.18) for an external vertex i using the observation (3.17), and from
the fact that δC leaves all components of degree ≥ 2 unchanged for any Y -diagram
component C.

We now address the STU-like relation. Let D be a Jacobi diagram with two
consecutive external vertices i < j. Define E (respectively, G) to be the diagram
obtained by exchanging the order of i and j (respectively, by gluing the vertices i
and j). Our goal is to show that

(3.21) δ<(D)− δ<(E) = ω(ci, cj) δ
<(G)

where ci and cj are the colors of i and j, respectively. This equality holds immedi-
ately if D contains a looped edge, so from now on we assume that D has no looped
edge. First of all, we claim that

(3.22) δi(D)− δi(E) = δj(D)− δj(E).

The vertex i (respectively j) is connected to an internal vertex by an edge I (re-
spectively J). Let us assume that I ∩ J = ∅, since the case I ∩ J ̸= ∅ can be done
similarly. We can depict D in a neighborhood of I ∪ J as follows:

D =

· · · < ci < cj < · · ·

.

In this local picture, we compute

δi(D)− δi(E) = DII
i (c′i, c

′′
i )− EIIi (c′i, c

′′
i )

=

· · · c′i < c′′i < cj · · ·

−

· · · cj < c′i < c′′i · · ·

= ω(c′′i , cj)

· · · < c′i < · · ·

+ ω(c′i, cj)

· · · < c′′i < · · ·

= ω(c′i, cj)

· · · < c′′i < · · ·

+ ω(c′i, cj)

· · · < c′′i < · · ·

= ω(c′i, cj)

· · · < c′′i < · · ·

,
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where the first identity follows from (3.13) using that DU
i = EUi , and the fourth

identity uses Lemma 3.4.(c.i). In the same way, we obtain

δj(D)− δj(E) = ω(c′j , ci)

· · · < c′′j < · · ·

.

Thus, claim (3.22) is deduced from Lemma 3.4.(c.ii). We now distinguish two cases:

• Assume that i, j do not belong to a same Y -diagram component of D. Hence
G has no looped edge neither. On the one hand, the STU-like relation in
the target implies that δk(D) − δk(E) = ω(ci, cj) δk(G) for any external
vertex k of G. Then, (3.22) implies that(

δi(D) + δj(D) +
∑
k

δk(D)
)
−
(
δi(E) + δj(E) +

∑
k

δk(E)
)

(3.23)

= ω(ci, cj)
∑
k

δk(G) ∈ A<(P )⊗Q/Z

where the sums are indexed by external vertices k of G. On the other
hand, for any Y -diagram component C of D that contains neither i nor j,
we obtain

(3.24) δC(D)− δC(E) = ω(ci, cj) δC(G) ∈ A<(P )⊗ Z2

by application of the STU-like relation; besides, if only one of i or j belongs
to C, say i, then C does not count anymore as a Y -diagram of G and we
get

δC(D)− δC(E) =

· · · ci < ci < cj · · ·

−
· · · cj < ci < ci · · ·

(3.25)

= ω(ci, cj)

Ü
· · · < ci < · · ·

+

· · · < ci < · · ·

ê
= 0,

where the first identity is obtained by canceling the two terms involving
fr(ci), the second identity uses the STU-like relation, and the third one is
obtained by canceling pairwise the 2 · 22 = 8 terms arising from the other
two external vertices of C (again, thanks to “STU-like”). Thus, (3.21) is
deduced from (3.23)–(3.25) using the formula (3.15).

• Assume that i, j belong to a same Y -diagram component T of D, and denote
by t the third external vertex of T . Hence G has a looped edge, so that the
identity (3.21) to be shown reduces to δ<(D) = δ<(E). For any external
vertex k of D \ T , we have δk(D) = δk(E) by applying “STU-like” and
“self-loop”; similarly, for any Y -diagram component C of D \ T , we have
δC(D) = δC(E). So, using the formula (3.15), we deduce from (3.22) that

(3.26) δ<(D)− δ<(E) =
(
δt(D)− δt(E)

)
+
δT (D)− δT (E)

2
∈ A<(P )⊗Q/Z.

Without loss of generality, we can assume that j < t so that, in a neigh-
borhood of T , we have

D =

· · · < ci < cj < · · · < ct < · · ·
and E =

· · · < cj < ci < · · · < ct < · · ·
.

Using (3.18) and, next, “STU-like” and “self-loop”, we get

δt(D)− δt(E)
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=
1

2
· · · < ci < cj < · · · < ct||ct < · · ·

− 1

2
· · · < cj < ci < · · · < ct||ct < · · ·

=
ω(ci, cj)

2 · · · < · · · < ct || ct < · · ·
;

similarly, we obtain

δT (D)− δT (E)

=
· · · < ci < ci < cj < cj < · · · < ct||ct < · · ·

−
· · · < cj < cj < ci < ci < · · · < ct||ct < · · ·

= ω(ci, cj)

· · · < ci < cj < · · · < ct||ct < · · ·

− ω(ci, cj)

· · · < cj < ci < · · · < ct||ct < · · ·

= ω(ci, cj)
· · · < · · · < ct || ct < · · ·

.

Therefore, we deduce from (3.26) that δ<(D) = δ<(E).

To conclude the proof of the proposition, and deal with the slide relation, we
consider a Jacobi diagram D with two consecutive external vertices i < j, with
colors s and x respectively, which are adjacent to the same internal vertex. Let E
be the same Jacobi diagram as D, but with the vertex i colored by x instead of s.
We need to show that δ<(D) = δ<(E). (The other version of the slide relation with
i > j can be proved in the same way, so that we shall omit it.) We can assume that
the connected component V ofD containing i and j is a Y -diagram since, otherwise,
the slide relation can be written as a combination of the special, IHX and STU-like
relations (which we have treated in the previous paragraphs). Furthermore, having
dealt with “STU-like” in the previous paragraph, we can assume that the third
external vertex k of V (colored by y ∈ P ) is immediately next to j; in other words,
we have

D = D′ <⊔
s < x < y︸ ︷︷ ︸

V

<
⊔ D′′ and E = D′ <⊔

x < x < y︸ ︷︷ ︸
W

<
⊔ D′′.

Of course, the slide relation in the target gives

(3.27) δl(D) = δl(E) ∈ A<(P )⊗Q/Z and δC(D) = δC(E) ∈ A<(P )⊗ Z2

for any external vertex l of D′ ⊔D′′ and any Y -diagram component C of D′ ⊔D′′.
Using the special and STU-like relations, we obtain

δV (V ) =

x ∥ x < y ∥ y
+

s < x < y

<
⊔

s < x < y

and, using furthermore the slide relation, we get

δW (W ) = fr(x)
y y∥

+
s < x < y

<
⊔

s < x < y
;

therefore, we have

δW (E)− δV (D) = D′ <⊔

(
x < x < y < y

+ fr(y)

x x<

)
<
⊔ D′′(3.28)
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= EIIk (y, y) + fr(y)EUk ∈ A<(P )⊗ Z2.

On the other hand, we deduce from (3.18) and the special relation that

δi(D) =
1

2
DU
i , δj(D) = δk(D) = 0.

Furthermore, we deduce from (3.18) and the IHX relation that

δk(E) =
1

2
EIIk (y, y) +

fr(y)

2
EUk .

Moreover, a double application of (3.13) gives

δi(E) + δj(E) =
(
EIIi (x′, x′′) + υ(x)EUi

)
+
(
EIIj (x′, x′′) + υ(x)EUj

)
= EIIi (x′, x′′) + EIIj (x′, x′′) =

1

2
DU
i ;

here, the second equality uses the facts that EUi = EUj and υ(x) ∈
(
1
2Z
)
/Z, while

the third equality is justified by “STU-like” and Lemma 3.4.(c). It follows from the
last three equalities that(

δi(E) + δj(E) + δk(E)
)
−
(
(δi(D) + δj(D) + δk(D)

)
(3.29)

=
1

2
EIIk (y, y) +

fr(y)

2
EUk ∈ A<(P )⊗Q/Z.

By combining (3.27)–(3.29), we conclude that δ<(D) = δ<(E). □

The following theorem provides an alternative version and a mild generalization
of [NSS22a, Th. 1.1]. Throughout, we impose the standing assumption that the
associator chosen for the construction of the LMO functor is even. Recall moreover
that this construction requires the choice of an arbitrary system of meridians and
parallels on the surface Σ (as described in (1.5)); such a choice determines a basis
(α, β) of the fundamental group π, and consequently induces a basis (a, b) of the
homology group H. Let θ be an even symplectic expansion whose truncation up to
degree ≤ 2 is given by

(3.30)

®
θ(αi) = 1 + ai +

1
2a

2
i − 1

2 [ai, bi] + (deg ≥ 3),

θ(βi) = 1 + bi +
1
2b

2
i − 1

2 [ai, bi] + (deg ≥ 3).

Theorem 3.8. For every n ≥ 1, we have the following commutative diagram:

(3.31)

A<
n (P ) GrFn Z[IC]

A<
n+1(P )⊗Q/Z A<

n+1(H)⊗Q/Z

ψ

δ< ζ<n+1

≃
p∗

Proof. We shall deduce the commutativity of (3.31) from [NSS22a, Th. 1.1] by
relating our map δ< to the map that is denoted by δ + Y in [NSS22a]. Let us first
recall the definition of the latter.

The module A(S) of Jacobi diagrams colored by S = {a1, . . . , ag, b1 . . . , bg} is
defined at (2.13), and it corresponds to AY (⌊g+⌉ ∪ ⌊g−⌉) in [CHM08, NSS22a] (or,
to be exact, it corresponds to its quotient by the swap relation). We denote by
(x 7→ x∗) the involution of S that exchanges ak with bk for every k ∈ {1, . . . g}.
Then, following [NSS22a], we consider the map δ : A(S) → A(S)⊗ Z2 defined by

δ(D) :=
∑
i

(
DII
i +D

Y

i

)
+
∑
{i,j}

DY
ij

on every Jacobi diagram D. Here, the first sum ranges over external vertices i
of D with color ci, the second sum ranges over pairs {i, j} of external vertices
sharing the same color ci = cj , and we have used the following notations (which
are “argument-free” versions of some notations from §3.3):

D =
ci

⇝
ci ci

=: DII
i
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D =
ci

⇝
ci (ci)

∗ =: D

Y

i

D =
ci cj

⇝
ci

=: DY
ij

As for the map Y : A(S) → A(S) ⊗ Z2, it is defined in [NSS22a] by transforming
any Jacobi diagram D to the sum of all ways of duplicating a Y -diagram in D. (In
fact, the swap relation is not considered in [NSS22a] but it is easily verified that δ
and Y are compatible with this relation.)

First of all, we claim that, for everym ≥ 1, the following diagram is commutative:

(3.32) Am(S)

δ+Y
��

φ
// A<

m(P )

δ<

��

Am+1(S)⊗ Z2
φ⊗ 1

2

// A<
m+1(P )⊗Q/Z

Here φ denotes the restriction of the map φ : A(S) ⊗ Z[Y ]/⟨2Y ⟩ → A<(P ) given
by Proposition 2.16. Indeed, let D ∈ Am(S) be a Jacobi diagram: recall that
E := φ(D) is obtained from D by transforming every color u ∈ S to σ(u) ∈ P and
declaring that all the vertices colored by {σ(a1), . . . , σ(ag)} are lower than those
colored by {σ(b1), . . . , σ(bg)}. The identity

1

2
φ
(
Y(D)

)
=

1

2

∑
C

δC(E) ∈ A<
m+1(P )⊗Q/Z

(where the sum ranges over the Y -diagram components C of E) follows easily from
the definitions, using that fr : P → Z2 vanishes on the color of any external vertex
of E. (Indeed, according to (3.11), we have fr(σ(u)) = 0 for every u ∈ S.) Hence,
according to (3.18), the commutativity of (3.32) is equivalent to the identity

1

2

∑
i

EIIi (ci, ci) +
∑
i

E

Y

i (ċi, c̈i)

=
1

2

∑
i

(
φ(DII

i ) + φ(D

Y

i )
)
+

1

2

∑
{i,j}

φ(DY
ij) ∈ A<

m+1(P )⊗Q/Z.(3.33)

Of course, in (3.33), every external vertex i of D (colored by ci ∈ S) corresponds to
an external vertex i of E (colored by σ(ci) ∈ P with projection p∗(σ(ci)) = ci ∈ H).
Clearly, we have

1

2
EIIi (ci, ci) =

1

2
φ(DII

i ).

Besides, it follows from (3.30) and the STU-like relation that

E

Y

i (ċi, c̈i) =
1

2
E

Y

i (ci, (ci)
∗) =

1

2
φ
(
D

Y

i

)
+
1

2

® ∑
j>i φ

(
DY
ij

)
if ci ∈ {a1, . . . , ag},∑

j<i φ
(
DY
ij

)
if ci ∈ {b1, . . . , bg},

where we use the total order on the set of external vertices of E = φ(D). Thus, we
have proved the commutativity of (3.32).

Since the map φ : A(S)⊗ Z[Y ]/⟨2Y ⟩ → A<(P ) is surjective, the commutativity
of (3.31) will follow from the identity

(3.34) ζ<n+1ψφ(D ⊗ Y k) = δ<φ(D ⊗ Y k)

for any m, k ≥ 0 with n = m+k and any D ∈ Am(S), where we have made implicit
the isomorphism p∗ between A<(P ) ⊗ Q/Z and A<(H) ⊗ Q/Z. We compute the
left-hand side of (3.34): we obtain

ζ<n+1ψφ(D ⊗ Y k)

= ± ζ<n+1ψ
(
φ(D)

<
⊔

s < s < s

<
⊔ · · ·

<
⊔

s < s < s

)
= ± Z<n+1

(
ψφ(D) ◦ (UG − U)k

)
mod 1
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= ± deg. (n+1) part of
(
φQZ̃Y

(
ψφ(D)

) <
⊔
(
φQZ̃Y (UG − U)

)k)
mod 1

where G denotes a Y -graph with three special leaves, and the last identity uses
Remark 2.17. Note that UG is the connected sum of U and the Poincaré 3-sphere,
hence

φQZ̃Y (UG − U) = ±1

2
+ (deg ≥ 3).

So, we deduce from [CHM08, Th. 7.11] and [NSS22a, Th. 1.1] that

(3.35) ζ<n+1ψφ(D ⊗ Y k) =


0 if k ≥ 2,

± 1
2φ(D)

<
⊔ if k = 1,

± 1
2φ
(
(δ + Y)(D)

)
if k = 0.

In particular, since the above values in A<(P ) ⊗ Q belong to A<(P ) ⊗ 1
2Z, the

above sign ambiguities are not relevant, and we can remove them.
We now compute the right-hand side of (3.34), observing firstly that

1

2

s ∥ s < s ∥ s < s ∥ s

=
1

2
∈ A<(P )⊗Q/Z.

Hence, we obtain

δ<φ(D ⊗ Y k) = δ<
(
φ(D)

<
⊔

s < s < s

<
⊔ · · ·

<
⊔

s < s < s

)

=


0 if k ≥ 2
1
2φ(D)

<
⊔ if k = 1

δ<φ(D) if k = 0.

(3.36)

By comparing (3.35) and (3.36) using (3.32), we obtain (3.34). □

Remark 3.9. The methods developed in [NSS22a], which are based on explicit
computations of the LMO functor, can be extended to determine

ζ<n+1([U ;C]) ∈ A<
n+1(H)⊗Q/Z

for any graph clasper C ⊂ U . Using this strategy, one obtains a direct proof of
Theorem 3.8 and Proposition 3.7. In addition, this viewpoint makes the role of
the truncated even symplectic expansion (3.30) more transparent: this actually
coincides with the truncation of the symplectic expansion produced by the LMO
functor [Mas12], once an even associator has been fixed. (It is likely that a general
even symplectic expansion cannot always be expressed in the specific form (3.30)
for an appropriate choice of curves (α, β).) ■

3.4. Properties of the map δ<. The first property of δ< is easily deduced from
its definition:

Proposition 3.10. The map δ< is a derivation of the algebra A<(P ) in the A<(P )-
module A<(P )⊗Q/Z.

Proof. Let D,E ∈ A<(P ) be Jacobi diagrams. By Proposition 3.7, we have

δ<
(
D

<
⊔ E

)
=
∑
i

δi(D
<
⊔ E) +

∑
C

δC(D
<
⊔ E)

2

where i ranges over external vertices of D
<
⊔ E and C ranges over Y -components

of D
<
⊔ E. Clearly, we have

δi(D
<
⊔ E) =

{
δi(D)

<
⊔ E if i ∈ D,

D
<
⊔ δi(E) if i ∈ E,
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and, similarly, we have

δC(D
<
⊔ E) =

{
δC(D)

<
⊔ E if C ⊂ D,

D
<
⊔ δC(E) if C ⊂ E.

We deduce that δ<
(
D

<
⊔ E

)
= δ<(D)

<
⊔ E +D

<
⊔ δ<(E). □

Recall that the map δ< = δ<θ depends on the degree ≤ 2 truncation of an even
symplectic expansion θ. Consequently, δ< : A<(P ) → A<(P )⊗Q/Z is not Sp(H)-
equivariant with respect to the natural action of Sp(H) on P (see Lemma 2.5.(c)).
Yet, we can control the defect of Sp(H)-equivariance in terms of the truncated sym-
plectic expansion. To state this second property of δ<, we need a homomorphism

τ = τθ : M −→ Λ3(HQ)⋊ Sp(H)

which depends on (the degree ≤ 2 truncation of) θ and encodes the action of the
mapping class group M = M(Σ) on the second nilpotent quotient π/Γ3π of π.

Indeed recall from [Mas12] that, using any symplectic expansion θ, one can
turn the Dehn–Nielsen representation of M (i.e., its canonical action on π) into a
homomorphism

ϱθ : M −→ Autω(L̂
Q)

with values in the group of automorphisms (which fix ω ∈ LQ
2 ) of the degree-

completed free Lie algebra L̂Q = L̂(HQ). Then, for any f ∈ M, we set

τ(f) :=
(
f⊛, f∗

)
∈ Λ3(HQ)⋊ Sp(H)

where f∗ ∈ Sp(H) is the action induced by f in homology, and f⊛ is the degree 1
part of the symplectic derivation

log
(
ϱθ(f) ◦ f−1

∗
)
∈ Derω

(
L̂Q),

which is viewed as a trivector through the isomorphism (3.3).

Remark 3.11. The map τ is a variant of Morita’s “extension of the Johnson

homomorphism” [Mor93b], and it appears in [MS20] under the notation Ãb
θ

1. The
restriction of τ to I is the first Johnson homomorphism τ1 recalled at (6.3). ■

In order to formulate the equivariance defect of δ<, we also introduce the bilinear
map

ς :
1

2
Λ3H ×A<(H) −→ A<(H)⊗Q/Z ≃ A<(P )⊗Q/Z

defined, for arbitrary x, y, z ∈ H and any Jacobi diagram D ∈ A<(H), by

ς
(
1
2 x∧y∧z,D

)
= 1

2

∑
i

Ä
ω(x, ci)D

Y

i (y, z) + ω(y, ci)D

Y

i (z, x) + ω(z, ci)D

Y

i (x, y)
ä

where the sum ranges over all external vertices i of D with color ci ∈ H, and the

notation D

Y

i is as in (3.19). (One verifies without difficulty that ς is well-defined.)

Lemma 3.12. Let θ be an even symplectic expansion of π. Then, τ takes values
in 1

2Λ
3H ⋊ Sp(H) and, for any f ∈ M and D ∈ A<(P ), we have

(3.37) δ<(f∗D) = f∗δ
<(D) + ς(f⊛, f∗p∗D)

where we have denoted τ(f) = (f⊛, f∗).

Proof. Let f ∈ M: we view f⊛ ∈ Λ3HQ as an element of Hom(HQ,LQ
2 ) via the

isomorphism (3.3). Then, by definition of f⊛, we have(
ϱθ(f)f−1

∗
)
(u) = u1 + u2 + f⊛(u1) + (deg ≥ 3)

for any u ∈ LQ (whose degree k part is denoted by uk). On the other hand, by
definition of ϱθ(f), we have

ϱθ(f)
(
ℓθ(x)

)
= ℓθ(f(x)) = [f(x)] + ℓθ2(f(x)) + (deg ≥ 3)

for all x ∈ π. Hence, taking u := f∗ℓ
θ(x) for any x ∈ π, we obtain

(3.38) f∗ℓ
θ
2(x) + f⊛(f∗([x])) = ℓθ2(f(x)) ∈ LQ

2 .
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Since ℓθ2(π) ⊂ 1
2L2 by our assumption on θ, we obtain the first statement of the

lemma.
We now prove (3.37) for any f ∈ M and D ∈ A<

n (P ). Using (3.15) and (3.18),
we get

δ<(f∗D)− f∗δ
<(D) =

∑
i

(
(f∗D)

Y

i (ėi, ëi)− f∗
(
D

Y

i (ċi, c̈i)
))

+
∑
i

fr(ei)− fr(ci)

2
f∗(D

U
i ) +

∑
C

(δC(f∗D)

2
− f∗δC(D)

2

)
.

