ON THE DEGREE-TWO PART OF THE ASSOCIATED GRADED
OF THE LOWER CENTRAL SERIES OF THE TORELLI GROUP

QUENTIN FAES, GWENAEL MASSUYEAU, AND MASATOSHI SATO

ABSTRACT. We consider the associated graded @~ I'xZ/T'41T of the lower central series
Z=T1ZDI2Z D3 D --- of the Torelli group Z of a compact oriented surface. Its degree-
one part is well-understood by D. Johnson’s seminal works on the abelianization of the Torelli
group. The knowledge of the degree-two part (I'sZ/T'37) ® Q with rational coefficients arises
from works of S. Morita on the Casson invariant and R. Hain on the Malcev completion of Z.
Here, we prove that the abelian group I'sZ/T'37 is torsion-free, and we describe it as a lattice
in a rational vector space. As an application, the group Z/T'sZ is computed, and it is shown
to embed in the group of homology cylinders modulo the surgery relation of Y3-equivalence.
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1. INTRODUCTION

Let 3 be a compact, connected, oriented surface. Its mapping class group M := M(X) is
the group of isotopy classes of orientation-preserving homeomorphisms of ¥ that restrict to the
identity on 0%. Here, for simplicity, we assume that 3 has one boundary component and genus
g > 3. The subgroup Z := Z(X) of M that acts trivially on the homology H := H;(X;Z) of
the surface is known as the Torelli group of ¥. Tt contains the subgroup K := K(X) that is
generated by Dehn twists along bounding simple closed curves, the latter being known as the
Johnson subgroup of X.

Johnson fully determined in [13] the abelianization Z,}, := Z/[Z,Z] of the Torelli group. In
particular, he proved that Z,;, has non-trivial torsion (with only order-two elements), and that
its torsion-free abelianization Zyps := Zap / Tors(Z,p) is canonically isomorphic to A3H through
the first Johnson homomorphism

m:T — A°H,
which encodes the action of Z on the second nilpotent quotient of m1(3). Since the kernel of 7y
coincides with the Johnson subgroup, we have Z,,s = Z/K or, equwalently, Tors(Z.n) = K/[Z,Z].

Consider now the lower central series ['1Z D I'sZ D I'3Z O --- of the Torelli group, which is

defined by ThZ =Z, I'2Z = [Z,7], I'sZ = [Z, |Z,Z]] and so on. Its associated graded

.z
Gr' 7 =
gZBl | YA

is a graded Lie Z-algebra, which is generated by its degree 1 part, namely by Z,,. As a general

fact, the associated graded of the lower central series of a group is, with rational coefficients, the

same as the associated graded of the natural filtration on the Malcev Lie algebra of the group.
1
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In the case of the Torelli group, much more is known: in the fundamental work [17], Hain proved
that the degree-completion of (GI’F I) ® Q is (non-canonically) isomorphic to the Malcev Lie
algebra of Z and, furthermore, he identified the latter graded Lie Q-algebra in the following way.

Let H? := H®Q and consider the free Lie Q-algebra Lie(A% H?) generated by A>HQ. Clearly,
the map J@ defined by the composition

Lie(Tfl)

(1.1) Lie(A>HQ) Lie(Zs, ® Q) ————» (Gr' ) ® Q

is surjective, so that the determination of (GrF I) ® Q resumes at the computation of the ideal
of rational relations RQ := ker(J?). Note that the conjugacy action of M on Z induces an action
of the symplectic group Sp(H?) on (GrF I) ® Q, such that J? is Sp(H?)-equivariant. Here the
symplectic form w on H? is given by the homology intersection pairing. Then, it turns out that
the ideal R is generated by its degree 2 part R(QQ for g > 4 [17, 18]. Furthermore, for g > 3, the
subspace RY can be described as the Sp(H@)-submodule of Liey (A H?) ~ A2(A3H?) generated
by two explicit elements [17, 14]. Thus, using Morita’s works on the Casson invariant and the
second Johnson homomorphism [22, 23], one obtains an explicit description of

(T9Z/TsT) @ Q ~ A2(A*HQ)/RY.

Besides, the subspace R(g coincides with the kernel of a certain map B which is defined explicitly
on A?(A3H®?) in terms of contractions with w: see equation (3.1) below for the exact definition.
In the sequel, we shall refer to B as the diagrammatic bracket since it corresponds in [15] to a
restriction of the Lie bracket of so-called “symplectic Jacobi diagrams”, and it gives rise there
to a diagrammatic description of (I'2Z/T'3Z) ® Q.

In this paper, we are interested in the Z-module structure of Gr' Z, which (beyond its ratio-
nalization) seems to be largely unknown in degree greater than 1. A first step in this direction
is the following.

Theorem A. Let g > 3. We have [Z,[Z,Z]] = [Z,K].

)

This is proved in Section 2 as follows. Firstly, by using Johnson’s descriptions [13] of the group
T.p, and its subgroup K/[Z,Z], we observe that the triviality of the quotient [Z,K]/[Z,[Z,Z]]
follows from the nullity of two special elements (Lemma 2.3). This nullity is then ensured by
using some appropriate “Push” maps for surfaces related to X.

Theorem A has the following two consequences. On the one hand, the torsion of Grlf T =7y
does not “propagate” to higher-degree torsion elements in Gr' Z. (However, note that Gr' Z does
contain non-trivial torsion in any odd degree: see the forthcoming paper [27], which builds upon
results of [26] and [19]). On the other hand, the map (1.1) also exists with integral coefficients
in degree greater than 1:

Liesa(r; 1)

(1.2) Lies (APH) ——_~— Liexa(Zpt) ————— Grl, 7

-~ —
— —

J
Consequently, we can consider the ideal of integral relations R := ker(J), where J is the above
map. Our next result, which is proved in Section 3, computes explicitly its degree 2 part Rs.

Theorem B. Let g > 3. We have Ry = ker(B) N A?(A3H).

Of course, the inclusion Ry C ker(B) N A?2(A3H) follows from the above-mentioned identity
Rg = ker(B) [15]: alternatively, this inclusion is a direct consequence of the relationship between
the homomorphism B and the pair (second Johnson homomorphism, Casson invariant) on [Z,Z],
which will be specified in Proposition 3.2. The proof of the converse inclusion (i.e., the fact that
any element of A%(A3H) with trivial diagrammatic bracket is a quadratic relation in the graded
Lie ring Grt 7) constitutes the most technical part of this paper. In contrast with the above-
mentioned characterizations of Rg which use the representation theory of Sp(H®), our proof
of Theorem B is rather pedestrian and proceeds in two steps. First, we fix a symplectic basis
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S of H, and we produce an explicit finite generating system of ker(B) N A?2(A3H) under the
action of the subgroup of the integral symplectic group Sp(H) that stabilizes S U (—S): see
Theorem 3.6. Second, we check that each of these generators defines a quadratic relation for
Gr! Z: one of the ingredients here is the “topological THX relation” that has been identified by
Gervais and Habegger in [6].