The third sum ranges over Y -diagram components C of D (or, equivalently, of f∗D)
and it is zero because of the Sp(H)-equivariance of fr. The second sum ranges over
external vertices i of D (or, equivalently, of f∗D) with color ci ∈ P . We have set
ei := f∗(ci) ∈ P and, by the Sp(H)-equivariance of fr, the second sum is zero too.
We now look at the first sum: here, for every external vertex i of D, we use as
before Sweedler’s notations:

λ(p∗(ci)) = [ċi, c̈i] ∈ L2 ⊗Q/Z, λ(p∗(ei)) = [ėi, ëi] ∈ L2 ⊗Q/Z
But, (3.38) implies that f∗([ċi, c̈i]) − [ėi, ëi] = −f⊛(p∗(ei)). Thus the first sum is
equal to ∑

i

∑
j

(f∗D)

Y

i (ui,j , vi,j) where f⊛(p∗(ei)) =
∑
j

[ui,j , vi,j ]

which proves property (3.37). □

Lemma 3.12 implies that an even symplectic expansion θ induces a 1-cocycle

(3.39) Sp(H) ≃ M/I −→
(
1
2Λ

3H
)/

Λ3H, {f} 7−→ {f⊛}.

Thus, we get an action of Sp(H) on the abelian group A<(P ) ⊕
(
A<(P ) ⊗ Q/Z

)
defined by

(3.40) {f} · (D,E) :=
(
f∗D, f∗E + ς(f⊛, f∗p∗D)

)
,

for any f ∈ M, D ∈ A<(P ) and E ∈ A<(P )⊗Q/Z.

Proposition 3.13. Let θ be an even symplectic expansion. The homomorphism

A<(P )
(id,δ<)

// A<(P ) ⊕
(
A<(P )⊗Q/Z

)
is Sp(H)-equivariant with respect to the action defined by (3.40).

Proof. This follows easily from (3.37). □

We conclude this section with a direct consequence of Proposition 3.13. Recall
that “A<(H)” denotes the natural image of A<(H) in A<(H)⊗Q. It is easily seen
that (3.40) induces an action of Sp(H) on “A<(H)”⊕

(
A<(H)⊗Q/Z

)
.

Corollary 3.14. Let θ be an even symplectic expansion of the type (3.30). Then,
for any n ≥ 1, the homomorphism

FnZ[IC]
Fn+1Z[IC]

(Z<
n ,ζ

<
n+1)

// “A<
n (H)” ⊕

(
A<
n+1(H)⊗Q/Z

)
is Sp(H)-equivariant.

Proof. According to (3.1) and (3.31), we have the commutative diagram

A<
n (P )

ψ
//

(p∗,δ
<)

))

FnZ[IC]
Fn+1Z[IC]

(Z<
n ,ζ

<
n+1)

��

“A<
n (H)” ⊕

(
A<
n+1(H)⊗Q/Z

)
,

where the isomorphism p∗ between A<(H) ⊗ Q/Z and A<(P ) ⊗ Q/Z is implicit.
Thus, the result follows from Proposition 3.13 and the surjectivity of ψ. □
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Remark 3.15. Proposition 3.10 for our map δ< is the analogue of [NSS22a,
Prop. 3.3] for the map δ defined there. By contrast, an analogue of Proposition 3.13
seems to be difficult to obtain for δ; this is one of the motivations for introducing
our map δ<. ■

4. Order two torsion in odd degrees

In this section, we consider the order 2 torsion in the Lie algebra of homology
cylinders GrYIC arising from surgeries along symmetric graph claspers.

4.1. The space of beaded rooted Jacobi diagrams. A Jacobi diagram D is
beaded if it comes with a group homomorphism H1(D) → Z2. Graphically, the
homomorphism is encoded by decorating some edges of D with beads representing
the generator of Z2: the value of the homomorphism on a cycle is the mod-2 sum
of the beads encountered along that cycle. A Jacobi diagram D is rooted if one
external vertex (the root) is distinguished from the others (the leaves): graphically,
the root is shown with a ⋆ on figures.

Example 4.1.

D :=

⋆
In this beaded rooted Jacobi diagram D, the homomorphism
H1(D) → Z2 is trivial on the lower loop, and non-trivial on the
upper loop. ■

Let P (2) := P ⊗ Z2 = H1(F(U);Z2). We consider the Z2-vector space

B<
(
P (2)

)
=

Z
ß

beaded rooted connected Jacobi diagrams with
P (2)-colored external vertices and totally-ordered leaves

™
AS, IHX, multilinearity, self-loop, BSTU-like, group, fully-special

.

Here “AS”, “IHX”, “multilinearity” and “self-loop” are as before (with the require-
ment that no bead should appear in the pictures defining locally those relations);
the BSTU-like relation is the following variant of the STU-like relation:

· · · < x < y < · · ·

−

· · · < y < x < · · ·

= ω
(
p∗(x), p∗(y)

) (
· · · · · ·

+

· · · · · ·

)
for any x, y ∈ P (2); “group” is the set of relations telling that beads encode a group
homomorphism in Z2:

= , • = • ,

· · · < x < · · ·

=

· · · < x < · · ·

(for x ∈ P (2)),
r⋆

=
r⋆

(for r ∈ P (2));

lastly, “fully-special” sets to zero any allowable Jacobi diagram that has its root or
all its leaves colored by the special element s ∈ P (2).

Remark 4.2. By the fully-special relation, we can assume that the root of an
allowable Jacobi diagram is colored by H(2) (instead of P (2)). ■

4.2. Another surgery map. The following will be proved by clasper calculus.

Theorem 4.3. Let n ≥ 0. There is an Sp(H)-equivariant homomorphism

Ψ : B<n
(
P (2)

)
−→ Tors2

(Y2n+1IC
Y2n+2

)
.

Proof. We start by describing the procedure to construct order 2 elements in the
module Y2n+1IC/Y2n+2 by surgery along symmetric graph claspers. Next, we will
analyze how the output surgery depends on the initial data of the procedure.

Let us assume the following initial data:
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• a connected rooted beaded Jacobi diagramD of degree n, with 1+ℓ external
vertices numbered from 0 to ℓ, the root corresponding to 0;

• 1+ℓ framed oriented knots in U = Σ× [−1,+1] denoted by K0,K1, . . . ,Kℓ.

The homomorphism H1(D) → Z2 defined by the beads induces a (possibly discon-

nected) 2-fold cover ‹D of D. Thus, the deck transformation defines a symmetry

of ‹D, and every vertex of D corresponds to a pair of twin (i.e. symmetric) vertices

in ‹D. We augment the Jacobi diagram ‹D to ‹D+ by gluing the twin root vertices

of ‹D to two of the external vertices of a Y -diagram; besides, ‹D+ is rooted at the

free external vertex of the Y -diagram. (That ‹D+ is well-defined follows from the

symmetry of ‹D.)

We consider now the abstract surface S(‹D+) associated to the Jacobi diagram ‹D+

following “Step 1” of the procedure described in §2.5. Then, we embed S(‹D+) into

the interior of U = Σ × [−1,+1] in such a way that the annulus of S(‹D+) corre-
sponding to the root represents K0 and, for any i ∈ {1, . . . , ℓ}, the two twin annuli

of S(‹D+) corresponding to the i-th external vertex of D represent two parallel
copies K ′

i and K
′′
i of the framed oriented knot Ki; furthermore, we assume that U

has been subdivided into 1 + ℓ horizontal “slices” in which we see K0, {K ′
1,K

′′
1 },

. . . , {K ′
ℓ,K

′′
ℓ } successively (from bottom to top). Thus, we have obtained a graph

clasper
G(D;K0,K1, . . . ,Kℓ)

in U = Σ× [−1,+1] of degree 2n+ 1. Here is a schematic picture:

(4.1)

Σ× [−1, 1]
cut into

1 + l slices

Of course, G(D;K0,K1, . . . ,Kℓ) is ambiguously defined, but the “edge-sliding”
lemma in clasper calculus (see, for example [MM13, Lemma A.1]) implies that

Ψ(D;K0,K1, . . . ,Kℓ) :=
{
UG
}

∈ Y2n+1IC
Y2n+2

with G := G(D;K0,K1, . . . ,Kℓ)

only depends on the combinatorics of the beaded rooted Jacobi diagram D and
on K0,K1, . . . ,Kℓ. Furthermore, it is established below, in Lemma 4.4, that
Ψ(D;K0,K1, . . . ,Kℓ) is an element of order 2.

We now prove that Ψ induces a well-defined homomorphism on the module
B<n
(
P (2)

)
. The multilinearity relation with respect to a root is a standard fact

in clasper calculus (via the “leaf-splitting” lemma, as formulated for instance in
[MM13, Lemma A.3]); the multilinearity relation with respect to a leaf is proved
below in Lemma 4.5. Observe that the multilinearity relation, combined with
Lemma 2.5.(a), Habiro’s move 9, and Lemma 4.4, imply that Ψ(D;K0,K1, . . . ,Kℓ)
depends only on the types of K0,K1, . . . ,Kℓ in P (2). Equivalently, the datum of
these framed oriented knots is the same as a coloring of the external vertices of D
by elements of P (2).

The group relations are clearly satisfied, since they merely encode the ambiguity
arising in the description of a homomorphism H1(D) → Z2 in terms of beads, which

is equivalent to the specification of the 2-fold cover ‹D of D. The self-loop relation
is also satisfied, because surgery along a graph clasper of degree r ≥ 1 that contains
at least one looped edge does not alter the Yr+1–equivalence class (as a consequence
of [GGP01, Lemma 2.3]).
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Next, the AS, IHX and BSTU-like relations are verified below in Lemmas 4.6,
4.7 and 4.8, respectively. To complete the proof of the theorem, it remains to
check the fully-special relation, for which we use the following fact: surgery along a
graph clasper of degree r ≥ 2 that has at least one special leaf does not change the
Yr+1–equivalence class (see, for instance, [MM13, Lemma A.5]). Hence, if K0 is a
(−1)–framed trivial knot, then we have Ψ(D;K0,K1, . . . ,Kℓ) = 0 since the graph
clasper G(D;K0,K1, . . . ,Kℓ) contains a special leaf. Furthermore, assume that all
K1, . . . ,Kℓ are (−1)–framed trivial knots. Then, using the “leaf-splitting” lemma
together with Habiro’s move 2, we deduce from the above fact that

Ψ(D;K0,K1, . . . ,Kℓ) = ψ(D+) ∈
Y2n+1IC
Y2n+2

,

where ψ denotes here the “usual” surgery map of Theorem 2.13, and D+ is ob-

tained from ‹D+ by pairwise gluing all its twin external vertices, and by coloring its
root by t(K0). It follows from “IHX” and “self-loop” that D+ = 0 ∈ A<,c

2n+1(P ).
Consequently, Ψ(D;K0,K1, . . . ,Kℓ) vanishes in this case too. □

In the remainder of this subsection, we establish the auxiliary lemmas that we
required for the proof of Theorem 4.3. Throughout, we continue to use the no-
tation D and K0,K1, . . . ,Kℓ introduced there for the input to the construction
Ψ(D;K0,K1, . . . ,Kℓ).

Lemma 4.4 (2-torsion). The element Ψ(D;K0,K1, . . . ,Kℓ) has order 2 in
Y2n+1IC
Y2n+2

.

Proof. By the usual AS relation in clasper calculus, and with reference to the picture
(4.1) representing G(D;K0,K1, . . . ,Kℓ), we observe that

−Ψ(D;K0,K1, . . . ,Kℓ) ∈
Y2n+1IC
Y2n+2

is precisely the Y2n+2-equivalence class of the surgery along the graph clasper

.

Besides, the same arguments as those used to establish the well-definedness of

Ψ(D;K0,K1, . . . ,Kℓ), which relied on the symmetry of the Jacobi diagram ‹D,
show that this graph clasper can also be used in the role of G(D;K0,K1, . . . ,Kℓ).
Consequently, Ψ(D;K0,K1, . . . ,Kℓ) coincides with its additive inverse. □

Lemma 4.5 (Multilinearity). Let i ∈ {1, . . . , ℓ} and let Ǩi be another choice of
the framed oriented knot Ki in U (disjoint from Ki). Then, we have

Ψ(D;K0, . . . ,Ki#Ǩi, . . . ,Kℓ)

= Ψ(D;K0, . . . ,Ki, . . . ,Kℓ) + Ψ(D;K0, . . . , Ǩi, . . . ,Kℓ).

Proof. We can assume without loss of generality that i = 1. By using the “leaf-
splitting” lemma, we get

Ψ(D;K0,K1#Ǩ1, . . . ,Kℓ)−Ψ(D;K0,K1, . . . ,Kℓ)−Ψ(D;K0, Ǩ1, . . . ,Kℓ)
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= + .

It follows from the symmetry of ‹D that the above sum is zero: indeed, the symmetry

swaps pairs of twin external vertices of ‹D, and we conclude with the usual AS
relation in clasper calculus. □

Lemma 4.6 (AS). If E is a beaded rooted Jacobi diagram differing from D by the
orientation at an internal vertex, then

Ψ(D;K0,K1, . . . ,Kℓ) + Ψ(E;K0,K1, . . . ,Kℓ) = 0.

Proof. A double application of the usual AS relation in clasper calculus shows that

Ψ(E;K0,K1, . . . ,Kℓ) = (−1)2 Ψ(D;K0,K1, . . . ,Kℓ)

and we conclude with Lemma 4.4. □

Lemma 4.7 (IHX). If D1 and D2 are beaded rooted Jacobi diagrams differing
from D as follows in a neighborhood of two adjacent internal vertices:

D = , D1 = D2 = ,

then we have

Ψ(D;K0,K1, . . . ,Kℓ) = Ψ(D1;K0,K1, . . . ,Kℓ) + Ψ(D2;K0,K1, . . . ,Kℓ).

Proof. Depicting the claspers G(D1;K0,K1, . . . ,Kℓ) and G(D2;K0,K1, . . . ,Kℓ)
along which we do surgery, we write Ψ(D1;K0,K1, . . . ,Kℓ)+Ψ(D2;K0,K1, . . . ,Kℓ)
locally as

+ .

On the other hand, using twice the IHX relation in clasper calculus, we see that
Ψ(D;K0,K1, . . . ,Kℓ) writes locally as

= + + + .

Once again, we can use the symmetry of ‹D and the AS relation in clasper calculus
to deduce that the last two terms cancel out. □

Lemma 4.8 (BSTU-like). Let i ∈ {1, . . . , ℓ−1}. If E (respectively, E ) denotes the
beaded rooted Jacobi diagram obtained from D by gluing the pair of leaves {i, i+1}
(respectively, gluing {i, i+ 1} and adding a bead at the gluing point), then we have

Ψ(D;K0,K1, . . . ,Ki,Ki+1, . . . ,Kℓ)−Ψ(D;K0,K1, . . . ,Ki+1,Ki, . . . ,Kℓ)

= ω(ki, ki+1)
(
Ψ(E;K0, . . . ,”Ki,’Ki+1, . . . ,Kℓ) + Ψ(E ;K0, . . . ,”Ki,’Ki+1, . . . ,Kℓ)

)
where kr ∈ H denotes the homology class of Kr.

Proof. The graph clasper G := G(D;K0,K1, . . . ,Ki,Ki+1, . . . ,Kℓ) inside U can be
depicted as
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in a neighborhood of the i-th and (i + 1)-st slices of U : here, we have denoted by
K ′
i,K

′′
i (respectively K ′

i+1,K
′′
i+1) the two leaves of G that are parallel copies of Ki

(respectively, of Ki+1) The graph clasper Ǧ := G(D;K0,K1, . . . ,Ki+1,Ki, . . . ,Kℓ)
is depicted analogously, by interchanging the two pairs of parallel leaves. For any
r, s ∈ {1, 2}, we denote by G(r, s) (respectively, by Ǧ(r, s)) the graph clasper ob-

tained from G (respectively, from Ǧ) by removing the leaves K
(r)
i and K

(s)
i+1 and

subsequently gluing together the resulting free ends of the incident edges. By doing
some clasper calculus, in a manner entirely analogous to the proof of Lemma 4.9
below, we obtain that

UG − UǦ = ω(ki, ki+1)
(
UG(2,1) + UG(2,2) + UǦ(1,1) + UǦ(1,2)

)
∈ Y2n+1IC

Y2n+2
.

Similarly, by applying the usual STU-like relation in clasper calculus (see Lemma 4.9
below), we have

UG(2,1) = UǦ(2,1) + ω(ki, ki+1)UH ∈ Y2n+1IC
Y2n+2

and

UG(2,2) = UǦ(2,2) + ω(ki, ki+1)UJ ∈ Y2n+1IC
Y2n+2

where H (respectively, J) is obtained from G by deleting K ′
i,K

′′
i ,K

′
i+1,K

′′
i+1 and

gluing the resulting extremities of edges as shown below:

H = , J =

But, by symmetry of ‹D and the usual AS relation in clasper calculus, we have

UǦ(2,1) = −UǦ(1,2) ∈
Y2n+1IC
Y2n+2

and UǦ(2,2) = −UǦ(1,1) ∈
Y2n+1IC
Y2n+2

.

Thus, we deduce from the above identities that

UG − UǦ = ω(ki, ki+1)
2 (UH + UJ) = ω(ki, ki+1) (UH + UJ) ∈

Y2n+1IC
Y2n+2

where the second equality follows from Lemma 4.4, and we conclude by observing

that the claspers H and J can serve as G(E;K0,K1, . . . , K̂i,’Ki+1, . . . ,Kℓ) and

G(E ;K0,K1, . . . , K̂i,’Ki+1, . . . ,Kℓ). □

We conclude this subsection by formulating a generalized version of the STU-like
relation, which was employed in the proof of Lemma 4.8 and will be utilized again
in subsequent arguments. We use here the notions of linking number Lk±(−,−)
for 2-component oriented links in U = Σ× [−1,+1] as presented in [MM13, §B].

Lemma 4.9 (Generalized STU-like). Let G be a connected graph clasper of degree k
in U such that a slice Σ×[t−ε, t+ε] of U contains precisely two of its leaves, denoted
K and L. Let G′ be a graph clasper that coincides with G except for the relative
positions of these two leaves: the leaf K ′ (corresponding to K) is now contained
in the upper slice Σ × [t, t + ε], whereas the leaf L′ (corresponding to L) is now
contained in the lower slice Σ× [t− ε, t]. Then we have

(4.2) UG − UG′ = −Lk+(K,L) · UH ∈ YkIC/Yk+1

where H is the graph clasper obtained from G by deleting K and L, and gluing the
free ends of the incident edges.
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Proof. We consider a projection diagram of the oriented link (K,L) onto the surface
Σ × {t − ϵ}: every mixed crossing in this diagram with K underneath L is an
obstruction to move K by isotopy into a neighborhood of Σ × {t + ϵ} in the knot
exterior

(
Σ× [t−ε, t+ε]

)
\L. Actually, this crossing can be changed at the price of

a surgery along H, as follows from the “leaf/leaf” version of the “crossing-change”
lemma in clasper calculus (see, for instance, [Mei06, Lemma 2.6.(2.c)]). Thus, (4.2)
is deduced from the diagrammatic formula

Lk+(K,L) = ♯

K L

− ♯

L K

(see [MM13, Lemma B.2.(2)]) by a careful inspection of signs. □

Remark 4.10. The usual STU-like relation is recovered as follows: with the nota-
tions of Lemma 4.9, assume that K ⊂ Σ× [t− ε, t] and L ⊂ Σ× [t, t+ ε]. Then we
have Lk−(K,L)=0 and, so, we get ω([K], [L]) = −Lk+(K,L) by [MM13, Lemma
B.2.(1)]. Thus (4.2) writes

(4.3) UG − UG′ = ω([K], [L]) · UH ∈ YkIC/Yk+1. ■

4.3. Relating the surgery maps. In this subsection, we relate the surgery map
Ψ : B<n

(
P (2)

)
→ Y2n+1IC/Y2n+2 of Theorem 4.3 with the “usual” surgery map

ψ : A<,c
2n+1(P ) → Y2n+1IC/Y2n+2 of Theorem 2.13.

Remark 4.11. The case n = 0 is easily handled using the definitions. Indeed, we
have in this case B<0

(
P (2)

)
≃ P (2) ⊗ P (2) (via the identification x⋆— y 7→ x ⊗ y),

and, using Proposition 2.9.(i), we get the following commutative diagram:

(4.4) x⋆ y ∋_

��

B<0
(
P (2)

) Ψ //

��

Tors2

(IC
Y2

)

y y

x

∋ Tors2
(
A1(P )

) ψ

99

■

Therefore, we assume in the sequel that n > 0. We shall define a homomorphism

E : B<n
(
P (2)

)
−→ Tors2

(
A<,c

2n+1(P )
)

by assigning to every rooted beaded Jacobi diagram D the linear combination

(4.5) E(D) :=
∑
S

(∏
j∈S

fr(cj)
)
· ‹DS

+.

Here the sum is over the subsets S of the set of leaves of D, the color of a vertex

j ∈ S is denoted by cj ∈ P (2), the Jacobi diagram ‹D+ is (as in the proof of

Theorem 4.3) the augmentation of the 2-fold cover ‹D by a Y -diagram, and its S-

modification ‹DS
+ ∈ A<,c(P ) is defined as follows: the root of ‹D+ is given the color

of the root of D (after lifting it arbitrarily from P (2) to P ) and is declared to be
“lower” than all other vertices; for every leaf i of D, the corresponding twin vertices

of ‹D+ are either glued together if i ∈ S, or they inherit both the color ci (lifting this
arbitrarily from P (2) to P ) and the position of i in the ordering of D if i ̸∈ S. Note

that, for any S, the deck transformation of ‹D extends to an isomorphism between‹DS
+ and the same Jacobi diagram but with the opposite orientation on the internal

vertex of the extra Y -diagram: therefore, by the AS relation, 2‹DS
+ = 0 ∈ A<,c(P ):

it follows that the right-hand side of (4.5) is well-defined, and only depends on D,
i.e. it does not depend on the choices of the lifts from Z2 to Z, and from P (2) to P .

Remark 4.12. Recall that A<,c
k (P ) ≃ A<,c

k (H) via p∗ for all k ≥ 2. Consequently,

by identifying the target of the map E with Tors2
(
A<,c

2n+1(H)
)
, each summand ‹DS

+

appearing in (4.5) can be viewed as a Jacobi diagram colored by H(2). ■
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Example 4.13. We give below the values E(D) ∈ A<,c
7 (P ) for two instances of

D ∈ B<3
(
P (2)

)
. Each is written using the convention (2.8), and re-written as a

single diagram using the notation (3.14):

E

(
h⋆

x < y )
=

h < x < x < y < y

+ fr(x)

h < y < y

+ fr(y)

h < x < x

+ fr(x) fr(y)

h

=

x ∥ x < y ∥ yh <

E

(
h⋆

x < y )
=

h < x < x < y < y

+ fr(x)

h < y < y

+ fr(y)

h < x < x

+ fr(x) fr(y)

h

=

x ∥ x < y ∥ yh <

■

Proposition 4.14. Let n > 0. The homomorphism E is well-defined and Sp(H)-
equivariant. Furthermore, it fits into the following commutative diagram:

(4.6) B<n
(
P (2)

) Ψ //

E

��

Tors2

(Y2n+1IC
Y2n+2

)

Tors2
(
A<,c

2n+1(H)
) ψ

66

Proof. To prove that the homomorphism E is well-defined, we need to check that
the quantity (4.5) written for a generator D of B<n

(
P (2)

)
is compatible with each

of the defining relations of this module.
Clearly, E is compatible with the group relations, since they merely encode the

ambiguity arising in the description of a group homomorphism H1(D) → Z2 in

terms of beads, which is equivalent to the specification of the 2-fold cover ‹D of D.
The self-loop relation is also obviously respected, by using the first observation in
Remark 2.8. The homomorphism E also respects the AS relation, because of the
AS relation in A<,c(H) and the fact that (4.5) is a 2-torsion element. To prove that
E is compatible with the IHX relation, we use the same combinatorial argument as

for Lemma 4.7 (using “IHX” in A<,c(H) and the symmetry of ‹D).
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To deal with the BSTU-like relation, we consider two consecutive leaves in a
Jacobi diagram D ∈ B<n

(
P (2)

)
with colors x, y ∈ P (2):

D =

· · · < x < y < · · ·

The sum defining E(D), indexed by the subsets S of the set of leaves ofD, splits into
4 sums, corresponding to whether or not each of the two leaves under consideration
belongs to S or not. Thus, each summand of E(D) can be depicted locally as one
of the following cases:

· · · < x < x < y < y < · · ·

fr(x) fr(y)

fr(y)

· · · < x < x < · · ·

fr(x)

· · · < y < y < · · ·

Therefore, we obtain

E

Ö
· · · < x < y < · · ·

−
· · · < y < x < · · ·

è
=
∑

· · · < x < x < y < y < · · ·

−
∑

· · · < y < y < x < x < · · ·

= ω(p∗(x), p∗(y))
2

Ö∑
· · · · · ·

+
∑

· · · · · ·

è
= ω(p∗(x), p∗(y))E

Ö
· · · · · ·

+

· · · · · ·

è
.

Here, the summations are taken over all subsets of the set of leaves of D that do
not contain the two leaves under consideration; the second equality follows from the
application of the STU-like relation (together with the AS relation) in A<,c(H),
combined with an analysis of the symmetries of the corresponding Jacobi diagrams.

Next, we prove that E is compatible with the multilinearity relation. At the
root of a Jacobi diagram D, this follows immediately from the definition of E(D)
using “multilinearity” in A<,c(H). At a leaf of a Jacobi diagram D(x+ y) colored
by x + y ∈ P (2), we can write locally E(D(x + y)) − E(D(x)) − E(D(y)) in the
following way using the notation (3.14):

· · · < x+ y ∥ x+ y < · · ·

−
· · · < x ∥ x < · · ·

−
· · · < y ∥ y < · · ·

=
(

· · · < x+ y < x+ y < · · ·
+ fr(x+ y)

)
−
· · · < x ∥ x < · · ·

−
· · · < y ∥ y < · · ·

=

· · · < x < y < · · ·
+

· · · < y < x < · · ·
+ ω(x, y) = 0.

Here the second equality is obtained by “multilinearity” in A<,c(H) using (3.12);
as for the third equality, it follows from “STU-like” and “AS” in A<,c(H) using the
symmetry of the Jacobi diagrams.
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We now prove that E is compatible with the fully-special relation. If D ∈
B<n
(
P (2)

)
is a Jacobi diagram whose root is colored by s, then E(D) is obviously

trivial since the diagram in each summand of (4.5) has a vertex colored by 0 ∈ H.
If now D ∈ B<n

(
P (2)

)
is a Jacobi diagram with all leaves colored by s, then the

formula (4.5) for E(D) reduces to a Jacobi diagram in A<,c
2n+1(H) with a single

external vertex: this is zero by “IHX” and “self-loop”. Thus, we have completed
the proof of the well-definedness of E.

To prove the commutativity of (4.6), let D be a generator of B<n
(
P (2)

)
. Choose

an oriented framed knot K0 whose type in P (2) is the color of the root of D and,
for every i ∈ {1, . . . , ℓ}, choose an oriented framed knot Ki whose type in P (2) is
the color of the i-th leaf of D. Then, the commutativity of (4.6) says that

(4.7) ψ(E(D)) = {UG} ∈ Y2n+1IC
Y2n+2

where

G := G(D uncolored;K0,K1, . . . ,Kℓ)

is a graph clasper constructed as in the proof of Theorem 4.3. Recall that G is

a topological realization of the Jacobi diagram ‹D+ whose leaves are organized by
slices: the 0-th slice of U contains K0 and, for every i ∈ {1, . . . , ℓ}, the i-th slice of
U contains two parallel copies K ′

i,K
′′
i of Ki. We apply Lemma 4.9 for each pair of

leaves (K ′
i,K

′′
i ) of G, observing that

Lk±(K
′
i,K

′′
i ) = Lk(K ′

i,K
′′
i ) = Fr(Ki);

we deduce that {UG} is in Y2n+1IC/Y2n+2 the sum of 2ℓ elements, namely ψ(E(D)),
thus proving (4.7). □

4.4. The map ∆. We assume here that n > 0 (the special case n = 0 being fully
considered in §7). We define a homomorphism

∆ : B<n
(
P (2)

)
−→ A<,c

2n+2(H)⊗Q/Z

by assigning to every rooted beaded Jacobi diagram D the linear combination

(4.8) ∆(D) :=
∑
S

1

2

(∏
j∈S

fr(cj)
)
·
(‹DS

++ +
∑
i̸∈S

‹DS,i
+

)
.

Here the sum is over the subsets S of the set of leaves of D, the inner sum is over

the leaves i of D such that i ̸∈ S, and the inner summands ‹DS,i
+ , ‹DS

++ are defined
as follows:

• ‹D+ is (as in the proof of Theorem 4.3) the augmentation of the 2-fold cover‹D by a Y -diagram, and its (S, i)-modification‹DS,i
+ ∈ A<,c

2n+2(P )⊗ Z2 ≃ A<,c
2n+2(H)⊗ Z2

is constructed as follows: the root of ‹D+ is given the same color as the root
of D (lifting this from P (2) to P ) and is declared to be “lower” than all

other vertices; for every leaf v of D, the corresponding twin vertices of ‹D+

are either glued to a Y -diagram whose free vertex is colored by (a lift of) ci
and is ordered like i in D if v = i, or they both inherit the color cv (lifting
this from P (2) to P ) and the position of v in D if v ̸∈ S ∪ {i}, or they are
glued together if v ∈ S;

• ‹D++ is the augmentation of ‹D obtained by gluing the twin root vertices of‹D to the “top” external vertices of a H-diagram, and its S-modification‹DS
++ ∈ A<,c

2n+2(P )⊗ Z2 ≃ A<,c
2n+2(H)⊗ Z2

is constructed as follows: the “bottom” vertices of the extra H-diagram
are given the same color as the root of D (lifting this from P (2) to P ) and
declared to be “lower” than all other vertices; for every leaf v of D, the

corresponding twin vertices of ‹D++ are either glued together if v ∈ S, or
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they both inherit the color cv (lifting this from P (2) to P ) and the position
of v in D if v ̸∈ S.

Alternatively, we can write (4.8) as

(4.9) ∆(D) :=
∑
S

1

2

(∏
j∈S

fr(cj)
)
· ‹DS

++ +
∑
i

∑
S ̸∋i

1

2

(∏
j∈S

fr(cj)
)
· ‹DS,i

+

where the second sum is indexed by leaves i of D, and its inner sum is over subsets
S of the set of leaves of D not containing i.

Example 4.15. Here are the values of ∆ on the two Jacobi diagrams of Exam-
ple 4.13 using convention (2.8) and notation (3.14):

∆(

h⋆

x < y

) =
1

2

x ∥ x < y ∥ yh < h <

+
1

2

h < x < y ∥ y

+
1

2

h < x ∥ x < y

∆

(
h⋆

x < y )
=
1

2

x ∥ x < y ∥ yh < h <

+
1

2

h < x < y ∥ y

+
1

2

h < x ∥ x < y

■

We now compare this new map ∆ with the map δ< introduced in Proposition 3.7
(which, let us recall, depends on the choice of an even symplectic expansion θ).

Lemma 4.16. Let n > 0. The homomorphism ∆ is well-defined and Sp(H)-
equivariant. Furthermore, it fits into the following commutative diagram:

B<n
(
P (2)

)
∆

))

E // Tors2
(
A<,c

2n+1(H)
)

δ<

��

Tors2
(
A<,c

2n+2(H)⊗Q/Z
)

Proof. Let D ∈ B<n
(
P (2)

)
be a Jacobi diagram, and recall that E(D) is given by

the sum (4.5) indexed by subsets S of the set of leaves of D. To compute

δ<(E(D)) = δ<
(∑

S

(∏
j∈S

fr(cj)
)
· ‹DS

+

)
,

we need to determine δ<(‹DS
+) for every S. Since ‹DS

+ is connected with degree > 2,
formula (3.16) gives

δ<(‹DS
+) =

∑
i

(‹DS
+

)II
i
(c′i, c

′′
i )

where the sum ranges over external vertices i of ‹DS
+ and we use the notations of §3.3:

in particular, ci ∈ H is the color of i and we have set ϑ(ci) = c′i ⊗ c′′i ∈ H⊗2 ⊗Q/Z
in Sweedler’s notation. Actually, each such vertex i can be of two types:

• If i is the root of ‹DS
+, then we deduce from (3.6) — which, in Sweedler’s

notation, writes ϑ(ci) = c′i ⊗ c′′i = 1
2ci ⊗ ci + [ċi, c̈i] — that(‹DS

+

)II
i
(c′i, c

′′
i ) =

1

2
‹DS

++.

(Indeed, using the symmetry of ‹D and the AS relation twice, we get

(‹DS
+

)II
i
(ċi, c̈i)−

(‹DS
+

)II
i
(c̈i, ċi) =

· · · < ċi < c̈i < · · ·

−

· · · < c̈i < ċi < · · ·
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=

· · · < ċi < c̈i < · · ·

−

· · · < c̈i < ċi < · · ·

=

· · · < ċi < c̈i < · · ·

−

· · · < c̈i < ċi < · · ·

,

which is zero by “STU-like” and (3.17).)

• If i is not the root of ‹DS
+, then i has a twin j close to it, with the same

color c := ci = cj :

· · · < ci < cj < · · ·

;

thus, we obtain(‹DS
+

)II
i
(c′, c′′) +

(‹DS
+

)II
j
(c′, c′′)

=

· · · < c′ < c′′ < c < · · ·

+

· · · < c < c′ < c′′ < · · ·

.

But, by the STU-like relation, the first term of the above sum is equal to

ω(c′, c)

· · · < c′′ < · · ·

+ ω(c′′, c)

· · · < c′ < · · ·

+

· · · < c < c′ < c′′ < · · ·

,

and the symmetry of ‹D implies that the very last term here is

· · · < c < c′ < c′′ < · · ·

= −
· · · < c < c′ < c′′ < · · ·

.

Hence, using Lemma 3.4.(c.iii), we obtain(‹DS
+

)II
i
(c′, c′′) +

(‹DS
+

)II
j
(c′, c′′)

=
1

2

· · · < c < · · ·

+
1

2
· · · < c < · · ·

=
1

2
· · · < c < · · ·

=
1

2
‹DS,i

+ .

We conclude that δ<(E(D)) is equal to the right-hand side of (4.8), which shows
that the homomorphism ∆ is well-defined and coincides with δ< ◦ E. □

The principal result of this section is presented below:

Theorem 4.17. For n > 0, we have the commutative triangle

(4.10) B<n
(
P (2)

)
∆

**

Ψ

��

Tors2

(Y2n+1IC
Y2n+2

) ζ<2n+2
// Tors2

(
A<,c

2n+2(H)⊗Q/Z
)
.
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Proof. By Proposition 4.14 and Theorem 3.8, we have the commutative diagram

B<n
(
P (2)

) E //

Ψ

��

Tors2
(
A<,c

2n+1(H)
)

δ<

��
ψ

tt

Tors2

(Y2n+1IC
Y2n+2

) ζ<2n+2
// Tors2

(
A<,c

2n+2(H)⊗Q/Z
)
.

Thus, we conclude with Lemma 4.16. □

It follows from Theorem 4.17 that the restriction of the invariant ζ<2n+2 to the
image of Ψ does not depend on the choices inherent to the construction of the LMO
functor. Here is another direct consequence of Theorem 4.17:

Corollary 4.18. For n > 0, the Sp(H)-module Tors2
(
Y2n+1IC/Y2n+2

)
surjects

onto the Sp(H)-module ∆
(
B<n
(
P (2)

))
.

Due to the relative complexity of B<n
(
P (2)

)
, it may be challenging to determine

the exact nature of the Sp(H)-module ∆
(
B<n
(
P (2)

))
. However, in Section 5.4, by

foregoing the Sp(H)-action, we will obtain a result that is more manageable than
Corollary 4.18 to estimate the cardinality of Tors2

(
Y2n+1IC/Y2n+2

)
.

5. Loop filtrations and their associated graded modules

In this section, we study loop filtrations on modules of Jacobi diagrams and we
compute the map ∆ of §4.4 on the associated graded modules.

5.1. The loop filtration on A<(H). The loop degree of a Jacobi diagram D is
defined as ℓ(D) := −χ(D) + 1: for instance, if D is connected, ℓ(D) is the first
Betti number of D. The module A<(H) can be endowed with the loop filtration

A<(H) = L−∞A<(H) ⊃ · · · ⊃ L−1A<(H) ⊃ L0A<(H) ⊃ L1A<(H) ⊃ · · ·
where, for every k ≥ 0, the submodule LkA<(H) is generated by Jacobi diagrams
of loop degree at least k.

To identify the associated graded GrLA<(H) of this loop filtration, we consider
the module

A(H) :=
Z
{

allowable Jacobi diagrams
with H-colored external vertices

}
AS, IHX, multilinearity, self-loop, slide

,

where the relation “slide” asserts the nullity of any Y -diagram showing two vertices
with the same color in H. This module has the bigrading A(H) = A∗,◦(H) defined
by the pair (internal degree, loop degree).

Proposition 5.1. We have a canonical isomorphism GrL◦A<
∗ (H) ≃ A∗,◦(H).

Proof. Let r : A(H) → GrLA<(H) be the homomorphism that maps every Ja-
cobi diagram D of loop degree k to the class of the same Jacobi diagram D< ∈
GrLk A<

∗ (H) with an arbitrary order on the external vertices. We claim that r is an
isomorphism.

Indeed, let A′(S) be the module defined as in (2.13) but with the “swap” relation
replaced by the “slide” relation (which asserts the nullity of any Y -diagram showing
twice the same color in S). Similarly to [CHM08, Lemma 8.4] and Proposition 2.16,
we define an isomorphism

φ : A′(S) −→ A<(H), D 7−→ (−1)χ(D)D<,

with inverse map given by

φ−1(E) := (−1)χ(E) ·

Ñ
sum of all ways of connecting
some ai-colored vertices of E

to some lower bi-colored vertices

é
& forget the order

for any Jacobi diagram E whose vertices are exclusively colored by S ⊂ H. Clearly,
φ and φ−1 both preserve the loop filtrations, so that the induced map GrL φ :
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A′(S) = GrLA′(S) → GrLA<(H) is an isomorphism. We clearly have GrL φ = r
via the obvious isomorphism between A′(S) and A(H) mapping any Jacobi dia-
gram D to (−1)χ(D)D: hence r is bijective. □

Besides, recall the isomorphism X : A(H) ⊗ Q → A<(H) ⊗ Q denoted by χ in
[HM09] and defined by

(5.1) X(D) :=
1

e!

Å
sum of all ways of ordering
the external vertices of D

ã
for any Jacobi diagram D with e external vertices. Thus, the filtered vector space
A<(H)⊗Q identifies to its associated graded GrLA<(H)⊗Q through X−1.

5.2. Structure of Ac
∗,0(H) and Ac

∗,1(H). We review here some known results on
the algebraic structure of the tree part Ac

∗,0(H) and 1-loop part Ac
∗,1(H) of the

module Ac(H) = Ac
∗(H).

In order to investigate the module of tree Jacobi diagrams Ac
∗,0(H), Levine

introduces in [Lev06] the free quasi-Lie algebra L′(H) generated by H (or, more
generally, by an arbitrary free abelian group). He proves that the canonical map
L′
n(H) → Ln(H) is an isomorphism in any odd degree n, and satisfies

0 // Lk(H)⊗ Z2
// L′

2k(H) // L2k(H) // 0

x⊗ 1 � // [x, x]

in any even degree n = 2k. The kernels Dn(H) and D′
n(H) of the bracketing maps

H ⊗Ln+1(H) → Ln+2(H) and H ⊗L′
n+1(H) → L′

n+2(H), respectively, fit into the
commutative triangle

(5.2) Ac
n,0(H)

η
//

η
%%

Dn(H)

D′
n(H)

OO

for every n > 1; here, the vertical map is the canonical homomorphism, and η
assigns to any tree Jacobi diagram T the sum

(5.3) η(T ) :=
∑
v

(color of v)⊗ (Lie bracket defined by T rooted at v)

indexed by the external vertices v of T . Then, Levine proves that the following two
short sequences are exact for k ≥ 1:

(5.4)

0 H ⊗ Lk+1(H)⊗ Z2 D′
2k+1(H) D2k+1(H) 0

h⊗ u⊗ 1 η
( u u

h

)

(5.5) 0 // D′
2k(H) // D2k(H) // Lk+1(H)⊗ Z2

// 0.