Being isomorphic to a lattice in the Q-vector space A2(A2HQ)/ker(B), the group I'yZ/T'sT
turns out to be torsion-free. Another output of (the proof of ) Theorem B is an explicit description
of the quadratic relations. Although it is known to be true with rational coefficients from the
above-mentioned work of Hain [17], the graded Lie Z-algebra Gr' Z may not be quadratically
presented (even for g large enough). In this hypothesis, it would still be necessary to determine
the relations in higher degrees.

In Section 4, we derive from Theorem A and Theorem B other consequences. (Actually,
the reader only interested in these applications of Theorem A and Theorem B, may skip the
detailed proofs of the latter, which are contained in §2.2-§2.3 and §3.2-§3.4 respectively, and
jump directly to Section 4.) The exact structure of the groups I'yZ/T'3Z, K/T'3Z and Z/T'5Z is
obtained in Theorem 4.2 and Theorem 4.3. Note that we do not consider here the case of a
closed surface. Nonetheless, it is very likely that one could derive from our study similar results
for the same subquotients of the Torelli group of the surface 5 that is obtained from % by gluing
a closed disk along 93. (We leave the study of the closed case, which is more technical, to a
future work.)

Finally, there are two fundamental problems about the lower central series of Z in connection
with other filtrations, to which we can provide (in low degrees) a few new pieces of answer. On
the one hand, recall that the “Johnson filtration” M = M[0] D M[1] D M[2] D --- consists of
the subgroups of the mapping class group acting trivially on the successive nilpotent quotients
of m1(X). On the Torelli group M[1] = Z, this filtration is larger than the lower central series,
and the following questions arise.

Problem C. Determine the kernel and the image of the homomorphism

T MIK]
(13) Dr.z k@ Mk + 1]

E>1

from the associated graded of the lower central series of T to the associated graded of the Johnson

filtration of M.

)

Of course, the map (1.3) is very well-understood in degree k = 1 thanks to [13]. Subsequent
works [22, 30, 3] also give a nice description of its image in degree k = 2. Besides, it follows from
Hain’s results [17] that (1.3) is rationally surjective; see also [25, 19] for recent advances in the
determination of the kernel of (1.3) with rational coefficients. Having ruled out the possibility
of torsion in I'sZ/T'sZ, we determine the kernel of (1.3) for k = 2 (see Corollary 4.5). Moreover,
using the main result of [2], we obtain that (1.3) is surjective for k = 3 (see Corollary 4.6).

On the other hand, let ZC := ZC(X) be the monoid of homology cylinders over .. The study
of ZC by means of surgery techniques and finite-type invariants has been initiated by Goussarov
and Habiro in [38, 9]. Following this study, we are interested in the comparison between the lower
central series of Z and the “Y-filtration” ZC = Y1ZC D Y5ZC D Y3ZC D --- Indeed, Z embeds

into ZC via the “mapping cylinder” construction, which preserves those filtrations.

Problem D. Determine the kernel and the image of the homomorphism

1.4 ® Tz _)EBY,CIC

v
o1 TRl

from the associated graded of the lower central series of I to the associated graded of the Y -
filtration of ZC.

The case k = 1 is already known [9, 20]. Besides, the question of the injectivity for arbitrary k,
which has already been asked in [15], recently received a partial answer in [19] for rational co-
efficients (in the stable range of the genus g, and up to central elements). Using some of the
results of [20], we solve Problem D in degree k = 2 (see Theorem 4.7).
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Conventions. Given a group G and a normal subgroup N of G, the class modulo N of an
element x € G is denoted by {z}y € G/N, or simply {z} (or even just z) if there is no risk of

confusion. For any elements x,y € G, we set y = xyz~!, y* = v~ lyx and [z,y] = xyz~ty~ L

If not specified, the ground ring for linear algebra is Z. (So, for instance, a “module” means
a Z-module, i.e., an abelian group.) For k > 1, Zy, := Z/kZ is the cyclic group of order k. |

2. PROOF or THEOREM A

To prove Theorem A, we need to show that the abelian group
Z, K]
Z,[Z,7]]

is trivial, and for this, we consider the bilinear map

Q=

T : ZTap X —)Q

K
Z,7]
defined by restricting the Lie bracket of Gr' Z to degrees 1+ 1. Let (74,7-) be a pair of simple

closed curves cobounding a subsurface of genus 1 in X, and recall from [11] that Z is normally
generated in M by the product p := T, T~ ! of opposite Dehn twists: hence Z,y, is generated by

{p}z,7) as an Sp(H )-module. Since Y is surjective and Sp(H )-equivariant, the triviality of @ is
equivalent to the nullity of the map

v:="T{p},-): K/[I,I] — Q, {k}[I,I} — {[}% k]}[I,[I,I]]'

By Johnson’s work on the abelianized Torelli group [13], the sources of the map T and v are
perfectly well understood. We now review his work very briefly.

2.1. The abelianization of the Torelli group. Recall that, by our assumption, the genus g

of ¥ is at least 3. Then, the main result of [13] is an Sp(H )-equivariant isomorphism
(m1,8) 3
(21) Iab T} AN°H XABH®7Z BS3(Q)

where Q denotes the Zy-affine space of quadratic forms with polar form w®Zs, the space B<j(Q)
consists of polynomial functions @ — Zo of degree at most k, the map 8 : Z — B<3(Q) is the
Birman—Craggs homomorphism, and the maps defining the above fibered product are as follows:
the map A>H — A3H ® Zs is the canonical homomorphism, and the map B<3(Q) — A’H ® Zs
takes the third differential of cubic functions.

Recall that both 71 and 8 can be computed as follows on the product T, 7 L of opposite Dehn
twists along a pair (g,0) of disjoint and cobounding, simple closed curves:

h h
(2.2) a1 (TETé_l) = qui Av; ANe and B(TETé_l) = ZUTUT-(E+T).
i=1 =1
Here (uq,...,up,v1,...,vp) is a symplectic basis of the subsurface cobounded by ¢ and § (with

the orientation induced from ¥), and e := {e} is the homology class of € and ¢ (which have been
oriented so that the oriented boundary of the previous subsurface is e U (—0)). Furthermore, we
use the following notations: 1: Q — Zs is the constant non-trivial function and, for any h € H,
h: Q — Zs is the evaluation at h.

Remark 2.1. Note that
(23) h1 4+ ho :hi1+h72+w(h1,h2)i, for any hi,ho € H.

Besides, the canonical action of Sp(H) on B<j(Q) preserves the algebra structure, and is such
that M - h = M (h) for any M € Sp(H) and h € H. |
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As a consequence of (2.1), we also have an Sp(H )-equivariant isomorphism

(2.4) K/[Z,T) —— B<»(Q),

which can be computed as follows: for any bounding simple closed curve §, we have

h
(2.5) BT =S m
1=1

where (u1,...,up,v1,...,v) is & symplectic basis of the subsurface of ¥ that is bounded by 0.

FIGURE 1. A system of “meridians & parallels” in X

2.2. Nullity of the map v. Let (a1, ..., a4, B1,...,08y) be a system of “meridians & parallels”
in ¥ as shown in Figure 1. These are oriented simple closed curves and, with the basing arcs
shown on the same figure, they define a basis of the free group 7 := 71 (3, x) with x € 9%. The
corresponding basis of H = H;(X;Z) is denoted by

(26) {al,...,ag,bl,...,bg}.
In the sequel, we take v; and y_ to be the curves shown in Figure 2.

O

FIGURE 2. The cobounding pair (y4,7-), and the bounding simple closed
curves ci, Ca

Let S, be the subgroup of Sp(H) stabilizing the class {p} € Za, of p =T, TA/_}.
Lemma 2.2. As an S,-module, B<2(Q) is generated by the following elements:
(2.7) arby, azba, a3bs, arbe, a3bo.
Proof. It follows from the isomorphism (2.1) and from formulas (2.2) that S, is the subgroup of
Sp(H) fixing both a; Aby Aaz € A>H and @y by (1+@z) € B<3(Q). Thus, using Remark 2.1, we
easily check that the following elements of Sp(H) belong to Sp:
e (' maps by to by + ay and fixes all other elements of (2.6);
e for i # g, D; maps (b;, bi+1) to (b; +ait1,b;41 + a;) and fixes all other elements of (2.6);
e for i # 2, E; maps (a;,b;) to (—b;,a;) and fixes all other elements of (2.6);
e for i,j > 3, F;; exchanges (a;,b;) with (a;,b;) and fixes all other elements of (2.6).
Let V' be the Sp-submodule of B<3(Q) generated by (2.7). As a Zg-vector space, B<2(Q) is
generated by the following elements:
(i) @b (i) @by (i #5) (i) @a; (i <)) B
(iv) bibj (i <j) (v) @ (vi) b; (vii) 1
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Hence, it suffices to check that the above elements belong to V:

e For i > 4, we have @;b; € V since @;b; = F3; - agbz, which gives the proof for (i).

e We have Dy - Gzby = aGzbs + a3 @3, hence az ag € V which implies aga; = F3;-azasz €V
for all 4 > 3. Next, Dy - G1b1 = aib1 + a1 az hence araz € V. Moreover, Dy - Giby =
@by +ay az so that @y az € V which implies ay @; = F3; -ayas € V for all i > 3. Finally,
D3 - Gzbs = G3bs + Gz ag so that azaz € V, which implies @;a; € V for all 3 < i < j.
This proves that elements of type (iii) belong to V.

e For all i > 3, we have @;by = Rs; - a3by € V. Moreover, for all j # 2 and i # j, we
deduce from (iii) that @;b; = E; - @;a; € V. Thus we have proved that elements of type
(ii) belong to V.

e For all i # 2 and j # i, we deduce from (ii) that b;b; = E; - a;b; € V, which proves (iv).

e We have D, - Giby = Gibs + @1 which implies that @ € V. We have D1 -biag = biaz +aa
and so, by (ii), we get @z € V. Next, we have C - bjaz = aj az + biaz + az which, by
(ii) and (iii), implies that az € V. It follows that a; = F3; -az € V for all ¢ > 3, which
concludes for (v).

e We have C; - by by = by by + @1by + by so, using (ii) and (iv), we obtain by € V. Since
b; = E; - @; for every i # 2, we then deduce case (vi) from case (v).

e Finally, C; - by = by + a7 + 1, and case (vii) follows too.

O

Lemma 2.3. As an S,-module, the image of v : K/[Z,1] — Q is generated by v(Te,) and v(T,),
where c1 and co are the simple closed curves shown in Figure 2.

Proof. Since the isomorphism (2.1) is Sp(H )-equivariant, we deduce from Lemma 2.2 that the
Spy-module K/[Z,Z] is generated by the classes of any fi, fa,..., fs € K such that

B(f1) =ar b1, B(f2) =az-ba, B(f3) =a5-bs, B(fs) =a1-ba, B(f5) =73 - bs.

Using (2.5) and considering the following bounding curves 7i,v2,vs, we see that f1 := T,
fo:=1,T,, and f3 :=T,,T,, suit our purposes:

Besides, (2.5) also gives

B(Te) =i b+ by = a7 by +ar-by and B(T,) =5 -bp + b3 = @3-y + 5 s,
showing that we can take fy := fiT,, and f5 := f3T,,.

Since the map v is S,-equivariant and since its source is Sp-generated by {f1},...,{fs}, its
image is Sp-generated by v({f1}),...,v({f5}). Since the curve ~; is disjoint from 4 and y_ for
each i € {1,2,3}, we obviously have v({T,,}) = 0. Hence, by definition of fi,..., f5, the image
of v is Sp-generated by v({T¢, }) and v({T,}). O

Assume now that both [p,T.,] and [p,T.,] belong to I'sZ: this will follow from Example 2.5
and Example 2.6, respectively, in the next subsection. Then we have v(7T,,) = v(T,,) = 0, and
Lemma 2.3 implies that the map v is zero. Therefore, the group Q = [Z,K]/[Z, [Z,Z]] is trivial,
which proves Theorem A.

2.3. The “Push” map and its applications. To prove that [p,T.,] € T'sZ for i = 1,2 (see
Examples 2.5 and 2.6 below), we use the “Push” map. So we start by reviewing this construction.

Let W be a compact, connected, oriented surface with b € {1,2} boundary components, and
fix a connected component § of 9W. The surface obtained from W by gluing a closed disk D
along 4 is denoted by W. The unit tangent bundle of W is denoted by UT (W), we choose a
base point ¥ e UT(W) which projects to the center x € D.
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There is a homomorphism M(W) — M(W) that maps any f to f := f Uidp. Moreover,
there is a anti-homomorphism Push : m (UT(W), ?) — M(W) given by Push(fiber) = T, and
by
(2.8) Push(7) = T,, T, "
for any (smooth) oriented simple closed curve v in W, whose unit tangent vector field 7 passes
through ¥ here v+ (resp. v—) is the boundary component of a regular neighborhood N(«) of v

(containing D) where the orientation induced by N(7) is the same as (resp. opposite to) the
orientation parallel to v. Then, the Birman’s exact sequence is

O M) —— 1,

Push
E——

m (UT(W), %) M(W)

see [0, §4.2.5] or [29], for instance. (Furthermore, the “Push” map is injective if X(W) < 0, but
we shall not need this fact.)

Let V be another (compact, connected, oriented) surface with ¢ € {1,2} boundary compo-
nents, and assume that one connected component of 9V is identified to . Then, by gluing W
and V along §, we get a new surface W+ = W UV, which has b + ¢ — 2 boundary components.