1
2η( u u ) � // u⊗ 1

Furthermore, Conant, Schneiderman and Teichner prove in [CST12] that the map
η : Ac

n,0(H) → D′
n(H) is an isomorphism for every n > 1: thus, the short exact

sequences (5.4) and (5.5) relate the module of tree Jacobi diagrams to the free
abelian group D(H). In particular, it follows from (5.5) that we have an embedding
(5.6)

Lev : Lk+1(H)⊗ Z2 −→
1
2A

c
2k,0(H)

Ac
2k,0(H)

⊂ Ac
2k,0(H)⊗Q/Z, u⊗ 1 7−→

{1
2
u—–u

}
.
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Remark 5.2. In complete analogy with (5.2) for n := 1, we have the following
commutative diagram:

Λ3H ≃ Ac
1,0(H)

η

≃
// D1(H)

Ãc
1,0(H)

η

≃ //

OOOO

D′
1(H);

OO

here, the module Ã(H) is defined like A(H) by omitting the slide relation, and the
isomorphisms η are given by the same expression as in (5.2), which also writes as
in (3.4). So, the short exact sequence (5.4) holds in the case k := 0 too [Lev06]. ■

We now turn to the submodule Ac
∗,1(H) of one-loop Jacobi diagrams. Let n ≥ 2

and let D2n be the dihedral group (of order 2n) generated by x, y with relations
xn, y2, (xy)2. Let

(
H⊗n)

D2n
be the coinvariant quotient of H⊗n under the action

defined by

x · (h1 ⊗ h2 ⊗ · · · ⊗ hn) = hn ⊗ h1 ⊗ · · · ⊗ hn−1,

y · (h1 ⊗ h2 ⊗ · · · ⊗ hn) = (−1)n hn ⊗ hn−1 ⊗ · · · ⊗ h1.

According to [NSS22a, Prop. 5.1], we have an isomorphism:

(5.7)
(
H⊗n)

D2n
−→ Ac

n,1(H), h1 ⊗ h2 ⊗ · · · ⊗ hn 7−→ •• •
h1

h2

hn
· ··

.

Observe that
(
H⊗n)

D2n
can be viewed as the module of bracelets (also called

turnover necklaces) with n beads colored by H (taking the sign (−1)n during a
turnover): this allows for an explicit description of Ac

n,1(H). Specifically, Ac
n,1(H)

is torsion-free for n even, and there is an isomorphism

(5.8) H⊗k ⊗Z2 −→ TorsAc
2k−1,1(H), (h1 ⊗ h2 ⊗ · · · ⊗ hk)⊗ 1 7−→

h1

h2

hk

h1

h2••• •
• ······

in any odd degree n = 2k − 1. Furthermore, we have

rk
(
Ac
n,1(H)

)
=

ß
Bn(2g) if n is even,
Bn(2g)− (2g)k if n = 2k − 1 is odd,

where, for every n ≥ 2 and c ≥ 1, the number of bracelets with n beads on c colors
is denoted by Bn(c), and can be derived from Pólya’s enumeration formula. (We
refer to [NSS22a, Prop. 5.2] for details.)

5.3. The s-loop filtration. In this subsection, we assume that n > 0 and we
study the behaviour of the map ∆ : B<n

(
P (2)

)
→ A<,c

2n+2(H)⊗Q/Z (defined in §4.4)
with respect to the loop filtrations.

The s-loop degree of a beaded rooted Jacobi diagram in B<n
(
P (2)

)
is twice its

first Betti number plus the number of s-colored vertices. Then, for any n ≥ 1, we
obtain the s-loop filtration

B<n
(
P (2)

)
= L0B<n

(
P (2)

)
⊃ L1B<n

(
P (2)

)
⊃ L2B<n

(
P (2)

)
⊃ · · ·

To describe the associated graded GrL B<n
(
P (2)

)
= GrL◦ B<n

(
P (2)

)
of the s-loop

filtration, we consider the following module:

Bn
(
H(2); s

)
:=

Z


beaded rooted connected Jacobi diagrams

of internal degree n
with external vertices colored by H(2) ∪ {s}


AS, IHX, multilinearity, self-loop, group, fully-special

with grading Bn
(
H(2); s

)
= Bn,◦

(
H(2); s

)
defined by the s-loop degree.
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Example 5.3. The submodule B1,i

(
H(2); s

)
is trivial in s-loop degree i ≥ 2, since

both diagrams
s s

h⋆

and

h⋆

vanish by the fully-special relation. So, the module B1

(
H(2); s

)
decomposes as

B1

(
H(2); s

)
= B1,0

(
H(2); s

)
⊕ B1,1

(
H(2); s

)
with respect to the s-loop degree, and we have canonical isomorphisms

H(2) ⊗ L′
2

(
H(2)

) ≃−→ B1,0

(
H(2); s

)
, h⊗ [x, y] 7−→

x y

h⋆

,

H(2) ⊗H(2) ≃−→ B1,1

(
H(2); s

)
, h⊗ y 7−→

s y

h⋆

.
■

Lemma 5.4. We have a canonical isomorphism GrL◦ B<n
(
P (2)

)
≃ Bn,◦

(
H(2); s

)
.

Proof. Let r : Bn,◦
(
H(2); s

)
→ GrL◦ B<n

(
P (2)

)
be the homomorphism that maps

every Jacobi diagram D ∈ Bn,k
(
H(2); s

)
to the class of the same Jacobi diagram

D< ∈ GrLk B<n
(
P (2)

)
with an arbitrary order on the leaves and an arbitrary choice of

lift to P (2) for every H(2)-colored vertex. It is easily checked that r is well-defined,
and we claim it to be an isomorphism.

To prove this claim, we introduce the module

B<(S ∪ {s}) :=

Z2

{
beaded rooted connected Jacobi diagrams
with external vertices colored by S ∪ {s}

and with totally-ordered leaves

}
AS, IHX, self-loop, BSTU-like, group, fully-special

.

The module B(S ∪ {s}) is defined in a similar way, but without requiring an order
on leaves (and with no BSTU-like relation). It follows from (2.7) that the Z2-vector
space P (2) has the basis σ(S) ∪ {s}. Therefore, we can identify B<n (S ∪ {s}) and
Bn(S ∪ {s}) to B<n

(
P (2)

)
and Bn

(
H(2); s

)
, respectively.

We now proceed in a way similar to [CHM08, Lemma 8.4] and Proposition 2.16.
Let φ : Bn(S ∪ {s}) → B<n (S ∪ {s}) be the homomorphism assigning to any dia-
gram D the same diagram D< where the leaves are ordered so that all the leaves
colored by {a1, . . . , ag} are lower than the leaves colored by {b1, . . . , bg}, and all
s-colored leaves are given an arbitrary position. Furthermore, we define a homo-
morphism ρ : B<n (S ∪{s}) → Bn(S ∪{s}) by assigning to any diagram E the linear
combination

ρ(E) :=

Å
sum of all ways of connecting some ai-colored leaves of E

to some lower bi-colored leaves, inserting 0 or 1 bead

ã
& forget the order

.

Clearly, ρ ◦ φ is the identity of Bn(S ∪ {s}), and φ is surjective as a consequence
of “BSTU-like”: hence φ is an isomorphism with inverse ρ. Since both of them
preserve the s-loop filtrations, the induced map

GrL φ : Bn(S ∪ {s}) = GrL Bn(S ∪ {s}) −→ GrL B<n (S ∪ {s})
is an isomorphism. Via the above-mentioned identifications, GrL φ corresponds to
the map r, which proves our claim. □

5.4. The map GrL∆. In this subsection, we consider the map GrL∆ induced by
the homomorphism ∆ on the graded modules associated to the loop filtrations.

Proposition 5.5. Let n > 0. The map ∆ : B<n
(
P (2)

)
→ A<,c

2n+2(H) ⊗ Q/Z sends
the s-loop filtration to the loop filtration, and the induced map at the graded level

GrLk B<n
(
P (2)

) GrL∆ // GrLk A<,c
2n+2(H)⊗Q/Z

Bn,k
(
H(2); s

)
Ac

2n+2,k(H)⊗Q/Z
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maps any diagram D ∈ Bn,k
(
H(2); s

)
to half the diagram ‹Ds

++ ∈ Ac
2n+2,k(H)⊗Q/Z.

Here, ‹Ds
++ is built from the 2-fold cover ‹D of D by, first, gluing the twin vertices

arising from s-colored leaves and, second, by gluing its twin root vertices to the “top”
external vertices of an H-diagram (assigning to the “bottom” external vertices of
the latter the color of the root of D).

Example 5.6. Using Proposition 5.5 and Example 5.3, we see that GrL∆ is de-
termined in degree n = 1 by the following values:

(GrL∆)
( x y

h⋆

)
=

1

2

x y x y

h h

, (GrL∆)
( s y

h⋆

)
=

1

2

y y

h h

.

(Recall that we are using the convention (2.8), so that x, y, h ∈ H on the right-hand
sides of the above identities denote arbitrary lifts of x, y, h ∈ H(2).)

Moreover, to further illustrate Proposition 5.5, we present an example of the
computation of GrL∆ in degree n = 3:

(GrL∆)
(

r⋆

s x )
=

1

2

x x

r r
■

Proof of Proposition 5.5. Let D be a generator of B<n
(
P (2)

)
with s-loop degree k.

Denote the first Betti number of D by b, and let Vs be the set of external s-colored
vertices of D. Then, Vs has cardinality k − 2b and we can assume that it does
not contain the root (since, otherwise, D would vanish in B<n

(
P (2)

)
by the “fully-

special” relation).
The formula (4.9) for ∆(D) is given as a sum of two terms: say, ∆1(D) and

∆2(D). The first sum ∆1(D) is indexed by the subsets S of the set of leaves
of D. If S does not contain Vs, then its contribution to ∆1(D) is trivial since‹DS

++ = 0 ∈ A<,c
2n+2(H)⊗Q/Z by the fact that p∗(s) = 0. If S strictly contains Vs,

then we have

ℓ(‹DS
++) = −χ

(‹DS
++

)
+ 1 = −

(
2χ(D)− 1− |S|

)
+ 1

= −
(
2(1− b)− 1− |S|

)
+ 1 = 2b+ |S| > k.

If we now have S = Vs, then the contribution of S to ∆1(D) is 1
2
‹DS

++ = 1
2
‹Ds

++.
Thus, to conclude the proof, it remains to justify that ∆2(D) is in the loop-filtration
module Lk+1 of A<,c

2n+2(H)⊗Q/Z.
Indeed, the second sum ∆2(D) is indexed by leaves i of D, and subsets S of the

set of leaves of D not containing i. If S does not contain Vs, then its contribution

to ∆2(D) is trivial since ‹DS,i
+ = 0 ∈ A<,c

2n+2(H) ⊗ Q/Z. If S contains Vs, then a
computation of Euler characteristics as above gives

ℓ(‹DS,i
+ ) = 2b+ |S|+ 1 > 2b+ |S| ≥ k;

so, the contribution of S to ∆2(D) in this case belongs to Lk+1A<,c
2n+2(H)⊗Q/Z. □

Remark 5.7. By the same arguments as in the proof of Proposition 5.5, we obtain
that E : B<n

(
P (2)

)
→ A<,c

2n+1(H) is filtration-preserving. So, for every k ≥ 0, it

induces a homomorphism GrLE : Bn,k
(
H(2); s

)
→ Ac

2n+1,k(H) with an explicit and
simple formula. For instance, the resulting homomorphism

GrLE : H ⊗ L′
n+1(H)⊗ Z2 ≃ Bn,0

(
H(2); s

)
−→ Ac

2n+1,0(H) ≃ D′
2n+1(H)
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at k := 0 factorizes to H ⊗Ln+1(H)⊗Z2, and we recover the injection in Levine’s
short exact sequence (5.4). Thus, the map E can be viewed as a far-reaching
generalization of Levine’s construction. ■

Forgetting the Sp(H)-structure, we now obtain a lower bound on the size of the
2-torsion subgroup of Y2n+1IC/Y2n+2.

Proposition 5.8. For n > 0, we have

∣∣∣∣Tors2(Y2n+1IC
Y2n+2

)∣∣∣∣ ≥ ∣∣∣(GrL∆)
(
Bn
(
H(2); s

))∣∣∣.
Proof. We endow Tors2

(
Y2n+1IC/Y2n+2

)
with the pull-back by ζ<2n+2 of the loop

filtration on A<,c
2n+2(H) ⊗ Q/Z. Since ∆ is filtration-preserving (Proposition 5.5)

and satisfies ∆ = ζ<2n+2 ◦Ψ (Theorem 4.17), the map Ψ is filtration-preserving too,
and we get the identity

GrL∆ =
(
GrLζ<2n+2

)
◦ (GrΨ)

at the graded level. The claimed inequality follows from that. □

Next, the lower bound in Proposition 5.8 can be expressed more explicitly as∣∣∣∣Tors2 (Y2n+1IC
Y2n+2

)∣∣∣∣ ≥
∑
k≥0

tk(n), where tk(n) :=
∣∣(GrL∆)

(
Bn,k

(
H(2); s

))∣∣.
In the remainder of this subsection, we determine the quantities t0(n) and t1(n).

Proposition 5.9. For n > 0, we have t0(n) = 2dimLn+2(H).

Recall that the graded dimension of the free Lie algebra L(H) is known by a classical
formula of Witt:

dimLk(H) =
1

k

∑
d|k

µ(d) (2g)k/d, for k ≥ 1,

where µ : N∗ → {−1, 0,+1} is Möbius’ function.

Proof of Proposition 5.9. We identify H ⊗L′
n+1(H)⊗Z2 with Bn,0

(
H(2); s

)
by the

map
(
h ⊗ u 7→

u

l
h⋆

)
. By Proposition 5.5, (GrL∆) : Bn,0

(
H(2); s

)
→ Ac

2n+2,0(H) ⊗
Q/Z is given by the formula

(GrL∆)(h⊗ u) =
1

2

u

h

u

h

.

Hence, it factorizes by Levine’s embedding (5.6) of Ln+2(H) ⊗ Z2. Therefore, we
obtain t0(n) =

∣∣Lev(Ln+2(H)⊗ Z2)
∣∣. □

Proposition 5.10. For n > 0, we have

t1(n) =
√
2
(2g)n+1+(2g)r+1

,

where r = r(n) ∈ N is such that n+ 1 = 2ℓ(2r + 1) for some ℓ ∈ N.

Let m ≥ 1. To prove Proposition 5.10, we shall consider the submodules
Ac,s

2m,1(H)′ and Ac,s
2m,1(H)′′ of Ac

2m,1(H) that are generated by the symmetric dia-
grams

O(a1, . . . , am, am+1, am, . . . , a2) :=
•

a1

•
a2

•
am

•

am+1

•
am

•
a2

··· ···

and

O(a1, a2, . . . , am, am, . . . , a2, a1) :=
•
a1

•
a1

•
a2

•
a2

•

am

•

am

··· ··· ,
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respectively. Let also

Ac,s
2m,1(H) := Ac,s

2m,1(H)′ +Ac,s
2m,1(H)′′.

Recall from the proof of [NSS22a, Prop. 5.2] that the rank of Ac,s
2m,1(H) can be

computed as follows:

rk Ac,s
2m,1(H) = 2B2m(2g)−N2m(2g)(5.9)

=
1

2m

∑
r∈D4m\Z2m

Fix(r) =
(2g)m+1

2
+

(2g)m

2
.

Here, for n ≥ 2 and c ≥ 1, the number of bracelets (respectively, necklaces) with n
beads on c colors is denoted by Bn(c) (respectively, by Nn(c)), and the first identity
follows by estimating the number of symmetric bracelets in terms of symmetric and
non-symmetric necklaces; the second identity is obtained by comparing Pólya’s
enumeration formula for the cyclic group Z2m acting on the set of (2g)-letter words
of length 2m, with the corresponding formula for the dihedral group D4m acting
on the same set; the third identity is easily checked by determining the number of
fixed points Fix(r) of any reflection r ∈ D4m \ Z2m.

We shall refine (5.9) as follows.

Lemma 5.11. Decompose m = 2ℓ(2r + 1) with ℓ, r ∈ N. Then

rk Ac,s
2m,1(H)′ = (2g)m+1/2 + (2g)r+1/2,

rk Ac,s
2m,1(H)′′ = (2g)m/2 + (2g)r+1/2.

Proof. We shall use a few notions that have been introduced in [NSS22b, §5]. Recall
that a necklace with arrow is a symmetric necklace (with 2m beads) colored by the
(2g)-element set S = {ai, bi | i = 1, . . . , g}, and endowed with an oriented axis

showing its symmetry (the arrow). The set N⃗ of necklaces with arrows splits into

two disjoint subsets N⃗ ′ and N⃗ ′′, according to the type of the arrow: either the arrow
connects a bead to a bead, or it connects the midpoint of an arc to the midpoint

of an arc. Every element x ∈ N⃗ has an exponent of periodicity e(x) ∈ N, which is
defined as follows: the necklace with arrow obtained from x by rotating its arrow
through the angle π/2k coincides with x for k = 0, 1, . . . , e(x)−1, but it differs from

x for k = e(x) and is then denoted by ι(x) ∈ N⃗ . According to [NSS22b, Lemma

5.4], ι is an involution of N⃗ (without fixed point). We denote by p : N⃗ → N⃗/ι the
canonical projection.

Let N⃗k be the subset of N⃗ that consists of necklaces with arrows having exponent

of periodicity at least k; observe that e(x) ≤ ℓ+ 1 for all x ∈ N⃗ . Hence we have a
filtration

N⃗ = N⃗0 ⊃ N⃗1 ⊃ · · · ⊃ N⃗ℓ ⊃ N⃗ℓ+1 ⊃ N⃗ℓ+2 = ∅,
which restricts to filtrations of N⃗ ′ and N⃗ ′′. The involution ι preserves each stratum

N⃗ ′
k \ N⃗ ′

k+1 (resp., N⃗ ′′
k \ N⃗ ′′

k+1) of N⃗ ′ (resp., N⃗ ′′) for every k = 0, . . . , ℓ. However,

we have ι(N⃗ ′
ℓ+1) = N⃗ ′′

ℓ+1. Clearly, we have |N⃗ ′| = (2g)m+1 and |N⃗ ′′| = (2g)m.

Moreover, we have |N⃗ ′
ℓ+1| = |N⃗ ′′

ℓ+1| = (2g)r+1. Therefore, we have∣∣p(N⃗ ′)| =
1

2

(
(2g)m+1 − (2g)r+1

)
+ (2g)r+1 =

1

2

(
(2g)m+1 + (2g)r+1

)
,∣∣p(N⃗ ′′)| =

1

2

(
(2g)m − (2g)r+1

)
+ (2g)r+1 =

1

2

(
(2g)m + (2g)r+1

)
.

Besides, as observed in [NSS22b, §5], the canonical map Z · (N⃗/ι) → Ac,s
2m,1(H) is

an isomorphism: indeed, it is obviously surjective onto a torsion-free abelian group,
and we have

rk Ac,s
2m,1(H)

(5.9)
=
∣∣N⃗ ′∣∣/2 + ∣∣N⃗ ′′∣∣/2 =

∣∣N⃗ ∣∣/2 =
∣∣N⃗/ι∣∣.

Hence, the restriction of this map to Z · p(N⃗ ′) is an isomorphism onto Ac,s
2m,1(H)′,

from which we deduce the rank of Ac,s
2m,1(H)′. Similarly, we obtain the rank of

Ac,s
2m,1(H)′′. □
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Proof of Proposition 5.10. The module H(2) ⊗
(
H(2)

)⊗n
can be identified with

Bn,1
(
H(2); s

)
through the isomorphism

u0 ⊗ (u1 ⊗ · · · ⊗ un) 7−→

s

u1

un .
.
.

u0⋆

.

We also identify Ac
2n+2,1(H) with

(
H⊗(2n+2)

)
D4n+4

by (5.7). Then, by Proposition

5.5, the map (GrL∆) : Bn,1
(
H(2); s

)
→ Ac

2n+2,1(H)⊗Q/Z is given by

(GrL∆)
(
u0 ⊗ (u1 ⊗ · · · ⊗ un)

)
=

1

2

{
u0 ⊗ u1 ⊗ · · · ⊗ un ⊗ un ⊗ · · · ⊗ u1 ⊗ u0

}
.

It follows that (GrL∆)
(
Bn,1

(
H(2); s

))
coincides with the image of Ac,s

2n+2,1(H)′′⊗Z2

in Ac
2n+2,1(H)⊗Q/Z. We conclude thanks to Lemma 5.11. □

By combining Proposition 5.9 with Proposition 5.10, we derive a lower bound
on the size of Tors2

(
Y2n+1IC/Y2n+2

)
. It would be interesting, though considerably

more challenging, to refine this bound by explicitly computing tk(n) for every k ≥ 2.

6. The mod 1 reduction of the symmetrized LMO homomorphism

In this section, we consider the symmetrized version of the LMO homomorphism
introduced in [HM09]: we analyze its “modulo 1 reduction” and prove some con-
gruence relations for its values.

6.1. The symmetrized LMO homomorphism Z. The symmetrized version of
the LMO homomorphism is defined in [HM09] as

Z := X−1 ◦ Z< : IC −→ A(H)⊗Q,

where X : A(H) ⊗ Q → A<(H) ⊗ Q is the isomorphism defined by (5.1). Thus,
according to Proposition 5.1, the passage from Z< to Z consists in replacing the
target A<(H) ⊗ Q of the latter by its associated graded with respect to the loop
filtration.