There is a homomorphism M(W) — M(W™) that maps any f to f* := fUidy. In the
sequel, we consider the following composition

Py N\t
o (UT(W), 7) 258 pm(w) % MWH)

Pusht

Proposition 2.4. Assume that the curve § bounds in Wt (i.e. b=1 or c = 1), so that W+
has at most one boundary component. Then, we have the following:
(1) Push™ takes values in TZ(W);
(2) for any u € m (UT(W),?) and w € M(W) such that W acts trivially on the quo-
tient m (W, %) /Tpm (W, ) for some k > 2, the commutator [wT, Push™ (u)] in M(WT)
belongs to T Z(WT).

Proof. (1) By assumption, Push™ (fiber) = T5 € M(W) is the Dehn twist along a bounding
simple closed curve and, so, belongs to Z(W ™). Thus, it remains to check that, for any simple
closed curve v C W as in (2.8), we have Push(7) € Z(W). Indeed, if ¢ = 1, then ~, and ~_
cobound a subsurface in W (which contains V). Besides, if b = 1, then (depending on whether
v is separating or not in W) either each of v, and v_ bounds a subsurface in W Cc W+, or, v,
and v_ cobound a subsurface in W C WT.

(2) For k = 2, the statement follows from (1). Indeed it is easily checked with a Mayer—Vietoris
argument that w™ € Z(W™) (by distinguishing the case b = 1 from the case ¢ = 1). Hence we
assume in the sequel that k£ > 3.

It easily follows from (2.8) that the Push map is M(W)-equivariant in the following sense:
for any z € m (UT(W),?) and f € M(W), we have Push (?*(x)) = fPush(z)f~!, where

o~

7 : UT(/VV) — UT(/VI7) is the fiber-bundle map induced by the diffeomorphism f : W — W.
Hence we have

(2.9) [w",Push®(u)] = (w Push(u)w*1)+ (Pusth(u))_1 = Push™ (@, (u)) (Push*(u))_l.

Next, we claim that U := u~! @, (u) belongs to Ty, (UT(W), ?) Then, we conclude from (2.9)
and statement (1) that [wT, Push™ (u)] = Push® (U) belongs to [+ Z(W™).

It now remains to prove the above claim. By the assumption on w, we know that v ! @, (u) =
U - fiber’ for some U € T'ym (UT(I/IA/),?) and i € Z (both depending on u). Projecting this
identity onto Hj (UT(W); Z), we obtain that W, ([u]) = [u] + i - [fiber]. But, w acts trivially on
H,y (UT(W); Z), which implies that ¢« = 0 and proves the claim.

The triviality of the action of @ on Hy (U T(W); Z) can be justified as follows, by distinguishing

the case b = 2 from b = 1. Note that, in both cases, we have @ € K(W) by our assumption on
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k> 3. If b= 2, then W has one boundary component, so that we have a short exact sequence
0 —— H; (fiber; Z) —— H; (UT(W); Z) — Hy(W;Z) ——0

which splits by choosing a non-singular vector field on W; according to [10], the Johnson sub-
group IC(W) acts trivially on homotopy classes of non-singular vector fields; hence, w pre-
serves the above splitting so that the triviality of its action on H; (W;Z) implies the same on
H, (UT(W); Z). If b =1, then W is closed and we can find w' € K (W) such that w' = ; by the
same argument as in the previous case applied now to W, w’ acts trivially on H; (U T(W); Z)
and, since H; (UT(W);Z) is a quotient of Hy (UT(W);Z), we deduce that @ acts trivially on
Hy(UT(W);Z). O

We now apply Proposition 2.4 in the following two examples, where W™ is our reference
surface 3 and we take k := 3.

Example 2.5. For the decomposition W UV of ¥ shown below, take u := 7 and w = Ty.

Then, we have Push(u) = T, T "' and we deduce that [Td, T T’l} e I3Z(X).

Y+ -

w [ ]

Example 2.6. For the decomposition VU W of ¥ shown below, take u := 7 and w = Ty.

Then, we have Push(u) = T, 7! and we deduce that [Td, TwTw_}] e I3Z(%).

Yoty

_/

3. PROOF OF THEOREM B

In this section, we define the map B and we prove Theorem B.

3.1. The map B. We embed A* HY into the space S?(A2H?), by sending any 4-vector aAbAcAd
to (aAb)-(cAd)+(aNc) (dAD)+ (aAd)-(bAc). (In the diagrammatic setting that is mentioned
below in Remark 3.1, this embedding corresponds to the “IHX” relations.) Then we consider
the Q-linear map

S2(A2H?)

0) P(2)) . A2(A3

(3.1) B= (B, B®):A*(A HQ)—>W®Q

defined by

(32)  BO((@iAzaAzs) Ay Aya Ays)) = Z w(@i, yj) (Tig1 Azig2) - (Yjr1 AYjt2),
1,jE€EL3

and

1 w(mhyl) w($1792) w(xhy?))
(3.3) B® (($1 Ao Axz) A (Y1 Aya A ys)) =71 w(ra,y1) w(T2,y2) w(w2,y3)
w(zs,y1) w(rs,y2) wl(ws,ys)
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We refer to the map B as the diagrammatic bracket since, as specified in the next remark, it is
also given by restricting the Lie bracket of the space of “symplectic Jacobi diagrams”.

Remark 3.1. There is a Q-algebra of “symplectic Jacobi diagrams”, denoted by A(H®) in [15],
whose multiplication is a diagrammatic analogue of the Moyal-Weyl product. It is a graded
Hopf Q-algebra, whose primitive part A°(H®) consists of connected Jacobi diagrams. It turns
out that, in degree 1 + 1, its Lie bracket

[= ] A2AG(H®) — A5(H?)

is essentially the above map B: indeed, according to [15, Lemma 5.4], the B©) component
corresponds to 0-looped diagrams (i.e. trees) in the target, while the B(?) component corresponds
to 2-looped diagrams (i.e. multiples of the theta graph). |

It is proved in [15, Lemma 5.6 & (5.5)] that ker(B) = RY, i.e. the diagrammatic bracket B
and the “topological” bracket J2 : Liea(ASH?) — (I'yZ/T'sT) ® Q share the same kernel. In
the sequel, we will just need the inclusion RY C ker(B) which follows also from Proposition 3.2
below.

To state this proposition, we need two ingredients. On the one hand, we consider the second
Johnson homomorphism 13 : K — S?(A2H®)/A*H?. According to [22, 23], it is determined by
the fact that

1
(3.49) ra(Ty) = 5 3 A - (a5 M),
4,J
for any bounding simple closed curve 7y, where (uq,...,up,v1,...,v) is a symplectic basis of

the subsurface of ¥ bounded by ~.

On the other hand, we consider the second core of the Casson invariant d’ : K — Q, which
appeared in Auclair’s thesis [I, Theorem 4.4.6]. This is an alternative to Morita’s core of the
Casson invariant d : K — Z [22, 23]. With the knowledge of 75, these two homomorphisms are
equivalent one to the other: specifically, we have

(3.5) d=2d +48d"
where d’ := —d' o7y and d' : S2(A2HQ)/A*H? — Q is defined by
d'((aADb)-(cAd)) = —dw(a,b) w(c,d) — 2w(a, ) w(b,d) + 2w(a, d) w(b,c).
Originally, both homomorphisms are defined from the Casson invariant and, a posteriori, they
are determined by the formulas
d(T,) =4h(h—1) and d"(T,) = —h/8,

for any bounding simple closed curve -, where h denotes the genus of the subsurface of ¥ bounded
by ~. From our perspectives (see Remark 3.3 below), we find more natural to work here with
d" rather than d.

Note that both 75 and d” can be restricted to I'yZ = [Z,Z], and they vanish on I'3Z.

Proposition 3.2. We have (5,d") o J3 = B.

Proof. That 15 o Jg‘)2 = B is well-known, and follows from the fact that the sequence of all
Johnson homomorphisms 7, (k > 1) defines a Lie algebra map on the associated graded of the
“Johnson filtration” [24].
That d” o Jg = B® is proved as follows. Let u,v € T and assume, without loss of generality,
that we have
Ti(u) =21 Azg Axs and 7T1(v) =y1 Ays Ays
for some x1, 2, x3,Y1,Y2,y3 € H. We wish to prove that
w(@,y) w(@,ye) w(@,ys)
d"([u,v]) = = lwlz, 41)  wW(w2,92) w(w2,y3)].
w(zs, y1) wlzs,y2) wlzs,ys)
But this follows easily from (3.5), the above definition of d’ and Morita’s formula [22, Prop. 5.1]
which, in our notations, states that

d([u,v]) =8 > w(@i, wit1) w(ys, yjr1) w(Tisa, Yjr2).
1,JEZL3 |:|
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Remark 3.3. Alternatively, one can obtain Proposition 3.2 using the LMO homomorphism
Z : T — A(HQ) that has been introduced in [15]. Indeed, 75 coincides with the tree part of the
degree 2 part Zs of Z [21, Lemma 4.3], while d” is exactly the coefficient of the theta graph in
Zs [21, Lemma 7.3]. Then, the proposition follows directly from [21, (4.5)] and Remark 3.1. W

3.2. Strategy for the proof of Theorem B. We are interested in the submodule
K :=ker(B) N A?(AH)

of A2(A®H). 1In the previous subsection, we have justified that K contains the kernel of
J: A2(A3H) — T'3Z/T3Z. To prove Theorem B, we now need to show that J(K) = 0.

In the sequel, we use the following notation and terminology. We fix a symplectic basis
S = {a1,...,aq4,b1,...,bg} of H asin (2.6). An elementary trivector is an element s; Asy As3 €
A3 H with sq, 89,53 € S. The wedge of two elementary trivectors is denoted by

N(s1,52,83; 87,8, 85) := (51 Asa Asz) A(sh AshAsh) € A2(A3H).
Remark 3.4. A basis of the free module A?(A3H) can be extracted from the list
N(s1, 82,835 s, 55,85), with s1, 82, 53,8], 85,85 €S

by deleting zeroes and fizing signs among repetitions, which means the following: if the element
N(s1, 82,835 s, 85, 8%5) is zero, then it is deleted from the list; otherwise, among all the repe-
titions of £/A(s1,s2,s3; 81, s, s5) in the above list, we choose either A(s1, s2,s3; ], 5, 85) or
—/N\(s1, 52, 83; 84,85, s5). Thus, such a basis of A2(A3H) is indexed by unordered pairs {I, J} of
3-element subsets I, J of S such that I # J (the corresponding element of the basis being equal
to i(il Adg A ig) A (j1 A Jo /\j3) if I, J write {i1,12,13}, {j1,j2,j3} respectively), and any two
choices of such bases differ by some sign changes. |

We denote by ~ the involution of S that is defined by a; = b; and b~l = a;. A self-contraction
of an elementary trivector si A sg A s3 is a pair {s;,s;} such that s, = 5;. A mized contraction
between two elementary trivectors s; A sz A sz and s7 A sy Asg is a pair {s;, s} } such that s} = 5.
There is the decomposition

NNH) =VieVioVhel;
where V,, denotes the submodule generated by the elements A(s1, s2, s3; 87, s, s5) with m mixed
contractions between the elementary trivectors s; A sa A s3 and s; A s5 A s5. Furthermore, V4
decomposes itself as

Vi=Vip@Vi1® Vi

where V1, is the submodule generated by the elements A(s1, s2,s3; i, b, s5) with a single
mixed contraction between s; A s2 A s3 and s A s5 A s5, and a total of n self-contractions which
are disjoint from the mixed contraction. Therefore, we have

(3.6) AN (NH)=Uy U, @ U, @ Us

where Uy := Vi, Uy := Vi, U := Vi1 @ Vo and Uz := Vi » @ V3. We can extract bases of V,,
and Vj ,, from the above generating sets by deleting zeroes and fixing signs among repetitions,
as explained in Remark 3.4.

Lemma 3.5. We have K =Uy® (KNUy) @ (KNU2) ® (K NUs).

Proof. We start by observing that
S2(A2H?)
AHQ

where W, denotes the subspace generated by elements of the form (s; A s3) - (s3 A s4) showing
exactly r pairs {s;,s;} of the form {s,5} with s € S. (If » = 2, we require that those two pairs
are disjoint.)

Let k € K. By (3.0), there exist ko € Uy, ..., ks € Us such that k = kg + --- + k3. Since
BO)(U;) is contained in W;_; for i > 1, and since

0=BO(k) = BO (k) + BO (ky) + B© (k3),

each of BO)(k1), BOO)(ky) and B (k3) is trivial. Since B?® (k1) = B®(ky) = 0, it follows that
ki € KNU; for i = 1,2. Finally, since 0 = B®) (k) = B®)(k3), we have ks € K NUs as well. [

=Wy W1 e W,
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In the sequel, we shall also consider the subgroup
(3.7 G:=G(S) (~1Zix6,)
of Sp(H) that is generated by the transformations F; and F;;,

e E; maps (a;,b;) to (—b;,a;) and fixes all other elements of S,
e F;; exchanges (a;,b;) with (a;,b;) and fixes all other elements of S.

where

Observe that the G-action preserves the decomposition (3.6) of A2(A®H), as well as the resulting
decomposition of K in Lemma 3.5. Then, the proof of Theorem B splits into two parts:

e in §3.3, we identify a G-generating system of K by finding a G-generating system of
K NU; for each i € {0,1,2,3};
e in §3.4, we show that J vanishes on this G-generating system of K.