Equivalently, we have Z = κ ◦ Z̃Y where κ is the isomorphism defined in terms
of the basis S = {a1, . . . , ag, b1 . . . , bg} of H by

(6.1) κ(D) := (−1)χ(D) ·
Å
sum of all ways of (×1/2)-gluing some ai-colored
vertices of D to some bi-colored vertices of D

ã
for every Jacobi diagram D. Indeed, we have the commutative diagram

(6.2)

A(S)⊗Q A<(H)⊗Q

A(H)⊗Q

φQ

≃

κ
≃

X≃

where φQ denotes the rational version of the map φ from Proposition 2.16.

Remark 6.1. Recall from [HM09, §3.1] that A(H)⊗Q has an Sp(HQ)-equivariant
associative product ⋆ which corresponds to the multiplication (2.15) through κ.
Hence, Z : (IC, ◦) →

(
A(H)⊗Q, ⋆

)
is a monoid map. ■

While the version Z< of the LMO homomorphism is suitable to the study of
its variations under clasper surgery (see §3), this version Z is more convenient
for comparison with some classical invariants. In particular, the (leading terms
of the) tree reduction and one-loop reduction of Z have the following topological
interpretations:
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• Recall from §5.2 that Dk(H) is defined as the kernel of the bracketing
homomorphism H ⊗ Lk+1(H) → Lk+2(H) in the free Lie algebra L(H).
Let also IC[k] be the submonoid of IC acting trivially on the k-th nilpotent
quotient π/Γk+1π of π; moreover, let

(6.3) τk : IC[k] −→ Dk(H)

be the k-th Johnson homomorphism, encoding the action on the (k + 1)-st
nilpotent quotient π/Γk+2π of π. It follows from [CHM08, Th. 8.19] that
the following diagram is commutative:

(6.4) IC[k] Zk //

τk

��

Ak(H)⊗Q

����

Dk(H) // Dk(H)⊗Q Ac
k,0(H)⊗Q.≃

η
oo

Since Dk(H) is torsion-free, we can also view the k-th Johnson homomor-
phism as a map τk : IC[k] → Ac

k,0(H) ⊗ Q: thus, (6.4) says that the map

Zk,0 : IC[k] → Ac
k,0(H)⊗Q coincides with τk. In particular, when restricted

to the submonoid YkIC of IC[k], (6.4) shows that Zk,0 : YkIC → “Ac
k,0(H)”

(which coincides with the reduction of Z<k : YkIC → “A<,c
k (H)” modulo

“L1A<,c
k (H)”) is the same as τk : YkIC → “Ac

k,0(H)”.

• Let ‘Q[π] be the I-adic completion of the group algebra Q[π], and let

α̃ : IC → K1

(‘Q[π]
)
be the non-commutative version of the Reidemeister–

Turaev torsion that is introduced in [NSS23]. It is shown there that the

composition α̃≤k−1 of α̃ with the canonical map K1

(‘Q[π]
)
→ K1

(‘Q[π]/Îk
)

vanishes on YkIC; hence we have a homomorphism

YkIC
α̃≤k
//

α̃k

55
Ker

(
K1

(‘Q[π]/Îk+1
)
→ K1

(‘Q[π]/Îk
))

≃
(
H⊗k)

Zk
⊗Q.

Let also p+ :
(
H⊗k)

Zk
⊗ Q → Ac

k,1(H) ⊗ Q be the canonical projection(
H⊗k)

Zk
⊗ Q →

(
H⊗k)

D2k
⊗ Q composed with the isomorphism (5.7).

According to [NSS23, Th. 1.3], the following diagram is commutative:

(6.5) YkIC
−2Zk //

α̃k

��

Ac
k(H)⊗Q

����(
H⊗k)

Zk
⊗Q

p+
// Ac

k,1(H)⊗Q.

6.2. The modulo 1 reduction ζ of Z. We consider now the following reduction
of the symmetrized LMO homomorphism:

IC Z //

ζ

66

A(H)⊗Q // //
A(H)⊗Q
R(H)

where R(H) := X−1
(
“A<(H)”

)

Note that ζ corresponds to the mod 1 reduction ζ< of Z< (defined in §3.1) via an
isomorphism induced by X. Thus, with an abuse of terminology, we shall call ζ the
modulo 1 reduction of Z.

Remark 6.2. It follows from the definition that, for any k ≥ 1, we have

(6.6) Rk(H) = κ
(
“Ak(S)”

)
= Zk

(
FkZ[IC]

)
.

But, we emphasize that this lattice of the Q-vector space Ak(H) ⊗ Q does not
coincide with “Ak(H)”. Thus, the target of ζ is not the same as A(H)⊗Q/Z. ■
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The lattice R(H) can be described by generators as follows. Let ‹A(H) be the
module defined as A<(H) in §2.4, but with the STU-like relation removed. We

consider the endomorphism w of ‹A(H)⊗Q defined by

(6.7) w(D) :=

Å
sum of all ways of ω-contracting

an ordered pair of external vertices in D

ã
on every Jacobi diagram D. For instance, we have

w
(
x<y<z< t

)
= −ω(x, z)

y t<

+ ω(x, t)
y z<

+ ω(y, z)
x t<

−ω(y, t)
x z<

.

There is the projection f : ‹A(H)⊗Q → A(H)⊗Q that forgets the total order on

vertices, and the projection m : ‹A(H) ⊗ Q → A<(H) ⊗ Q that takes the quotient
modulo “STU-like”. It is shown in [HM09, Prop. 3.1] that X−1◦m = f ◦exp◦(w/2).
Thus, we immediately obtain the following:

Lemma 6.3. The module Rk(H) is generated in Ak(H)⊗Q by the Q-linear com-
binations

f
(
exp◦(w/2)(D)

)
= f

(
D +

w(D)

2
+
w(w(D))

22 2!
+ · · ·

)
where D ∈ “‹Ak(H)” ranges over a system of generators for “A<

k (H)” under m.

Example 6.4. In degree k := 2, the module Rk(H) is generated by

X−1
( )

=

X−1
(
a b<

)
=

a b
+

1

2
ω(a, b) (for all a, b ∈ H)

X−1
(
a b c d< < <

)
=

b c d a
+

1

4

(
ω(a, b)ω(c, d)− ω(a, c)ω(b, d)

)
+
ω(a, b)

2 c d
− ω(a, c)

2 b d

+
ω(c, d)

2 a b
− ω(b, d)

2 a c
(for all a, b, c, d ∈ H). ■

The lattice R(H) can also be described by defining relations. To state this
description, we consider the symmetric bilinear pairing ⟨−,−⟩ : H ×H → Z given
in terms of the basis S by ⟨ai, aj⟩ = ⟨bi, bj⟩ = 0 and ⟨ai, bj⟩ = δij . Let c be the
endomorphism of A(H)⊗Q transforming any Jacobi diagram D to

(6.8) c(D) :=

Å
sum of all ways of (⟨−,−⟩/2)-contracting
an unordered pair of external vertices in D

ã
.

For instance, we have

c
( t

z

x

y

)
=

1

2
⟨x, t⟩

y z

+
1

2
⟨y, z⟩

x t

− 1

2
⟨x, z⟩

y t

− 1

2
⟨y, t⟩

x z

.

Note that the map c increases the loop degree by one.

Lemma 6.5. An x ∈ Ak(H) ⊗ Q, which is decomposed as x =
∑
r≥1−k xr with

xr ∈ Ak,r(H)⊗Q, belongs to the lattice Rk(H) if, and only if, it satisfies

(6.9) x(1−k)+i ≡
i∑

j=1

(−1)j+1 · c[j]
(
x(1−k)+i−j

)
mod “Ak,(1−k)+i(H)”

for every i ≥ 0. (Here c[j] = cj/j! denotes the j-th divided power of c.)

Remark 6.6. It follows from Lemma 6.5 that the loop-degree r part xr of any
x ∈ Rk(H) necessarily belongs to (1/2r) “Ak,r(H)”. ■
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Example 6.7. Lemma 6.5 specializes as follows for k := 2. Recall that Ac
2(H) is

torsion-free, so that Ac
2(H) = “Ac

2(H)”. Then, an x = x0 + x1 + x2 ∈ Ac
2(H)⊗Q

belongs to R2(H) if, and only if, we have
x0 ≡ 0 mod Ac

2,0(H),
x1 ≡ c(x0) mod Ac

2,1(H),
x2 ≡ c(x1)− c2(x0)/2 mod Ac

2,2(H). ■

Proof of Lemma 6.5. According to (6.6), we are asked to identify κ(“Ak(S)”) as a
lattice in Ak(H)⊗Q. We start by observing that, by the definition (6.1), we have

(6.10) κ = (−1)χ(−) · exp(c) ◦ ι,

where we denote by ι : A(S)⊗Q → A(H)⊗Q the obvious isomorphism defined by
the basis S of H.

Let x =
∑
r≥1−k xr in Ak(H)⊗Q satisfying (6.9). Set x̃ :=

∑
r≥1−k x̃r, with

x̃1−k+i := ι−1
( i∑
j=0

(−1)j+k+ic[j](x1−k+i−j)
)
, for every i ≥ 0.

The condition (6.9) on x implies that x̃ ∈ “Ak(S)”. Moreover, we have

i∑
s=0

(−1)s+kc[i−s] (ι(x̃1−k+s)) =

i∑
s=0

c[i−s]
( s∑
j=0

(−1)jc[j] (x1−k+s−j)
)

=

i∑
s=0

s∑
j=0

(−1)j
(i+ j − s)!

(i− s)!j!
c[i+j−s] (x1−k+s−j)

=

i∑
t=0

i−t∑
j=0

(−1)j
Ç
j + t

t

å
c[j+t] (x1−k+i−t−j)

=

i∑
t=0

i∑
u=t

(−1)u−t
Ç
u

t

å
c[u] (x1−k+i−u)

=

i∑
u=0

u∑
t=0

(−1)u−t
u!

(u− t)!t!
c[u] (x1−k+i−u)

=

i∑
u=0

(−1)u(1 + (−1))uc[u] (x1−k+i−u) = x1−k+i.

Using (6.10), we deduce that κ(x̃) = x: therefore, x belongs to κ(“Ak(S)”).
Conversely, let x̃ ∈ Ak(S) and set x := κ(x̃). Decompose x̃ =

∑
r≥1−k x̃r and

x =
∑
r≥1−k xr with respect to the loop degree. For every i ≥ 0, (6.10) implies

(−1)kx1−k+i =

i∑
s=0

(−1)s · c[i−s]ι(x̃1−k+s)

or, equivalently,

(−1)k+iι(x̃1−k+i) = x1−k+i −
i−1∑
s=0

(−1)k+sc[i−s]ι(x̃1−k+s).

Then, by performing an induction on i ≥ 0 with computations analogous to those
in the preceding paragraph, we obtain that

(−1)k+iι(x̃1−k+i) =

i∑
j=0

(−1)j · c[j](x1−k+i−j).

Since the left-hand side of this identity is in “A(H)”, x satisfies (6.9). □
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6.3. Trace homomorphisms. We present an alternative formulation (in Proposi-
tion 6.12 below) of the characterization ofRk(H) in Ak(H)⊗Q given in Lemma 6.5.
Since this will suffice for our subsequent applications, we restrict our attention to
connected Jacobi diagrams. Our tool is a sequence of “trace” homomorphisms

Tr(r) : P(r)
k (H) −→ “Ac

k,r+1(H)” /2r+1 “Ac
k,r+1(H)”

indexed by integers r ≥ 0. The source of Tr(r) is the submodule

P(r)
k (H) ⊂

r⊕
j=0

“Ac
k,j(H)”

of “Ac
k(H)” defined inductively by P(0)

k (H) := “Ac
k,0(H)” and

P(r+1)
k (H) := P(r)

k (H)×“Ac
k,r+1(H)”⊗Z2r+1

“Ac
k,r+1(H)”

where the fibered product is taken over Tr(r) and the mod 2r+1 reduction. Then, for

any y =
∑r
j=0 yj ∈ P(r)

k (H), we define Tr(r) : P(r)
k (H) → “Ac

k,r+1(H)”⊗Z2r+1 by

(6.11) Tr(r)(y) :=

{
r∑
j=0

(−1)j (2c)[j+1](yr−j)

}
.

In a more explicit way, we can equivalently set

Tr(r)(y) :=

{
r∑
j=0

(−1)j
Å

sum of all ways of ⟨−,−⟩-contracting
(j + 1) pairs of external vertices of yr−j

ã}
.

The map Tr := Tr(0) on “Ac
k,0(H)” = P(0)

k (H) is easily computed as follows. It

coincides with the “symmetric trace” TrS considered in [Fae23] in degree k := 2.

Lemma 6.8. The map Tr : “Ac
k,0(H)” → “Ac

k,1(H)”⊗Z2 is given by

(6.12) Tr(f(ỹ)) :=
{
fw(ỹ)

}
for all ỹ ∈ “‹Ac

k,0(H)”, where the homomorphism w is defined by (6.7) and the map f

forgets the order of vertices. So, the homomorphism Tr is Sp(H)-equivariant.

Proof. The Sp(H)-equivariance is obvious from (6.12), and (6.12) follows from the
fact that ⟨u, v⟩ ≡ ω(u, v) mod 2 for all u, v ∈ H. □

Remark 6.9. The Sp(H)-isomorphism types of the source and target of Tr are
deduced from §5.2:

• If k is even, then both Ac
k,0(H) and Ac

k,1(H) are torsion-free; so, Tr is in

degree k a homomorphism D′
k(H) → (H⊗k)D2k

⊗ Z2.
• If k = 2n − 1 is odd, then both Ac

k,0(H) and Ac
k,1(H) have 2-torsion,

as described in (5.4) and (5.8); so, Tr is in degree k a homomorphism
Dk(H) →

(
(H⊗k)D2k

⊗ Z2

)/(
H⊗n ⊗ Z2

)
. ■

Lemma 6.8 admits the following generalization to arbitrary loop degree r ≥ 0,

yielding an intrinsic formulation of the homomorphism Tr(r).

Lemma 6.10. The map Tr(r) : P(r)
k (H) → “Ac

k,r+1(H)”⊗Z2r+1 is given by

(6.13) Tr(r)
( r∑
i=0

yi

)
=

{
f

(
r∑
i=0

2i
wr+1−i

(r + 1− i)!
(z̃i)

)}
where z̃0 ∈ “‹Ac

k,0(H)”, z̃1 ∈ “‹Ac
k,1(H)”, . . . , z̃r ∈ “‹Ac

k,r(H)” are chosen recursively
so that we have

(6.14) yi = f

Ñ
i∑

j=0

2j
wi−j

(i− j)!
(z̃j)

é
∈ Ac

k,i(H),

for all i ∈ {0, 1, . . . , r}. Consequently, the homomorphism Tr(r) is Sp(H)-equivariant
(and it is independent of the choice S of a basis of H).
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Example 6.11. Setting Tr′ := Tr(1) and P ′
k(H) := P(1)

k (H), we deduce from
Lemma 6.10 that the map Tr′ : P ′

k(H) → “Ac
k,2(H)”⊗Z4 is given by

(6.15) Tr′
(
f
(
ỹ + w(ỹ) + 2z̃

))
:=
{
f
(
w2(ỹ)/2 + 2w(z̃)

)}
for any ỹ ∈ “‹Ak,0(H)” and z̃ ∈ “‹Ak,1(H)”. ■

Proof of Lemma 6.10. We shall prove formula (6.13) by an induction on r ≥ 0, the
case r = 0 being provided by Lemma 6.8.

To prove the induction step, we consider an arbitrary y =
∑r
i=0 yi ∈ P(r)

k (H).

Thus,
∑r−1
i=0 yi belongs to P

(r−1)
k (H) and Tr(r−1)

(∑r−1
i=0 yi

)
is the class of yr modulo

2r “Ac
k,r(H)”. By the induction hypothesis, we chose z̃i ∈ “‹Ac

k,i(H)” satisfying

(6.14) for every i ∈ {0, . . . , r − 1}. Besides, by the induction hypothesis on (6.13),
we have

f

(
r−1∑
i=0

2i
wr−i

(r − i)!
(z̃i)

)
≡ yr mod 2r “Ac

k,r(H)”,

so that we can find a zr ∈ “Ac
k,r(H)” satisfying

yr = f

(
r−1∑
i=0

2i
wr−i

(r − i)!
(z̃i)

)
+ 2rzr.

Then, choosing any lift z̃r ∈ “‹Ac
k,r(H)” of zr, we obtain (6.14) for all i ∈ {0, . . . , r}.

In order to prove (6.13) for y =
∑r
i=0 yi ∈ P(r)

k (H), we now compute

Tr(r)(y)
(6.11)
=

{
r∑
j=0

(−1)j(2c)[j+1](yr−j)

}

=

{
f

Ñ
r∑
j=0

(−1)j
(2c̃)j+1

(j + 1)!

(
r−j∑
i=0

2i
wr−j−i(z̃i)

(r − j − i)!

)é}
.

Here we use the endomorphism c̃ of ‹A(H)⊗Q that is defined similarly to c by

c̃(D) :=

Å
sum of all ways of (⟨−,−⟩/2)-contracting
an ordered pair of external vertices in D

ã
;

note that we have f ◦ c̃ = c ◦ f . Since w and c̃ commute, we next obtain

Tr(r)(y) =

{
f

Ñ
r∑
i=0

2i

(r + 1− i)!

r−i∑
j=0

(−1)j
Ç
r + 1− i

j + 1

å
(2c̃)j+1wr−i−j(z̃i)

é}
=

{
f

(
r∑
i=0

2i

(r + 1− i)!

(
wr+1−i − (w − 2c̃)r+1−i

)
(z̃i)

)}
.

Setting δ(x) := w(x)/2− c̃(x) ∈ “‹Ak(H)” for every x ∈ “‹Ak(H)”, we obtain

Tr(r)(y) =

{
f

(
r∑
i=0

2i

(r + 1− i)!

(
wr+1−i − (2δ)r+1−i

)
(z̃i)

)}
.

Similarly to c̃ and w, the operation δ on Jacobi diagrams consists in taking the sum
of all ways of contracting an ordered pair of vertices with a given bilinear form,
namely the form (ω(−,−) − ⟨−,−⟩)/2. Since this bilinear form takes values in Z,
we observe that

δr+1−i

(r + 1− i)!
(z̃i) ∈ “‹Ac

k(H)”,

and we conclude that

Tr(r)(y) =

{
f

(
r∑
i=0

2i
wr+1−i

(r + 1− i)!
(z̃i)

)}
∈ “Ac

k,r+1(H)”⊗Z2r+1 .

Finally, we verify the Sp(H)-equivariance of Tr(r) by considering an u ∈ Sp(H)

acting on y =
∑r
i=0 yi ∈ P(r)

k (H). Choose some z̃0, . . . , z̃r satisfying (6.14). Letting
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y′i := u ·yi and z̃′i := u · z̃i, we deduce from the Sp(H)-invariance of ω that z̃′0, . . . , z̃
′
r

satisfy (6.14) with respect to y′0, . . . , y
′
r. Hence, by the formula (6.13), we get

Tr(r)(u · y) =

{
f

(
r∑
i=0

2i
wr+1−i

(r + 1− i)!
(z̃′i)

)}

= u ·

{
f

(
r∑
i=0

2i
wr+1−i

(r + 1− i)!
(z̃i)

)}
= u · Tr(r)(y).

□

We now reformulate (in the connected case) the characterization of Rk(H) in
Ak(H)⊗Q given by Lemma 6.5.

Proposition 6.12. An x ∈ Ac
k(H)⊗Q, which is decomposed as x =

∑
j≥0 xj with

xj ∈ Ac
k,j(H)⊗Q, belongs to the lattice Rk(H) if, and only if, we have

r∑
j=0

2jxj ∈ P(r)
k (H) for every r ≥ 0.

Proof. By Lemma 6.5, an x =
∑
j≥0 xj ∈ Ac

k(H) ⊗ Q belongs to Rk(H) if, and
only if, we have

xi ≡
i∑

j=1

(−1)j+1 · c[j] (xi−j) mod “Ak,i(H)” for every i ≥ 0

or, equivalently,

2ixi ≡
i−1∑
j=0

(−1)j · (2c)[j+1]
(
2i−1−jxi−1−j

)
mod 2i “Ak,i(H)” for every i ≥ 0.

Note that, whenever
∑i−1
j=0 2

jxj belongs to P(i−1)
k (H), the right-hand side of the

above congruence is exactly Tr(i−1)(
∑i−1
j=0 2

jxj): so, this congruence is equivalent

to the condition
∑i
j=0 2

jxj ∈ P(i)
k (H). Thus, the proposition is proved by an

induction on r ≥ 0. □

6.4. Congruence relations. Assume that k ≥ 2. The description of Rk(H) given
by Proposition 6.12 implies some congruence relations between the loop-degree
pieces Zk,r of the symmetrized LMO homomorphism.