3.3. A finite generating system of K. Set £(s) := w(s, ) for all s € S. It is straightforward
to check that the following elements of A%(A3H) belong to K = ker(B) N A*(A3H):

D($7Z/7 C1,C2; 'Tlvyl) = <C:(Cl) /\(957%01 5 C~17$l»yl) - 5(02) /\(xuy762 ) 62/7!@/,]/)

with z,y, c1, co, 2,1y’ pairwise different;

S(ays 2 9) = el)els) Awpias 9. 5.0) — clp)elr) Aw g, 55 ,.5)
+5(p)€(q) /\(SL', sy, F’ g) - E(Q)g(s) /\(‘xapv L) yaﬁ» ?)
with p, q,r, s, x,y pairwise different;
T(x;p.gr) = e(r)N,p,q; 2,p,q) —e(g) N, p, 75 2,p,7) + (p) N, 4,75 2, G, 7)
with p,p, q,q,r, 7, x pairwise different;
IHX (513 82,83,845 ¢) = N(s1,82,¢; ¢, 53,81) +N(s1,83,¢; €, 54,82) + N(51,54,¢; C, 52, 53)
with ¢, 89, 55, 53, 83, S4, 84 pairwise different

and S1 ¢ {07 52, 557535 %75475\;};

HXz(2,y;p5¢) = e(p)\z,p,p;y,p,p) —lc) Nz, y,¢; p,p, )
with z, Z,y, ¥, p, p pairwise different and ¢ & {z,y,p,p};
IHX3(p.q;7) = e(r)Np,p,q; ¢, 7) —e(q) N(r, 7, p; P, 7, 7)

_E(T) /\(qa CIP% ]Aja T, ?) + E(p) /\(7"7 77’ q; 6.77 T, ’F)
with p,p, ¢, q,r, 7 pairwise different;

IHX5(p,q5 m5) = e(@) Np,7,55 5,7, 8) — e(p) Na, 7,55 4, 7,5) — e(s) N7, D, ¢ 7., Q)
_5(7‘) A(‘%ﬁa q; gapv Zf) - 6(7") /\(8, §7 q; avp’f;) + 5(8) /\(qa 677297 ﬁ7 T, ?:)
with p,p,q,q,r,7,s,s pairwise different.

Theorem 3.6. As a G-submodule of A2(A*H), K is generated by the following 26 elements:
(Ro) /\(al, ao,as; a4, as, ag), /\(al, bl, as 5 as,aq, a5), /\(al, bl, as; as, b3, a4),
/\(al, az,as; asz, ay, (15), /\(al, bl, as; asz,as, a4), /\(al, bl, as; as,as, bg),
Nay, az,a3; ag, a3, a4);
(Rl) D(al,az; as,as ag,a4), D(a17a2§ asz, a4 ; 03,04), D(al,az; as, by ; 03,04);
D(as,a1; as,az; az,a3), D(as,a1; by,az; az,as), D(a1,az; as,a3; az,a1),
IHX1(a1; a2, a3, a4 by);

L as as Cag by as bl)
(R2) S(Ql,ag, as b3>;5<a1;a27 as b3>7s<a17a21 as b3 ’

az ay b1 ay
S<a1,a2; b )> S(alaGQ; b ’ T(al;a2aa37a4)7
as 3 as 3

IHX2(a1,a2; as; as), IHX2(a1, a2 as; by);
(R3) D(ai1,br; az,ba; as,bs), D(ar, by ; as,as; as,bs), IHX3(a1,a2; az), IHXS(a1, a2 as, as).

In the above statement, it is understood that we only consider the elements making sense in the
given genus: for instance, the element A(ay,as,as; as,as,a¢) in (Rg) has to be removed in the
cases g < 6. (Recall that our permanent assumption is that g > 3.)

The proof of Theorem 3.6, which is given below, consists in proving that the family (R;) is a
G-generating system of K N U; for each case i = 0,7 = 1,4 =2 and i = 3. Actually, as we shall
see, the proofs are rather different in nature from one case to another.
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3.3.1. A G-generating system of K N Uy. By its very definition, the module K NUy = Uy =V}
is generated by wedge of elementary trivectors without mixed contractions, i.e. the elements

(3.8) N(s1, 82,835 81, 55,55)  with {s1,52,53} N {s],sh,s5} = 2.

Let N : S — {1,...,9} be the map defined by N(a;) = N(b;) = i. We consider an element
A= N(s1, 82,83 ; 81, sh, s5) of the form (3.8), and let

n:=f N({81782783}) ﬂN({Sllvs/%Sg})'
If n = 0, then +A is in the G-orbit of A(ai,az,as3; a4, as,ag), or N(ay,b1,as; as,aq,as), or
N(a1,b1,a2; az,bs,aqy). If n = 1, then +A is in the G-orbit of A(ayi,aq,as3; as,aq,as5) or
N(a1,b1,a2; as,as,aq), or N(ay,by,as; as,as,bs). If n = 2, then +A is in the G-orbit of
N(a1,az2,a3; ag,as,aq). Thus, (Ro) is a G-generating system of K N Uj.

3.3.2. A G-generating system of K NU;. As in the proof of Lemma 3.5, we consider here the
subspace Wy of S2(A2HQ)/A*H? generated by the elements (s; A s2) - (s3 A s4) showing no
contraction. This decomposes as a direct sum

Wy = @ WS1782,337S4
{51)52353754}
indexed by the unordered quadruplets {si,s2, 83,84} € S*/&,4 showing no contraction and at
most 2 repetitions, where Wy, , s, s, is the subspace generated by (s5(1) A 84(2)) - (So(3) A\ So(4))
for o € &4. Similarly, the submodule U; = V; g of AQ(A3H ) decomposes as a direct sum

U= @ U81,52,53,84

{s1,52,83,54}
indexed by the same quadruplets, where we denote by Us, s, s5.5, the submodule generated by
/\(so(l),sg(g),ai; bi,sg(g),sg(4)) for i € {1,...,9} and 0 € &4. The map BO . U, —» W,
preserves the above decompositions, so that we have

Kﬁ U1 = @ Kﬂ Usl,52,53,54~
{s1,82,53,54}

Besides, the map B(©) is G-equivariant: so, a generating system of the G-module K N U; is
obtained by determining a generating system of the module K N Uy, s, s4,s, fOr a representative
{s1, 82, 83,84} in each G-orbit. But, an unordered quadruplet {s1, s2, s3,$4} with no contrac-
tion and at most 2 repetitions is G-equivalent to either {ay,as,as,as}, or {a1,as,as,as}, or
{al,al,ag,ag}.

The following three lemmas deal with the above three subcases in this order and, all together,
they prove that (Rq) is a G-generating system of K N Uj.

Lemma 3.7. If g > 4, the module K NUq, a5.a5,0, %S generated by
(1) D(ag(l), Ag(2) 3 Qiy Ao (3) 5 Ao (3), a”(4)) with 1 > 5, 0 € Gy,
(i) D(ao(1), Go(2) i Go(3), Ao(a) ; Qo(3)s Go(a)) With o € Sy,
(iii) D(ag(l), Gy(2) 5 Go(3)s bg(l) 5 Qg(3), &0(4)) with o0 € G4,
(iV) |HX1 (aa(l); A5 (2), Ax(3)) Ao (4) 3 bg(l)) with o € 64.
Lemma 3.8. The module K N Uy, 4,,05,a5 15 generated by
(i) D(CL3, Ao (1) 5 Qi g (2) 5 ag(2)7a3) with 1 > 4, 0 € &g,
(11) D(a?n aa(l) 5 ba(l)y ag’(2) 5 ag’(2)7a/3) with o € 62.

Lemma 3.9. The module K NUq, q,,a5,0, 15 generated by D(a1, az2; a;,a3; a2, a1) with i > 4.

Proof of Lemma 5.7. The module U := Uy, 4,.05.0, is free, and a basis is obtained from the
following list by deleting zeroes and fixing signs among repetitions, as explained in Remark 3.4:
(3.9) /\(a(,(l), Ao (25 Qi ; bi,an(3)7a0(4)) with o € &4,i € {1,...,g}.

We choose such a basis of U and we denote it by {ej;}s;, which is indexed by 2-element
subsets J C {1,2,3,4} together with an element i € {1,..., g} \ J; specifically, we have e;; =
+A(aj,a;,a;; bi,ax,ar) writing J and J = {1,2,3,4} \ J as {j,7'} and {k, &'}, respectively.
Let U’ be the submodule of U (freely) generated by the previous elements e;; for i < 4 (hence
J C {1,2,3,4} is a 2-element subset and i € J). When viewed as a relation in U, any element
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of type (i) identifies a basis element ey, with £e;y for ¢ > 5, J C {1,2,3,4} of cardinality 2
and some k € J. Besides, for any J C {1,2,3,4} of cardinality 2, writing J = {4, k}, the basis
element e, is identified with te; if an appropriate element of type (ii) is viewed as a relation
in U. Therefore, the inclusion of U’ in U induces an isomorphism

U’ =, U
((iD), (iid), (iv) ) (1), (i), (iif), (iv) )

So, we can assume for the rest of the proof that ¢ = 4, and we need to show that the map B(®)
induces an injection from U/( (ii), (iii), (iv) ) to S?(A2H?)/A*H?. By the above discussion, the
module U/( (ii) ) is free of rank 6, with basis {e;}; indexed by 2-element subsets J of {1,2,3,4}
where e; = +/\(aj,a;,a;; bi,a;,a) writing J = {j,7'} and J = {i,k}. When viewed as a
relation in U/((ii)), any element of type (iii) identifies a basis element e; with +e5 for a 2-
element subset J of {1,2,3,4}. Consequently, the module U/( (ii), (iii) ) is free of rank 3, with
basis {ep}p indexed by partitions P = J U J of {1,2,3,4} into two 2-element subsets.

On the other hand, the Q-vector space W := W, 4, 45,04 iS generated by

(310) {(a1 A\ ag) . (ag A CL4) , (a1 A a3) . (Cl4 A ag), (a1 A a4) . (CL2 A Cl3)}

with the single relation

(3.11) (a1 A\ az) . (a3 A\ a4) + (a1 A\ a3> . (a4 AN ag) + (a1 A\ a4) . (CLQ A\ a3).

The map B : U/((ii), (ili) ) — W sends the basis element ep to £(a; A aj;/) - (ax A ax) writing
P = {j,j'} U{k,k'}. Finally, when viewed as a relation in U/((ii), (iil) ), any element of type
(iv) goes to (3.11). The conclusion follows. O

Proof of Lemma 5.8. The module U := Uy, 4,.05.0; is free, and a basis is obtained from the
following list by deleting zeroes and fixing signs among repetitions, as explained in Remark 3.4:

/\(aa(l),ag(g)7ai; bi, ag(3), ag(4)) with {1, 2, 3,4} N {1,2, 3} surjective, reaching 3 twice,
andi € {1,...,g}.

We choose such a basis of U and denote it by {e;;};, which is indexed by j € {1,2} and

i ¢ {j,3}; specifically, we have e;; = j:/\(ag,aj,al-; b;,a ag) where j is the element of {1,2}

R
not equal to j. When viewed as a relation in U, any elemejnt of type (i) identifies a basis element
ej; with +e, 5 fori >4 and j € {1,2}, and any element of type (ii) identifies eq o with £es 1. It
follows that the module U/{ (i), (ii) ) is free of rank 1.

On the other hand, the Q-vector space W := Wy, 4,,45,a5 1S 1-dimensional, generated by
(a1 A a3) - (ag A ag). Since B©) maps e12 to £(a1 A as) - (a2 A az), it induces an injection

U/, (i) ) - W. O

Proof of Lemma 5.9. The module U := Uy, 4,.a2,a, is free, and a basis is obtained from the
following list by deleting zeroes and fixing signs among repetitions, as explained in Remark 3.4:

/\(ag(l), Ag(2), @i 5 by, ag(g),aa(4)) with {1,2,3,4} %5 {1, 2} reaching each of 1 and 2 twice,
and i € {1,...,9}.
We choose such a basis of U and denote it by {e;};>3, having e; = £/\(a1,a2,a;; bi, az,a1).
When viewed as a relation in U, any element of type (i) identifies a basis element e; with +es
for ¢ > 3. It follows that the module U/( (i) ) is free of rank 1.
Besides, the Q-vector space W := Wy, 4, 45,45 is 1-dimensional, generated by (a1 Aaz)-(a1Aaz).
Since B(®) maps e3 to #(a; A az) - (a1 A az), it induces an injection U/{ (1)) — W. O

3.3.3. A G-generating system of K N Us. As in the proof of Lemma 3.5, we consider now the
subspace Wy of S?(A2H?)/A*H? generated by the elements (s1 A s2) - (s3 A s4) showing a single
contraction. This decomposes as a direct sum

indexed by the unordered pairs {s,s’} € S?/&, such that s’ # 3, where W, o denotes the
subspace generated by the elements (s A x) - (s’ A Z) for all z € S. Similarly, the submodule
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Uy = Vi1 @ Va decomposes as a direct sum

indexed by the same pairs, where U, denotes the submodule generated by the elements
N(s,z,y; ¢, Z,y) for all x,y € S and A(s,s',p; p,q,q) for all p € S,q € S\ {s,5,5,8'}. The
map B : Uy — W, preserves the above decompositions, so that we have
KnUy= P KNU,y.
{s,s'}
Since B is G-equivariant, a G-generating system of K N Us, is obtained by determining a
generating system of K NUj s for a representative {s, s’} in each G-orbit. Thus, we are reduced

to determine a generating system of K NU,, 4, and K NU,, 4,. This is achieved by the following
two lemmas which prove that (Rs) is a G-generating system of K N Us.