Proposition 6.13. For every r ≥ 0, we have a surjective homomorphism

(6.16)

r⊕
j=0

2jZk,j :
YkIC
Yk+1

−→ P(r)
k (H)

which, for r ≥ 1, decomposes into the following diagram of Sp(H)-modules:

(6.17)

YkIC/Yk+1 “Ac
k,r(H)”

P(r−1)
k (H) “Ac

k,r(H)” /2r “Ac
k,r(H)” .

2rZk,r

⊕r−1
j=0 2jZk,j mod 2r

Tr(r−1)

Proof. Let M ∈ YkIC. Then, the element x := Zk(M) ∈ Ac
k(H)⊗Q satisfies

x = X−1Z<k (M) ∈ X−1(“A<
k (H)”) = Rk(H).

Hence, by Proposition 6.12, the sum
∑r
j=0 2

jxj belongs to P(r)
k (H): this proves

that the homomorphism (6.16) is well-defined. To prove its surjectivity, let y =∑r
j=0 yj ∈ P(r)

k (H): we can find by induction some elements

yr+1 ∈ “Ac
k,r+1(H)”, yr+2 ∈ “Ac

k,r+2(H)”, etc . . .

such that
∑s
j=0 yj belongs to P(s)

k (H) for every s ≥ 0. It follows, by Proposi-

tion 6.12, that z :=
∑
j≥0 yj/2

j ∈ Ac
k(H) ⊗ Q belongs to Rk(H). Recall that, as
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a consequence of (3.1), the homomorphism Z<k : YkIC → “A<,c
k (H)” is surjective.

Thus, there exists an N ∈ YkIC such that Zk(N) = z. In particular, we get( r⊕
j=0

2jZk,j

)
(N) =

r∑
j=0

2jzj = y.

The well-definedness of the map (6.16) at the next level (r+1) gives the commu-
tativity of the diagram (6.17). Since Z< is Sp(H)-equivariant at the graded level,
so is Z = X−1Z<. Hence, the top arrow and the left arrow in (6.17) are Sp(H)-

equivariant. The Sp(H)-equivariance of Tr(r−1) is given by Lemma 6.10. □

It is interesting to specialize Proposition 6.13 to the loop-degree cases r := 1 and
r := 2, for which we know topological interpretations of Zk,r−1.

Corollary 6.14. We have the following diagram of Sp(H)-modules:

(6.18)

YkIC/Yk+1 “Ac
k,1(H)”

“Ac
k,0(H)” “Ac

k,1(H)” /2 “Ac
k,1(H)” .

p+◦α̃k

τk mod 2

Tr

Therefore, the map Tr vanishes on τk(ΓkI).

Proof. The diagram (6.18) is the specialization of (6.17) at r := 1, since we have

Zk,0 = τk and 2Zk,1 = −p+ ◦ α̃k

by (6.4) and (6.5), respectively. The second statement follows from the commuta-
tivity of (6.18), and the fact that α̃(I) is contained in the natural image of H in

K1

(‘Q[π]
)
, as explained in [NSS23, Remark 3.2]. □

Example 6.15. In degree k := 2, Corollary 6.14 says that

Tr(τ2(M)) =
(
α(M) mod 2

)
∈ Ac

2,1(H)⊗ Z2

for every M ∈ Y2IC. Here α(M) ∈ S2(H) ≃ Ac
2,1(H) is the quadratic part of the

relative Alexander polynomial considered in [MM13], which is α̃2 = p+ ◦ α̃2 in the
present notations. (See [FMS26, Th. 4.7] in this connection.) ■

Corollary 6.16. We have the following diagram of Sp(H)-modules:

(6.19)

YkIC/Yk+1 “Ac
k,2(H)”

P ′
k(H) “Ac

k,2(H)” /4 “Ac
k,2(H)” .

4Zk,2

(τk,−p+α̃k) mod 4

Tr′

Proof. The diagram (6.19) is the specialization of (6.17) at r := 2. □

Example 6.17. In degree k := 2, Corollary 6.16 says that(
4d′′(M) mod 4

)
· = Tr′

(
τ2(M),−α(M)

)
∈ Ac

2,2(H)⊗ Z4

for every M ∈ Y2IC. Here d′′(M) ∈ (1/4)Z is the invariant defined in [MM13] as
the coefficient of the theta graph in Z2,2(M): it is an alternative to Morita’s “core
of the Casson invariant”. (See also [FMS26, Th. 4.7] in this connection.) ■

However, it should be recalled that there are currently no known topological
interpretations of the loop-degree r part Zk,r for r ≥ 2.
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6.5. Back to the modulo 1 reduction of Z<. We now focus on the module
YkIC/Yk+1 in odd degree k = 2n + 1 (with n ≥ 0). To simplify our notation, its
2-torsion module is denoted by

T := Tors2

(Y2n+1IC
Y2n+2

)
.

We endow T with the filtration

(6.20) T = L0T ⊃ L1T ⊃ L2T ⊃ L3T ⊃ · · ·

that is the pull-back by ζ<2n+2 of the loop filtration on A<,c
2n+2(H)⊗Q/Z, which has

been defined in §5.1. Thus, for every r ≥ 0, we obtain an injective map

(6.21) GrLr ζ
<
2n+2 : GrLr T −→ GrLr A<,c

2n+2(H)⊗Q/Z ≃ Ac
2n+2,r(H)⊗Q/Z.

The next two propositions compute (6.21) in terms of the loop-degree pieces of the
symmetrized LMO homomorphism.

We start with the case r := 0, which deserves a special treatment. Indeed, the
corresponding homomorphism on T = L0T appears in [CST16] for the study of
homology cylinders up to homology cobordisms.

Proposition 6.18. There is a group homomorphism

R2n+2 : Tors2(Y2n+1IC/Y2n+2) −→ Ln+2

(
H(2)

)
, {M} 7−→ {τ2n+2(M)},

whose target is identified to D2n+2(H)/D′
2n+2(H) via the short exact sequence (5.5).

Furthermore, we have the following commutative diagram of Sp(H)-modules:

(6.22) Tors2(Y2n+1IC/Y2n+2)
R2n+2

//

ζ<2n+2

��

Ln+2

(
H(2)

)
Lev

��L0A<,c
2n+2(H)⊗Q/Z

L1A<,c
2n+2(H)⊗Q/Z

Ac
2n+2,0(H)⊗Q/Z≃

oo

Proof. Let {M} ∈ Tors2(Y2n+1IC/Y2n+2). Since M2 is Y2n+2-equivalent to the
unit cylinder U , we have

(6.23) τ2n+1(M) =
1

2
τ2n+1(M

2) = 0 ∈ Ac
2n+1,0(H)⊗Q

and we are allowed to consider τ2n+2(M). Furthermore, for any M ′ in the Y2n+2-
equivalence class of M , there exists an N ∈ Y2n+2IC such that M ′ is Y2n+3-
equivalent to MN : hence

τ2n+2(M
′) = τ2n+2(MN) = τ2n+2(M) + τ2n+2(N) ≡ τ2n+2(M) mod D′

2n+2(H).

This proves the well-definedness of the map R2n+2.
We now prove the commutativity of (6.22). Observe that Z(M2) = Z(M)⋆Z(M)

by Remark 6.1; since Z(M) starts in degree 2n+ 1 (with Z1(M) = 0 in any case),
we deduce that

(6.24) Z2n+2,i(M) =
1

2
Z2n+2,i(M

2) for every i ≥ 0.

Thanks to (6.24) for i := 0, we conclude by applying (6.4) to M2. □

For the sequel, it is convenient to set R
(0)
2n+2 := Lev ◦R2n+2, viewing this homo-

morphism

R
(0)
2n+2 : L0T −→

2−1Ac
2n+2,0(H)

Ac
2n+2,0(H)

as the initial stage of the following sequence.

Proposition 6.19. For every r ≥ 0, there is a homomorphism

R
(r)
2n+2 : LrT −→

2r−1 “Ac
2n+2,r(H)”

2r “Ac
2n+2,r(H)”
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with kernel Lr+1T , which is defined by the formula

R
(r)
2n+2

(
{M}

)
:= −Tr(r−1)

(
Z2n+2,0(M), . . . , 2r−1Z2n+2,r−1(M)

)
+
{
2rZ2n+2,r(M)

}
,(6.25)

Furthermore, it fits into the following commutative diagram of Sp(H)-modules:

(6.26) LrT
R

(r)
2n+2

//

ζ<2n+2

��

2r−1 “Ac
2n+2,r(H)”

2r “Ac
2n+2,r(H)”

1
2r ·

��LrA<,c
2n+2(H)⊗Q/Z

Lr+1A<,c
2n+2(H)⊗Q/Z

Ac
2n+2,r(H)⊗Q/Z≃

oo

Proof. We start by proving, thanks to an induction on r ≥ 0, that the map

R
(r)
2n+2 is well-defined with values in the module “Ac

2n+2,r(H)”/2r “Ac
2n+2,r(H)”.

Let M ∈ Y2n+1IC whose Y2n+2-class {M} belongs to LrT : we have to verify that
the quantity (6.25) makes sense in this module.

First of all, we prove that the first term in (6.25) is well-defined. Since {M}
belongs to Lr−1T , we know from the induction hypothesis and the definition of the
trace homomorphisms that

(i) 2jZ2n+2,j(M) ∈ “Ac
2n+2,j(H)” for all j = 0, . . . r − 1,

(ii)
∑r−2
j=0 2

jZ2n+2,j(M) ∈ P(r−2)
2n+2 (H)

and, since we have {M} ∈ LrT = KerR
(r−1)
2n+2 , we also know that 2r−1Z2n+2,r−1(M)

represents the class

Tr(r−2)
(
Z2n+2,0(M), . . . , 2r−2Z2n+2,r−2(M)

)
∈ “Ac

2n+2,r−1(H)”⊗Z2r−1 .

In other words, we have
∑r−1
j=0 2

jZ2n+2,j(M) ∈ P(r−1)
2n+2 (H), so that the term

Tr(r−1)
(
Z2n+2,0(M), . . . , 2r−1Z2n+2,r−1(M)

)
∈ “Ac

2n+2,r(H)”⊗Z2r

in (6.25) is well-defined.
We now check that the second term in (6.25) is well-defined. By applying Propo-

sition 6.13 to M2 ∈ Y2n+2IC, we obtain that

Tr(r−1)
(
Z2n+2,0(M

2), . . . , 2r−1Z2n+2,r−1(M
2)
)

≡ 2rZ2n+2,r(M
2) mod 2r “Ac

2n+2,r(H)” .

But, (6.24) and the fact (i) above imply that 2jZ2n+2,j(M
2) ∈ 2 “Ac

2n+2,j(H)”

for every j = 0, . . . , r − 1. So we have 2rZ2n+2,r(M
2) ∈ 2 “Ac

2n+2,r(H)”, i.e.

2rZ2n+2,r(M) ∈ “Ac
2n+2,r(H)”. Consequently, the congruence class

{
2rZ2n+2,r(M)

}
in “Ac

2n+2,r(H)”⊗Z2r in (6.25) is well-defined.
Furthermore, Proposition 6.13 also implies that the quantity (6.25) assigned to

M does not change under Y2n+2-surgery: so (6.25) only depends on {M} ∈ LrT .

Therefore, the map R
(r)
2n+2 : LrT → “Ac

2n+2,r(H)”⊗ Z2r is well-defined.
We now prove the commutativity of (6.26). Let {M} ∈ LrT as before. Set

yj := 2jZ2n+2,j(M) for all j = 0, . . . , r− 1. By the above discussion, we know that∑r−1
j=0 yj ∈ P(r−1)

2n+2 (H); hence, we can find some yj ∈ “Ac
2n+2,j(H)” for every j ≥ r

such that
∑s
j=0 yj ∈ P(s)

2n+2(H) for every s ≥ 0. Then, Proposition 6.12 implies

that
∑
j≥0 yj/2

j belongs to R2n+2(H). Therefore, denoting by
(
LkAc(H)

)
k≥0

the

loop filtration on Ac(H), we get

Z2n+2(M) ≡
r−1∑
j=0

yj/2
j + Z2n+2,r(M) mod Lr+1Ac

2n+2(H)⊗Q

≡ −yr + 2rZ2n+2,r(M)

2r
mod

(
Lr+1Ac

2n+2(H)⊗Q+R2n+2(H)
)
.
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It follows that (6.26) commutes for {M} ∈ LrT since ζ<2n+2 =
(
X ◦ Z2n+2 mod 1

)
and yr ∈ “Ac

2n+2,r(H)” has been chosen so that its class modulo 2r “Ac
2n+2,r(H)”

represents Tr(r−1)(y0, . . . , yr−1).

The commutativity of (6.26) implies that R
(r)
2n+2 is a homomorphism with kernel

Lr+1T . Finally, since LrT is a 2-torsion group, R
(r)
2n+2 takes values in the 2-torsion

part of “Ac
2n+2,r(H)”⊗Z2r. □

Proposition 6.19 admits the following specializations for r := 1 and r := 2,
thereby yielding (partial) topological interpretations of the homomorphism (6.21)
in low loop degrees.

Corollary 6.20. The homomorphism R′
2n+2 := R

(1)
2n+2 is given by

R′
2n+2({M}) = Tr(τ2n+2(M)) +

{
p+α̃2n+2(M)

}
,

and it fits into the following commutative diagram of Sp(H)-modules:

(6.27) Ker(R2n+2)
R′

2n+2
//

ζ<2n+2

��

Ac
2n+2,1(H)⊗ Z2

1
2 ·

��L1A<,c
2n+2(H)⊗Q/Z

L2A<,c
2n+2(H)⊗Q/Z

Ac
2n+2,1(H)⊗Q/Z≃

oo

Corollary 6.21. The homomorphism R′′
2n+2 := R

(2)
2n+2 is given by

R′′
2n+2

(
{M}

)
:= Tr′

(
− τ2n+2(M), p+α̃2n+2(M)

)
+
{
4Z2n+2,2(M)

}
,

and it fits into the following commutative diagram of Sp(H)-modules:

(6.28) Ker(R′
2n+2)

R′′
2n+2

//

ζ<2n+2

��

2 “Ac
2n+2,2(H)”⊗Z4

1
4 ·

��L2A<,c
2n+2(H)⊗Q/Z

L3A<,c
2n+2(H)⊗Q/Z

Ac
2n+2,2(H)⊗Q/Z≃

oo

Remark 6.22. Unlike Corollary 6.20, Corollary 6.21 is limited by our lack of
information (for arbitrary n) on the structure of the module Ac

2n+2,2(H) and on
the topological meaning of Z2n+2,2. ■

We end this section by determining the variation of R
(r)
2n+2 under appropriate

clasper surgery. The statement is a mere consequence of Theorem 4.17; it involves
the map ∆, introduced in §4.4, whose action on the associated graded of the loop
filtration is given by Proposition 5.5.

Corollary 6.23. For every n > 0 and r ≥ 0, we have the following commutative
triangle of Sp(H)-modules:

(6.29) Bn,r
(
H(2); s

)
GrL∆

**

GrΨ

��

LrT /Lr+1T
1
2r R

(r)
2n+2

// Ac
2n+2,r(H)⊗Q/Z

Proof. By commutativity of the diagram (4.10) and by definition of the filtra-
tion

(
LkT

)
k≥0

, the map Ψ : B<n
(
P (2)

)
→ T is filtration-preserving because ∆ is.

Then, we conclude with Proposition 6.19. □
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7. The degree-one case

We illustrate our methodology for studying the torsion of Y2n+1IC/Y2n+2 by
considering firstly the special case n = 0. Although the Sp(H)-module IC/Y2
was fully computed in [MM03] in connection with Johnson’s computation of the
abelianized Torelli group [Joh85], we will show how the LMO functor can be used
as an alternative to the classical invariants that are considered in [MM03].

7.1. Description of the Sp(H)-module IC/Y2. We firstly determine the Sp(H)-
module Tors(IC/Y2). According to the slide relation, the homomorphism from
P (2) ⊗ P (2) = B<0

(
P (2)

)
to Tors

(
A1(P )

)
that was considered in (4.4) is given by

x⊗ y 7−→
y y

x

=
y s

x

=
y x

x

(for all x, y ∈ P (2)).

(Recall that we are using here the convention (2.8).) Hence, it factorizes to a
homomorphism E : S2P (2) → Tors

(
A1(P )

)
, and so does the surgery map Ψ.

Furthermore, E (and so Ψ) factorizes through S2P (2)/H(2), whereH(2) is embedded
into S2P (2) via the map

(
p∗(x) 7→ x · x− x · s

)
. Hence, the commutative diagram

(4.4) can be rewritten as

(7.1) {x · y} ∋ S2P (2)/H(2) Ψ //

E

��

Tors
(IC
Y2

)
,

x y

s

∋ Tors
(
A1(P )

) ψ

::

and the surgery map Ψ is given by

Ψ({x · y}) =

(
U surgered along

)

where the Y -graph has one special leaf and two arbitrary leaves with modulo 2
types x, y ∈ P (2).

We now define a homomorphism ∆ : S2P (2)/H(2) → A<,c
2 (H)⊗Q/Z by associ-

ating to every x · y ∈ S2P (2) the linear combination

∆(x · y) :=
1

2
x < x < y < y

+
1

2
x y<

+
fr(x)

2
y y<

+
fr(y)

2
x x<

+
fr(x) · fr(y)

2
.(7.2)

This is the analogue of the map ∆ on B<n
(
P (2)

)
defined in §4.4 for n > 0; indeed,

it is related to the homomorphism δ< of Proposition 3.7 as follows:

Lemma 7.1. The homomorphism ∆ is well-defined and Sp(H)-equivariant. Fur-
thermore, it fits into the following commutative diagram:

(7.3) S2P (2)/H(2)

∆
**

E // Tors
(
A1(P )

)
δ<

��

A<,c
2 (H)⊗Q/Z
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Proof. Let x, y ∈ P (2). Using the definition (3.15) of the map δ<, the nota-
tion (3.14), and the facts that p∗(s) = 0, fr(s) = 1, we obtain

δ<E(x · y) = δ<
(

x < y < s

)
=

1

2
x y<

+
1

2

x ∥ x < y ∥ y < s ∥ s

,

which is the same as the right-hand side of (7.2). This shows that the map ∆ is
well-defined and coincides with δ<E. □

We now give a description of the Sp(H)-module Tors
(
IC/Y2

)
.

Theorem 7.2. We have the commutative diagram

(7.4) S2P (2)/H(2)

Ψ

��

∆

))

Tors
(IC
Y2

)
ζ<2

// A<,c
2 (H)⊗Q/Z,

where Ψ is an Sp(H)-isomorphism, and ζ<2 is an Sp(H)-embedding.

Note that, although it is derived from the LMO functor, the map ζ<2 on Tors
(
IC/Y2

)
is independent of the choices inherent to the construction of the latter.

Proof of Theorem 7.2. According to (7.1) and Theorem 3.8, we have the commu-
tative diagram

S2P (2)/H(2) E //

Ψ

��

Tors
(
A1(P )

)
δ<

��

ψ

uu

Tors
(IC
Y2

)
ζ<2 // A<,c

2 (H)⊗Q/Z,

hence (7.3) implies (7.4). Thus, to prove the theorem, it suffices to show that Ψ is
surjective and that ∆ is injective.

We prove the surjectivity of Ψ. Let M ∈ IC such that {M} ∈ IC/Y2 has finite
order. The surjectivity of ψ : A1(P ) → IC/Y2 implies the existence of a z ∈ A1(P )
such that ψ(z) = {M}. Furthermore, the homomorphism

A1(P )
ψ
//
IC
Y2

ι //
F1Z[IC]
F2Z[IC]

Z<
1 // A<

1 (H)⊗Q ≃ A1(P )⊗Q

is, according to (3.1), the rationalization map: so, z is a torsion element of A1(P ).
But, the torsion submodule of A1(P ) is easily derived from Proposition 2.16 (or,
alternatively, from [MM03, Lemma 4.24]): it is generated by the elements

s s

s

and
y y

x

for all x, y ∈ σ({ai, bj | i, j = 1, . . . , g}).

Clearly, all those elements are in the image of E : S2P (2) → A1(P ): so {M} is in
the image of Ψ : S2P (2) → IC/Y2.

To prove now the injectivity of ∆, we consider on S := S2P (2)/H(2) the filtration

(7.5) S = L0S ⊃ L1S ⊃ L2S ⊃ L3S = {0}
where L1S is generated by the elements {s·x} for all x ∈ P (2), and L2S is generated
by {s · s}. (This is the analogue of the s-loop filtration on B<n

(
P (2)

)
defined in §5.3

for n > 0.) Recall that A := A<,c
2 (H) ⊗ Q/Z is endowed with the loop filtration

(LkA)k≥0, and observe in (7.2) that ∆ is filtration-preserving. We claim that GrL∆
is injective: since the filtration (7.5) is finite, this will imply that ∆ is injective.
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To prove our claim, we consider the following sequence of Sp(H)-modules:

(7.6) 0 // P (2) u //
S2P (2)

H(2)

v // Λ2H(2) // 0.

Here, the maps u and v are given by u(x) := {s ·x} and v({x · y}) := p∗(x)∧ p∗(y).
It follows from (2.7) that we can work in the Z2-vector space P

(2) with the basis

(7.7) {s} ∪ {σ(ai), σ(bi) | i = 1, . . . , g};

it is easily checked in this way that (7.6) is exact. Since the image of u is L1S, we
deduce that L0S/L1S ≃ Λ2H(2) and that L1S/L2S ≃ P (2)/(Z2s) ≃ H(2). Then,

we conclude from (7.2) that the map GrL∆ is given by

Λ2H(2) ≃ GrL0 S −→ GrL0 A ≃ Ac
2,0(H)⊗Q/Z, x ∧ y 7−→ 1

2

x

y x

y

H(2) ≃ GrL1 S −→ GrL1 A ≃ Ac
2,1(H)⊗Q/Z, x 7−→ 1

2 x x

Z2s ≃ GrL2 S −→ GrL2 A ≃ Ac
2,2(H)⊗Q/Z, s 7−→ 1

2

in degrees 0, 1 and 2, respectively; in particular, note that GrL0 ∆ is Levine’s em-

bedding (5.6). Consequently, GrL∆ is injective. □

As a consequence, we obtain a characterization of the Sp(H)-module IC/Y2 by
means of the LMO functor.

Corollary 7.3. We have the commutative diagram of Sp(H)-modules

(7.8) 0 // S2P (2)/H(2) E //

Ψ

��

A1(P )
p∗ //

ψ

��

A<
1 (H) // 0

0 // Tors(IC/Y2) // IC/Y2
Z<

1 // “A<
1 (H)” // 0,

with exact rows and vertical isomorphisms. Furthermore, the map

(7.9) (Z<1 , ζ
<
2 ) : IC/Y2 −→ A<

1 (H) ⊕
(
A<,c

2 (H)⊗Q/Z
)

is an Sp(H)-embedding for the Sp(H)-action defined by (3.40).

Note that the component ζ<2 of (7.9) on the entire group IC/Y2 does depend on
the choices inherent to the construction of the LMO functor. On the contrary,
according to (6.4), the component Z<1 of (7.9) coincides with the first Johnson
homomorphism τ1: hence, the invariant Z<1 is intrinsic by nature.

Remark 7.4. That ψ : A1(P ) → IC/Y2 is an isomorphism of Sp(H)-modules has
already been established in [MM03]; see §7.2 for a comparison of results. The
isomorphism type of IC/Y2 as an abelian group was announced in [Hab00]. ■

Proof of Corollary 7.3. The commutativity of the diagram follows from (7.1) and
(3.1). Besides, it also follows from (3.1) that Z<1 : IC/Y2 → A<

1 (H) is rationally
an isomorphism: hence the second row of (7.8) is exact.

Since Ψ is an isomorphism (by Theorem 7.2), E is injective. We also observed
(in the proof of Theorem 7.2) that E is surjective onto Tors

(
A1(P )

)
. Therefore, to

obtain the exactness of the first row of (7.8), it suffices to recall that A1(P )⊗Q ≃
A<

1 (H) ⊗ Q (see Proposition 2.9), so that the maximal torsion-free quotient of
A1(P ) is given by p∗ : A1(P ) → A<

1 (H).
Since Z<1 : IC/Y2 → A<

1 (H) is rationally an isomorphism, and since ζ<2 :

Tors(IC/Y2) → A<,c
2 (H)⊗Q/Z is injective (by Theorem 7.2), the pair (Z<1 , ζ

<
2 ) is

injective on the whole of IC/Y2. Corollary 3.14 gives its Sp(H)-equivariance. □
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7.2. Extracting classical invariants from LMO. For the sake of completeness,
we shall relate Theorem 7.2 and Corollary 7.3 to the description of IC/Y2 found in
[MM03]. The latter involves two classical invariants: the first Johnson homomor-
phism τ1 mentioned at (6.3), and the Birman–Craggs homomorphism

β : IC −→ Cub(Ω)

with values in the space of of cubic functions on the Z2-affine space Ω = Spin(Σ).
Firstly, we relate the two approaches (“quantum” vs “classical”) on the torsion

parts. Indeed, the main result of [MM03] implies that β restricts to an isomorphism
between Tors

(
IC/Y2

)
and the space Quad(Ω) of quadratic functions. To recover

this fact with the LMO functor, recall from Remark 2.6 the map e : P → Aff(Ω),
which allows for an identification P (2) ≃ Aff(Ω).

Proposition 7.5. The following diagram is commutative:

(7.10) Tors
(IC
Y2

)
β

//

ζ<2
��

Quad(Ω)

A<,c
2 (H)⊗Q/Z S2P (2)/H(2)

Ψ

gg

∆
oo

mult

OO

where “mult” is defined by multiplication of affine functions, and the map β is an
isomorphism.

Proof. That the upper inner triangle is commutative follows from the variation
formula for the Rochlin invariant under Y -graph surgery [MM03, Lemma 3.16].
The lower inner triangle is commutative by (7.4).

It is easily checked, working with the basis (7.7) of P (2), that “mult” is an
isomorphism: since Ψ is an isomorphism (by Theorem 7.2), β is an isomorphism. □

Remark 7.6. By Proposition 7.5, Quad(Ω) embeds into A<,c
2 (H) ⊗ Q/Z in an

Sp(H)-equivariant way. Setting x := e(σ(x)) ∈ Aff(Ω) for any x ∈ H, and denoting
by 1 := e(s) ∈ Aff(Ω) the non-zero constant function, we deduce from (7.2) that
the embedding is given by

x · y 7−→ 1

2
x < x < y < y

+
1

2
x y<

,

x 7−→ 1

2
x x<

, 1 7−→ 1

2
.

■

Remark 7.7. Diagram (7.10) exists in the category of filtered Sp(H)-modules:
indeed, T := Tors(IC/Y2) has the filtration (6.20), S := S2P (2)/H(2) has the
filtration (7.5), and A := A<,c

2 (H) ⊗ Q/Z has the loop filtration. Furthermore,
by taking the complement to 2, the degree-filtration on Q := Quad(Ω) becomes a

decreasing filtration whose associated graded is isomorphic to
⊕2

k=0 Λ
2−kH(2) via

formal differentiation. Then, according to the results of §6.5, Gr ζ<2 is given by the
homomorphisms

R2 : T −→ L2

(
H(2)

)
, {M} 7−→ {τ2(M)},

R′
2 : L1T −→ S2H(2), {M} 7−→ Tr(τ2(M)) + {α(M)},

R′′
2 : L2T −→ 2Z4, {M} 7−→ Tr′(−τ2(M), α(M)) + {4d′′(M)},

where the invariants α : IC → S2H and d′′ : IC[2] → 1
8Z are introduced in

[MM13] (and mentioned in Examples 6.15 & 6.17). It follows from (7.10) that
the homomorphisms R2, R

′
2 and R′′

2 also describe Grβ; this description generalizes
[MM13, Lemmas 3.18 & 3.19]. ■
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We now consider the entire groups. According to [MM03], the pair (τ1, β) in-
duces an isomorphism between IC/Y2 and the fibered product Λ3H×Λ3H(2)Cub(Ω),
where the homomorphism Λ3H → Λ3H(2) is the modulo 2 reduction and the map
Cub(Ω) → Λ3H(2) is the formal third differentiation. We recover this with the
LMO functor as follows.

Proposition 7.8. The following diagram is commutative:

(7.11)
IC
Y2

(τ1,β)
//

(
Z<

1 ,ζ
<
2

)
��

Λ3H ×Λ3H(2) Cub(Ω)

(
A<

1 (H)⊗Q
)
⊕
(
A<,c

2 (H)⊗Q/Z
)

A1(P )

ψ

jj

(p∗,δ
<)

oo

(p∗,mult)

OO

where “mult” is defined by multiplication of affine functions, and the map (τ1, β) is
an isomorphism.

Proof. That the upper inner triangle is commutative follows from the variation
formula for τ1 under Y -graph surgery [MM03, Lemma 4.22] (and the analogous
formula for β). The lower inner triangle is commutative by (3.1) and (3.31). It is
proved, using the primary decomposition (2.7) of P , that (p∗,mult) is an isomor-
phism (see [MM03, Lemma 4.24]). Since ψ is an isomorphism (by Corollary 7.3),
we deduce that (τ1, β) is an isomorphism too. □

Remark 7.9. The commutative diagrams (7.10) and (7.11) could also be deduced
from the results of [MM13, §5.2]. ■

8. The degree-three case

In this last section, we apply the results of §4–§6 to the case of degree 3. Specifi-
cally, we give an intrinsic description of the quotient Y3IC/Y4 as an Sp(H)-module,
and we derive several consequences.

8.1. Description of the Sp(H)-module Y3IC/Y4. First of all, we make explicit
the surgery map Ψ introduced in §4.2, the map E introduced in §4.3, as well as the
map ∆ of §4.4. These are the contents of the next two lemmas (where we use the
convention (2.8) to write formulas for those maps).

Lemma 8.1. We have the commutative diagram

(8.1) H(2) ⊗ Λ2P (2) Ψ //

E

��

Tors
(Y3IC

Y4

)
,

Tors
(
A<,c

3 (H)
) ψ

77

where, for all h ∈ H(2) and for all x, y ∈ P (2), we have

E(h⊗x∧y) =
h x x y y<∥ ∥<

=

h x x y y< < <<

+fr(y)

h
x

x<<

+fr(x)

h
y

y<<

and

Ψ(h⊗ x∧ y) =

(
U surgered along

)
.
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(Here the graph clasper has 3 layers of leaves: there is one leaf realizing h ∈ H(2)

in the lower slice of U , two parallel leaves realizing x ∈ P (2) in the middle slice,
and two parallel leaves realizing y ∈ P (2) in the upper slice.)

Proof. Specializing Proposition 4.14 to the case n := 1, we obtain the commutative
diagram

(8.2) B<1
(
P (2)

) Ψ //

E

��

Tors
(Y3IC

Y4

)

Tors
(
A<,c

3 (H)
) ψ

77

where (using Remark 4.2) the map E is given by

(8.3) E
(

h⋆

x < y )
=

h x x y y<∥ ∥<

for all h ∈ H(2) and x, y ∈ P (2). It easily seen that (8.3) is zero when x = y (as a
consequence of “IHX” and “AS”). Hence, the map E in (8.2) factorizes through
H(2) ⊗ Λ2P (2), and so does the surgery map Ψ. □

Lemma 8.2. We have the commutative diagram

H(2) ⊗ Λ2P (2)

∆
((

E // Tors
(
A<,c

3 (H)
)

δ<

��

A<,c
4 (H)⊗Q/Z

where the Sp(H)-equivariant map ∆ is given by

(8.4) ∆(h⊗ (x ∧ y)) = 1

2

h < h < x ∥ x < y ∥ y

+
1

2

h < x < y ∥ y

+
1

2

h < x ∥ x < y

,

for all h ∈ H(2) and x, y ∈ P (2).

Proof. This is obtained by specializing Lemma 4.16 and formula (4.9) at n := 1. □

Furthermore, we will need the next two lemmas, whose proofs are postponed to
the end of this section.

Lemma 8.3. The map E : H(2) ⊗Λ2P (2) → Tors
(
A<,c

3 (H)
)
is an isomorphism of

Sp(H)-modules.

Lemma 8.4. The linear map C : Λ3P (2) → H(2) ⊗ Λ2P (2) defined by

C(x, y, z) := p∗(x)⊗ (y ∧ z) + p∗(y)⊗ (z ∧ x) + p∗(z)⊗ (x ∧ y)

is injective, and Ψ : H(2)⊗Λ2P (2) → Tors(Y3IC/Y4) vanishes on Im(C) ≃ Λ3P (2).

Remark 8.5. The composite map E ◦ C : Λ3P (2) → A<,c
3 (H) is a refinement

of some constructions appearing in [CST16, Def. 40] and [NSS22a, Def. 3.4] for
arbitrary degrees. ■

With the above lemmas, we are now able to prove the following description of
the Sp(H)-module Tors

(
Y3IC/Y4

)
.
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Theorem 8.6. We have the commutative diagram

(8.5)
(
H(2) ⊗ Λ2P (2)

)/
Λ3P (2)

Ψ

��

∆

**

Tors
(Y3IC

Y4

)
ζ<4

// A<,c
4 (H)⊗Q/Z

where Ψ is an Sp(H)-isomorphism, and ζ<4 is an Sp(H)-embedding.

Note that, although it comes from the LMO functor, the map ζ<4 on Tors
(
Y3IC/Y4

)
is independent of the choices inherent to the construction of the latter.

Proof of Theorem 8.6. By Lemma 8.4, the homomorphism Ψ factorizes through(
H(2) ⊗ Λ2P (2)

)/
Λ3P (2). Thus, the diagram (8.5) follows directly from Theo-

rem 4.17 specialized to n := 1.
Since ψ : A<,c

3 (H) → Y3IC/Y4 is surjective and is rationally an isomorphism, its

restriction ψ : Tors
(
A<,c

3 (H)
)
→ Tors

(
Y3IC/Y4

)
is surjective too. Since E is an

isomorphism (by Lemma 8.3), we deduce from (8.1) that Ψ is surjective. Therefore,
we are reduced to show that ∆ is injective.

The s-loop filtration on B<n
(
P (2)

)
defined in §5.3 for n := 1 induces a filtration

S = L0S ⊃ L1S ⊃ L2S = {0}
on its quotient S :=

(
H(2) ⊗ Λ2P (2)

)
/Λ3P (2): here L1S denotes the submodule

generated by the elements {h ⊗ (s ∧ y)} for all h ∈ H(2) and y ∈ P (2). We also
endow A := A<,c

4 (H)⊗Q/Z with the loop filtration (LkA)k≥0, and we know from
Proposition 5.5 that ∆ : S → A is filtration-preserving. To prove that ∆ is injective,
it suffices to prove that GrL∆ is injective.

For this purpose, we claim the exactness of following sequence:

(8.6) 0 −→ S2H(2) w−→ H(2) ⊗ Λ2P (2)

Λ3P (2)

z−→ L3

(
H(2)

)
−→ 0.

Here, w is defined by w(h·p∗(y)) := {h⊗(s∧y)} and z is defined by z({h⊗x∧y}) :=
[h, [p∗(x), p∗(y)]], for any h ∈ H(2) and x, y ∈ P (2). The surjectivity of z and the
inclusion of Im(w) in Ker(z) are obvious. Furthermore, we deduce from (8.4) that

(
∆(w(h · y)) mod L2A

)
=

1

2

hh

y y
∈ GrL1 A ≃ Ac

4,1(H)⊗Q/Z(8.7)

=
1

2

{
hhyy

}
∈
(
H⊗4

)
D8

⊗Q/Z

for any h, y ∈ H(2), using the identification (5.7). It follows that w is injective.
Hence, using that

(
H(2) ⊗ Λ2H(2)

)
/Λ3H(2) ≃ L3

(
H(2)

)
, we deduce that∣∣S2H(2)

∣∣ = | Im(w)| ≤ |Ker(z)|
=

∣∣(H(2) ⊗ Λ2P (2)
)
/Λ3P (2)

∣∣− ∣∣(H(2) ⊗ Λ2H(2)
)
/Λ3H(2)

∣∣
=

∣∣H(2) ⊗
(
Λ2P (2)/Λ2H(2)

)∣∣− ∣∣Λ3P (2)/Λ3H(2)
∣∣

=
∣∣H(2) ⊗H(2)

∣∣− ∣∣Λ2H(2)
∣∣ =

∣∣S2H(2)
∣∣;

hence we have Im(w) = Ker(z), which proves the above claim.
Since the image of w is L1S, the sequence (8.6) shows that L0S/L1S ≃ L3

(
H(2)

)
and that L1S/L2S ≃ S2H(2). In addition, another application of (8.4) shows that

(8.8) ∆({h⊗x∧y}) = 1

2

y

x

h

h

x

y
= Lev([h, [x, y]]) ∈ Ac

4,0(H)⊗Q/Z,

where we use Levine’s embedding (5.6). So, to sum up, we have proved that GrL∆
is given by

L3(H
(2)) ≃ GrL0 S −→ GrL0 A ≃ Ac

4,0(H)⊗Q/Z, [h, [x, y]] 7−→ Lev([h, [x, y]])
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S2H(2) ≃ GrL1 S −→ GrL1 A ≃ Ac
4,1(H)⊗Q/Z, h · y 7−→ 1

2

hh

y y

in degrees 0 and 1, respectively. We conclude that GrL∆ is injective. □

As a consequence, we obtain a characterization of the Sp(H)-module Y3IC/Y4.

Corollary 8.7. We have the commutative diagram of Sp(H)-modules

(8.9) 0 //
H(2) ⊗ Λ2P (2)

Λ3P (2)

E //

Ψ

��

A<,c
3 (H)

E(Λ3P (2))
//

ψ

��

A<,c
3 (H)

TorsA<,c
3 (H)

//

��

0

0 // Tors(Y3IC/Y4) // Y3IC/Y4
Z<

3 // “A<,c
3 (H)” // 0,

with exact rows and vertical isomorphisms. Furthermore, the map

(8.10) (Z<3 , ζ
<
4 ) : Y3IC/Y4 −→ “A<,c

3 (H)” ⊕
(
A<,c

4 (H)⊗Q/Z
)

is an Sp(H)-embedding for the Sp(H)-action defined by (3.40).

Proof. The commutativity of the diagram follows from (8.1) and (3.1). The ex-
actness of the first row is a consequence of Lemma 8.3, while the exactness of the
second row follows from (3.1). The third vertical arrow is induced by the canonical
map A<,c

3 (H) → A<,c
3 (H)⊗Q, so that it is obviously an isomorphism. Since Ψ is

an isomorphism (by Theorem 8.6), so is ψ.
Since Z<3 : Y3IC/Y4 → “A<,c

3 (H)” is rationally an isomorphism, and since ζ<4 :

Tors(Y3IC/Y4) → A<,c
4 (H)⊗Q/Z is injective (by Theorem 8.6), the map (8.10) is

injective. It is also Sp(H)-equivariant by Corollary 3.14. □

8.2. Extracting classical invariants from LMO. We start by analyzing the
component Z<3 of (8.10). For this, we consider the following classical invariants:

• the third Johnson homomorphism τ3 with values in D3(H) ≃ “Ac
3,0(H)”;

• the degree 3 part p+α̃3 of the non-commutative Reidemeister–Turaev tor-
sion, whose target “Ac

3,1(H)” is identified with Λ3H through the canonical
isomorphism

x
y

z

7−→ x ∧ y ∧ z.
According to (6.4) and (6.5), they correspond respectively to the 0-loop part Z3,0

and 1-loop part Z3,1 of Z3 = X−1 ◦ Z<3 :

(8.11) Y3IC/Y4
τ3 //

Z3,0
&&

D3(H)

“Ac
3,0(H)”

≃ η

OO
Y3IC/Y4

−p+α̃3
//

2Z3,1
&&

Λ3H

“Ac
3,1(H)”

≃

OO

To express their mutual dependency, let Tr : D3(H) → Λ3H(2) be the map given
by Lemma 6.8 via the above mentioned isomorphisms: specifically, we have

Tr
(
v

w x y

z

)
= ω(v, z)w ∧ x ∧ y + ω(v, y)w ∧ x ∧ z

+ω(w, z) v ∧ x ∧ y + ω(w, y) v ∧ x ∧ z.

Let also D3(H)×Λ3H(2)Λ3H be the fibered product over Tr and the mod 2 reduction
Λ3H → Λ3H(2).

Proposition 8.8. We have the short exact sequence of Sp(H)-modules

0 // Tors(Y3IC/Y4) // Y3IC/Y4
(τ3, p+◦α̃3)

// D3(H)×Λ3H(2) Λ3H // 0.
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Proof. This is deduced by specializing Proposition 6.13 at r := 1 and k := 3, as in
Corollary 6.14. □

We now analyze the component ζ<4 of (8.10). Since the maximal torsion-free
quotient of Y3IC/Y4 is characterized in Proposition 8.8, we restrict ourselves to
Tors(Y3IC/Y4) and use the results of §6.5. Specifically, we need the homomorphisms

R4 : Tors(Y3IC/Y4) −→ L3

(
H(2)

)
, {M} 7−→ {τ4(M)},

and

R′
4 : Ker(R4) −→ Ac

4,1(H)⊗ Z2, {M} 7−→ Tr(τ4(M)) +
{
p+α̃4(M)

}
given by Proposition 6.18 and Corollary 6.20, respectively. Recall that R4 = R

(0)
4

and R′
4 = R

(1)
4 determine, respectively, the degree 0 part and degree 1 part of

GrL ζ<4 : GrL Tors(Y3IC/Y4) −→ GrLA<,c
4 (H)⊗Q/Z ≃ Ac

4(H)⊗Q/Z

where the module Tors(Y3IC/Y4) is endowed with the filtration (6.20).

Proposition 8.9. We have the following diagram of Sp(H)-modules

(8.12)

0 S2H(2) H(2) ⊗ Λ2P (2)

Λ3P (2)
L3

(
H(2)

)
0

0 Ker(R4) Tors(Y3IC/Y4) L3

(
H(2)

)
0

w

Ψ◦w

z

Ψ

R4

with exact rows and vertical isomorphisms, where the maps w and z are given by
w(h · p∗(y)) := {h ⊗ (s ∧ y)} and z({h ⊗ x ∧ y}) := [h, [p∗(x), p∗(y)]], respectively.
Furthermore, we have the following commutative triangle:

(8.13) h · y ∈
�

##

S2H(2)

%%

Ψ◦w
≃

// Ker(R4)

R′
4

��hh

y y
∈ Ac

4,1(H)⊗ Z2

Proof. The first exact row in (8.12) already appeared in (8.6), and Ψ is an isomor-
phism by Theorem 8.6. Therefore, the first claim of the proposition reduces to the
commutativity of the right-hand square. This follows from (8.5), which shows that

ζ<4 ◦Ψ = ∆, from (6.22), which connects R4 with GrL0 ζ
<
4 , and from (8.8), where ∆

was computed at the tree level.
As for the commutativity of (8.13), this follows from (6.27), which relates R′

4

to GrL1 ζ
<
4 , from diagram (8.5), which gives ζ<4 ◦ Ψ = ∆, and from (8.7), which

computes ∆ ◦ w. □

We conclude this subsection with a characterization by classical invariants of
the Y4-triviality for homology cylinders. Recall firstly from [MM13, Th. A] that
an M ∈ IC is Y3-equivalent to the unit cylinder U if, and only if, the following
conditions are satisfied:

• τ1(M) = 0 ∈ D1(H) and, furthermore, τ2(M) = 0 ∈ D2(H);
• α(M) = 0 ∈ S2H, where α is the quadratic part of the relative Alexander
polynomial (which is α̃2 = p+α̃2 in the present notations);

• λ(M) = 0 ∈ Z, where λ denotes the variation of the Casson invariant for a
fixed Heegaard embedding of Σ in S3.

Then, the following is deduced from Proposition 8.8 and Proposition 8.9.

Corollary 8.10. An M ∈ IC is Y4-equivalent to the unit cylinder U if, and only
if, we have λ(M) = 0 and the following conditions are successively satisfied:

• τ1(M) = 0, τ2(M) = 0 and τ3(M) = 0, i.e. M acts trivially on π/Γ5π;
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• α̃2(M) = 0 and α̃3(M) = 0, i.e. the I4-reduction of α̃ is trivial;
• R4(M) = 0, i.e. τ4(M) is in D′

4(H) ⊂ D4(H);
• R′

4(M) = 0, i.e. Tr(τ4(M)) = p+
(
α̃4(M)

)
∈ Ac

4,1(H)⊗ Z2.

8.3. The Torelli Lie algebra in degree 3. Recall that the mapping cylinder
construction (1.1) induces a Lie algebra map Gr c : GrΓ I → GrYIC.

Theorem 8.11. The homomorphism Gr3 c restricted to the torsion subgroups

Gr3 c : Tors(Γ3I/Γ4I) −→ Tors(Y3IC/Y4)
is surjective in genus g ≥ 4. Therefore, the Sp(H)-module Tors(Γ3I/Γ4I) surjects

onto
(
H(2) ⊗ Λ2P (2)

)
/Λ3P (2).

The proof of Theorem 8.11 is based on the following three lemmas, where we use
the notation x̃ := σ(x) ∈ P (2) for every x ∈ H and the basis (7.7) of P (2).

Lemma 8.12. The Sp(H)-module
(
H(2) ⊗ Λ2P (2)

)
/Λ3P (2) is generated by the

class of a1 ⊗ b̃1 ∧ ã2, in genus g ≥ 3.

Proof. We claim that the Sp(H)-moduleH(2) ⊗ Λ2P (2) is generated by the elements

x := a1 ⊗ b̃1 ∧ ã2 and y := a2 ⊗ ã1 ∧ b̃1. Moreover, we observe that

y ≡ x+ b1 ⊗ ‹a1 ∧ ‹a2, mod Λ3P (2),

and that b1 ⊗ ã1 ∧ ã2 can be obtained from x via the symplectic transformation
sending (a1, b1) to (−b1, a1). (Here, and below, we define elements of Sp(H) by
specifying only the elements of the basis S that are modified; besides, we use
the description (2.6) of the Sp(H)-action on P (2).) We deduce that the quotient(
H(2) ⊗ Λ2P (2)

)
/Λ3P (2) is Sp(H)-generated by the single element x.

We now prove the above claim. As an abelian group, H(2) ⊗ Λ2P (2) is generated
by the elements u ⊗ ṽ ∧ w̃ for all u ∈ S and v, w ∈ S ∪ {s}. Firstly, using the
symplectic transformation that exchanges (ai, bi) with (aj , bj) for every i ̸= j, and
the symplectic transformation that maps (ai, bi) to (−bi, ai) for every i, we easily
see that the Sp(H)-module H(2) ⊗ Λ2P (2) is generated by the following elements:

a1 ⊗ ã1 ∧ b̃2, a1 ⊗ ã1 ∧ b̃1, x, y, a1 ⊗ ã2 ∧ ã3, a1 ⊗ s ∧ b̃1, a1 ⊗ s ∧ ã2, a1 ⊗ s ∧ ã1.
Next, it remains to show that the above six elements (other than x and y) belong
to the Sp(H)-submodule V of H(2) ⊗ Λ2P (2) generated by x and y:

(i) The element of Sp(H) mapping a1 to a1+b1 transforms x to x+b1⊗ b̃1∧ ã2;
hence we have b1 ⊗ b̃1 ∧ ã2 ∈ V and, so, a1 ⊗ ã1 ∧ b̃2 ∈ V .

(ii) The element of Sp(H) mapping (a2, b1) to (a1 + a2, b1 − b2) transforms y

to a1 ⊗ ã1 ∧ b̃1 − a1 ⊗ ã1 ∧ b̃2 + y − a2 ⊗ ã1 ∧ b̃2. Clearly, a2 ⊗ ã1 ∧ b̃2 is in

the Sp(H)-orbit of x, hence we deduce from (i) that a1 ⊗ ã1 ∧ b̃1 ∈ V .
(iii) The element of Sp(H) mapping (b1, b3) to (b1+a3, b3+a1) transforms x to

x+ a1 ⊗ ã3 ∧ ã2; therefore, we have a1 ⊗ ã2 ∧ ã3 ∈ V .

(iv) The element of Sp(H) mapping a2 to a2 + b2 maps x to x+ a1 ⊗ b̃1 ∧ b̃2 +
a1 ⊗ b̃1 ∧ s. Since a1 ⊗ b̃1 ∧ b̃2 is in the Sp(H)-orbit of x, we deduce that

a1 ⊗ s ∧ b̃1 ∈ V .
(v) The element of Sp(H) mapping a1 to a1+b1 transforms y to y+a2⊗s∧ b̃1;

hence, we have a2 ⊗ s ∧ b̃1 ∈ V and, so, a1 ⊗ s ∧ ã2 ∈ V .
(vi) The element of Sp(H) mapping (a2, b1) to (a1 + a2, b1 − b2) transforms

a1 ⊗ s ∧ ã2 to a1 ⊗ s ∧ ã2 + a1 ⊗ s ∧ ã1 hence, by (v), a1 ⊗ s ∧ ã1 is in V .

This concludes the proof of the lemma. □

Lemma 8.13. In genus g ≥ 4, the Jacobi diagram

E
(
a1 ⊗ ‹a2 ∧ ‹b1) = a1 a2 a2 b1 b1< < <<

∈ Tors
(
A<,c

3 (H)
)

belongs to the image of the bracketing map B3 : Lie3(Λ
3H) → A<,c

3 (H).
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Proof. The Lie algebra isomorphism φ : Ac(S) ⊕ Z2 · Y → A<,c(P ) given in Re-
mark 2.17 maps

T :=
a2

b1 a1 b1

a2
to

a1 a2 a2 b1 b1< < <<

.

Hence, it suffices to show that T decomposes into Lie brackets of length 3 in the
Lie subalgebra Ac(S). We compute

T1 :=

 b1

a2 b4
,

a1

a4 a2

b1

+

b3

a2 a4

a3
 =

a2

b1 a1 b1

a2
+

a2

b4 a4 b1

a2
−

a2

b3 a3 b1

a2

(where we have used the IHX relation for the vanishing of a one-loop diagram), and

T2 :=

 b1

a1 a2
,

b4

a2 b1

a4

−
b3

a2 b1

a3
 = −

a2

b4 a4 b1

a2
+

a2

b3 a3 b1

a2
.

Note that T1 + T2 = T . Moreover, we have b1

a2 b3
,

a1

a3 a4

 =

b1

a2 a4

a1

+

a2

b3 a3

a4

+ a2 a4 ,

so that (using “IHX” again) we get

T1 =

 b1

a2 b4
,

 b1

a2 b3
,

a1

a3 a4


 .

Moreover, we have b3

a2 a4
,

a3

b4 b1

−

 b4

a2 a4
,

a4

b4 b1



=

Ü
−
b3

a2 b1

a3

+

a2

a4 b4

b1
ê

−

Ü
−
b4

a2 b1

a4

+

a2

a4 b4

b1
ê

=

b4

a2 b1

a4

−
b3

a2 b1

a3

so that we obtain

T2 =

 b1

a1 a2
,

 b3

a2 a4
,

a3

b4 b1

−

 b4

a2 a4
,

a4

b4 b1


 .

□

Lemma 8.14. In genus g ≥ 3, τ3 ⊗Q : (Γ3I/Γ4I)⊗Q → D3(H)⊗Q is injective.

This result is well-known to specialists, but we could not locate a formulation that
explicitly states the genus and applies to the particular surface Σ in question (which
has a single boundary component). For this reason, we provide a proof.

Proof of Lemma 8.14. Since we will make extensive use of Hain’s results, we shall
largely adopt his notation. For any g, n, r ≥ 0, denote by tng,r the Malcev Lie algebra
of the Torelli group Tng,r associated with a compact oriented surface of genus g hav-
ing r boundary components and n interior marked points. By [Hai97, Th. 1.4], the
Lie algebra tng,r carries for g ≥ 3 a Q-mixed Hodge structure whose weight filtration
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agrees with its (completed) lower central series. Consequently, tng,r is isomorphic to
the (degree-completion of) its associated graded Lie algebra Gr tng,r. Moreover, this

graded Lie algebra is canonically identified with the associated graded (GrΓ Tng,r)⊗Q
of the lower central series of Tng,r, after tensoring with Q.

In our current setting, we focus on Tg,1 := T 0
g,1 (which corresponds to I in our

notation) and on tg,1 := t0g,1 (whose associated graded object is (GrΓ I)⊗Q in our
notation). We also work with the Johnson filtration

Tg,1 = Tg,1[1] ⊃ · · · ⊃ Tg,1[k] ⊃ Tg,1[k + 1] ⊃ · · ·

which is defined as the sequence of kernels of the actions of Tg,1 on the successive
nilpotent quotients of the fundamental group π1(Σg,1, ⋆), where the base point ⋆
lies in ∂Σg,1. Its associated graded (with rational coefficients) is denoted by mg,1.
Thus, the lemma requires us to show that the canonical map Gr tg,1 → mg,1 is
injective in degree 3 for g ≥ 3.

For this purpose, we also introduce the Johnson filtration on T 1
g , defined in the

same way as for Tg,1, by looking at the action on π1(Σg, ⋆), where ⋆ denotes the
marked point of Σ1

g. The Johnson filtration on Tg is then defined as the image of the

latter under the canonical projection T 1
g → Tg. Denote by m1

g and mg, respectively,
the associated graded objects (with rational coefficients) of these two filtrations.

Following Morita, Sakasai and Suzuki [MSS20, Prop. 3.1], we claim that the
maps Gr tg,1 → mg,1 and Gr tg → mg have kernels that are naturally isomorphic.
Their proof relies on the commutative diagram

(8.14) 0 // Gr pg,1 // Gr tg,1 //

��

Gr tg

��

// 0

0 // Gr pg,1 // mg,1 // mg // 0.

Here, pg,1 denotes the Malcev Lie algebra of the fundamental group of the unit
tangent bundle of Σg. This Lie algebra carries a mixed Hodge structure whose
weight filtration is given by its lower central series [Hai97, Prop. 4.4]. The top row
of (8.14) is obtained by applying the functor Gr(−) to the short exact sequence
from [Hai97, Prop. 3.6] in the category of Lie algebras endowed with mixed Hodge
structures (as carried out at the bottom of [Hai97, p. 628]); in particular, the
top row is exact. The exactness of the bottom row of (8.14) requires additional
explanation. By [AK87, Prop. 2], there is a short exact sequence

0 // Gr p1g // m1
g

// mg // 0,

where p1g is the Malcev Lie algebra of the fundamental group of Σg. Moreover, in
answer to a question posed by Asada and Nakamura [AN95], Hain [Hai97, §14.4]
established the exactness of

0 // Q(1) // mg,1 // m1
g

// 0.

All these statements are valid under the assumption g ≥ 3. Thus, with this hypoth-
esis, we have established the exactness of the bottom row of (8.14), which completes
the proof of the preceding claim.

To conclude the proof of the lemma, it remains to justify that the canonical map
Gr tg → mg is injective in degree 3 for g ≥ 3. This is implied by the last statement
of [Hai15, Cor. 7.6] for g ≥ 4, combined with [Hai15, Prop. 9.3] for g = 3. □

Remark 8.15. Although this result is not required here, we note the recent
preprint [NW26], in which Naef and Willwacher show the injectivity of τk ⊗ Q :
(ΓkI/Γk+1I)⊗Q → Dk(H)⊗Q for any k ≥ 3 provided that g ≥ 3k. ■
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Proof of Theorem 8.11. By Lemma 8.13, there exists an element ℓ ∈ Lie3(Λ
3H)

such that B3(ℓ) = E
(
a1⊗‹a2∧‹b1). Proposition 2.14 gives the commutative diagram

(8.15) Lie3
(
Λ3H

)
B3

��

J3 // // Γ3I/Γ4I

Gr3c

��

A<,c
3 (H)

ψ3

// // Y3IC/Y4,

from which we deduce that

(Gr3c)(J3(ℓ)) = ψ
(
E
(
a1 ⊗ ‹a2 ∧ ‹b1)) = Ψ

(
a1 ⊗ ‹a2 ∧ ‹b1).

So, since Ψ is an Sp(H)-isomorphism (by Theorem 8.6), we deduce from Lemma 8.12
that the Sp(H)-module Tors

(
Y3IC/Y4

)
is generated by (Gr3c)(J3(ℓ)).

Moreover, the homomorphism

(Gr3 c)⊗Q : (Γ3I/Γ4I)⊗Q −→ (Y3IC/Y4)⊗Q
is injective, because the map τ3 ⊗Q from Lemma 8.14 factors through (Gr3 c)⊗Q.
Consequently, J3(ℓ) lies in the torsion subgroup of Γ3I/Γ4I. We conclude that the
map Gr3 c : Tors(Γ3I/Γ4I) → Tors(Y3IC/Y4) is surjective. The second assertion
then follows from Theorem 8.6. □

Theorem 8.11 does not address whether Gr3 c : Tors(Γ3I/Γ4I) → Tors(Y3IC/Y4)
is injective. (As shown in [MM03] and [FMS26], the map Grk c is injective for k = 1
and k = 2, respectively.) We conclude with a characterization of this injectivity.

Proposition 8.16. In genus g ≥ 4, the following assertions are equivalent:

(i) Γ3I/Γ4I embeds into Y3IC/Y4 by Gr3 c.
(ii) Tors(Γ3I/Γ4I) is isomorphic to Tors(Y3IC/Y4) by Gr3 c.
(iii) We have Γ4I =

{
f ∈ Γ3I : τ3(f) = 0, τ4(f) ∈ D′

4(H),Tr(τ4(f)) = 0
}
.

(iv) B−1
3 (Ker(ψ3)) ⊂ Ker(J3).

Proof. According to Theorem 8.11, statement (ii) is equivalent to

(ii’) Tors(Γ3I/Γ4I) embeds into Tors(Y3IC/Y4) via Gr3 c.

In the proof of Theorem 8.11, we noted that (Gr3 c) ⊗ Q is injective; hence (ii’)
is also equivalent to (i). Moreover, the commutative diagram (8.15) implies that
(i) is equivalent to (iv). Finally, since α̃(I) lies in the natural image of H inside

K1

(‘Q[π]
)
, Corollary 8.10 yields that (i) is equivalent to (iii) as well. □

8.4. Proof of some lemmas.

Proof of Lemma 8.3. By [CHM08, Lemma 8.4] (see also Proposition 2.16), we have
the following isomorphisms of abelian groups:

A<,c
3 (H) ≃ Ac

3(S) ≃ Ac
3(H) = Ac

3,0(H)⊕Ac
3,1(H)

Besides, it follows from (5.4) that

TorsAc
3,0(H) ≃ H(2) ⊗ Λ2H(2),

and it follows from (5.8) that

TorsAc
3,1(H) ≃ H(2) ⊗H(2).

Therefore, the finite abelian groups TorsA<,c
3 (H) and H(2)⊗Λ2P (2) have the same

cardinality. Thus, it is enough to prove the injectivity of E.
To prove that E is injective, we start with the commutative diagram

H(2) ⊗ Λ2P (2) A<,c
3 (H)

H(2) ⊗ Λ2H(2) L0A<,c
3 (H)

L1A<,c
3 (H)

≃ Ac
3,0(H)

E

id⊗Λ2p∗
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where, as observed in Remark 5.7, the bottom arrow coincides with the injection in
Levine’s short exact sequence (5.4). We deduce that the kernel of E is included in

Ker
(
id⊗Λ2p∗

)
= H(2) ⊗Ker

(
Λ2p∗

)
= Im(k)

where k is the homomorphism

k : H(2) ⊗H(2) −→ H(2) ⊗ Λ2P (2), h⊗ y 7−→ h⊗
(
s ∧ σ(y)

)
.

But, according to (8.3) and still using the convention (2.8), we have

(
E(k(h⊗ y)) mod L2

)
=

h
y

y

∈ L1A<,c
3 (H)

L2A<,c
3 (H)

≃ Ac
3,1(H).

Thus, using the isomorphism (5.7), we obtain that the homomorphism

E ◦ k : H(2) ⊗H(2) −→ Ac
3,1(H) ≃

(
H⊗3

)
D6
, h⊗ y 7−→ {hyy}

is injective. We conclude that E is injective. □

Proof of Lemma 8.4. Let T be the Z2-vector subspace of P (2) generated by the
elements of σ(S) for a choice of symplectic basis S = (a1, . . . , ag, b1, . . . , bg) of H.

Then, we have P (2) = T ⊕ Z2 s and T ≃ H(2) via p∗. Thus, we have the decompo-
sitions

Λ3P (2) = Λ3T ⊕ (s ∧ Λ2T ) and Λ2P (2) = Λ2T ⊕ (s ∧ T ).

Moreover, the map C is the direct sum of the homomorphism

Λ3T −→ H(2) ⊗ Λ2T ≃ T ⊗ Λ2T, x ∧ y ∧ z 7−→ x⊗ y ∧ z + y ⊗ z ∧ x+ z ⊗ x ∧ y

with the homomorphism

Λ2T ≃
(
s ∧ Λ2T

)
−→ H(2) ⊗ (s ∧ T ) ≃ T ⊗ T, y ∧ z 7−→ y ⊗ z + z ⊗ y.

Since those two components are injective, the map C is injective.
We now prove that Ψ(C(x ∧ y ∧ z)) = 0 for any x, y, z ∈ P (2) using clasper

calculus. From the proof of [NSS22a, Lemma 6.11 (2)], we get the following identity
in the abelian group Y3IC/Y4 (denoted here multiplicatively):

x z

y

=
x z

y

◦

(
x z

y
)−1

Note that the left-hand side corresponds through Ψ to the term p∗(y)⊗ (z ∧ x) in
C(x, y, z). We get the other two terms similarly by turning around x, y, z cyclically:
thus, Ψ(C(x, y, z)) is written as a product of six terms, which turn out to cancel
by pairs. For example, the first term of the right-hand side of the above identity
cancels with the term (

x z

y )−1

arising from p∗(z)⊗ (x ∧ y); indeed, we have the local move

=

which follows from a double application of [Mei06, Lemma 2.3]. □
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