Lemma 3.10. The module K NU,, 4, 15 generated by

<1> S<aa(1)7aa(2); f ,’q':) with o € 62; r g {pa§7Q7ava17a27b17b2} and p7Q7ao(1)aba(2) pair'

wise different,
(ii) IHX2(ax(1), ao2); P; q) with o € &y, p & {a1,a2,b1,b2} and q & {ay, az,p,p}.
Lemma 3.11. The module K NU,, 4, 15 generated by
(x) T(a1; p,q,r) with p,q,v & {a1,b1} and p,p,q,q,r,7 pairwise different.
Proof of Lemma 3.10. The module U := U,, q, is free of basis {u(z,y)}s, U{t'(¢,p)}qp where

(312) u(m,y) = A(a17$>y; a27§,§)
is indexed by 2-element subsets {z,y} of S\ {a1, b2}, and
(3.13) W'(g,p) = N a1, a2,q; q,p, D)

p) with ¢ € S\ {a1,a2} and p € S\ {a1,a2,b1,b2,q,q}. We claim that the

is indexed by pairs (g,
((i), (ii) ) is generated by

quotient module U/
(3.14) u(as,b3) and wu(ag,p) for p € S\ {a1,a2,bz2}.
We start by observing that any element u/(g,p) of type (3.13) is, modulo (ii), equal to the
element +u(p,p) of type (3.12). Indeed, we have
IHX2(a1, a2 p; q) = —e(p) ulp, p) — £(q) v (g, p)-

Thus, to prove the above claim, it is enough to show that the elements (3.12) not among the
elements (3.14) can be written in terms of the latter using the relations (i). For any r €
S\ {a1,aa,as,b1,ba, b3}, we have the following elements of type (i):

5<a1, as; (; Zi) = —u(r,az) — (r) u(az, bz) +(r) u(asz, b3) + u(r, az)

S(al, as; bi), Zz ) = —u(r,as) + e(r) u(az, az) + e(r) u(bs, az) — u(r, b3)

S(araz: ™ %) = “ulas, by) — <r) ulbs, ) — () () ula, )

We deduce that, modulo (i), u(r,7) is a linear combination of (3.14) for r € S\ {a1,az,b1,b2}.
Next, for any such r and p € S\ {ay, as, ba, 7,7}, considering

S(ara: 2 2 ) = —ulp,az) — <(p)e(r) u(an, ) + o) u(rF) + <) )
shows that u(p, ) is also modulo (i) a linear combination of (3.14). This proves the above claim.
The Q-vector space W := W,, o, has the basis {w(z)}, defined by w(z) := (a1 Az) - (a2 A Z)
for x € S\ {a1,bz}. The map B : U/((i), (ii)) — W sends u(z,y) to e(x) w(y) + e(y) w(z).

Hence, the images of the generators (3.14) are

—w(az) +w(bs), e(p)w(az) +w(p) forp e S\{ar,az b2},
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and they are easily checked to be Q-linearly independent. It follows that the map B(© :
U/{ (i), (il) ) — W is injective. O

Proof of Lemma 5.11. The module U := Uy, 4, is free, and a basis is obtained from the following
list by deleting zeroes and fixing signs among repetitions:

(3.15) N(ar,z,y; a1,2,y) withz,y € S\ {a1,b1}
Thus, we get a basis {u(z,y)}s,, indexed by unordered pairs {x,y} C S\ {a1,b1} such that
x # ¥y, up to the involution {z,y} — {Z,y}, and where u(x,y) = £\(a1,2,y; a1,7,7).
For any q,r € {as,...,aq,b3,...,by} with ¢ # 7, we have the following element of type (x):
T(al ; a2,4, 7") = iu(a&» q) + U(U‘Qa T) =+ u(q7 F)
Hence, U/{(x)) is generated by the elements u(z,y) such that the pair {z,y} contains ay or bs.
Furthermore, for any r € {b4, ..., by}, considering the elements
T(ay; az,bs,r) = tu(asz, bs) £ u(ag, r) & u(bs,7)
T(ay; 7, a2,b3) = Tu(7, az) £ u(r, bs) + u(as, as)
shows that u(ag,r) is modulo (x) a linear combination of
(3.16) u(az,q) for g € {as,a4,...,a4,b3}.
Hence the quotient module U/((x)) is generated by (3.16).

The Q-vector space W := Wy, ,, has the basis {w(z)}, defined by w(z) := (a1 Az) - (a1 AT)
and indexed by the elements z € S\ {a1,b1}, up to the involution  — Z. The map BO) .
U/((x)) = W sends u(z,y) to +(e(x) w(y) + (y) w(z)). Hence, the images of the generators
(3.16) are

i(E(q) w(G’Z) + w(Q)) for qe {a‘37 a4y ... ,0g, bd}
Those vectors being linearly independent, the map B : U/( (%)) — W is injective. O
3.3.4. A G-generating system of K NUs. As in the proof of Lemma 3.5, we finally consider the
subspace Wy of S?(A2H?)/A*HQ generated by the elements (s1 A s3) - (s3 A 54) with s; € S,
showing two (disjoint) contractions. We are interested in the kernel K N Us of the map
B=(B©.B®):U; — W, ®Q

defined on the module Us = V; 2 ® V3. Note that, in contrast with the previous cases, the
component B®) of B plays here a role (although it is quite little).
The next lemma proves that (R3) is a G-generating system of K N Us.

Lemma 3.12. The module K NUs is generated by
(i) D(z,z; ¢,¢; y,y) with x,Z,y,y, ¢, ¢ pairwise different,
(ii) D(z,@; c1,¢2; y,9) with x,%,y,Y, 1,1, Ca, Ca patrwise different,
(iil) IHX3(p,q; r) with p,p,q,q,r,T pairwise different,
(iv) IHX5(p,q; 7,8) with p,p,q,q,7,7,s,3 pairwise different.

Proof. We endow U := Uz and W := W5 with the following filtrations. First, observe that the
map N : S — {1,...,g} defined by N(a;) = N(b;) =i induces an increasing filtration

G=FRSCHSC---CF;,1SCF,5=S5

of the set S, where F}.S consists of the s € S with N(s) < k. Thus, we get increasing filtrations
{0}=FRUCRUC---CF, UCF,U=U
{0}=FWCFHWC---CFj_1WCFW=W

of the module U and the Q-vector space W, respectively. Specifically, for every k € {1,..., g},
the module FiU is generated by the elements

(3.17) u(p,q,r) == Np,q,7; p,q,7) with p,q,r € F}S pairwise different,

and

(3.18) '(r;p,q) .= N(p,p,7;7,q,q) with p,q,r € Fr.S and p,D,q,q,r,T pairwise different.

Similarly, for every k € {1,...,¢g}, the Q-vector space F;,W is generated by the elements
w(p,q) == (pAq)-(PAq) withp g€ FSandp #q.
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For future use, we compute the map B : U — W in terms of those generators:
(3.19) BO(ulp,q,m)) = elp)wlg,r)+e(@)wlp,r) +e(r) w(p, q),
(3.20) BO(d(r;p,q)) = e(r)w(p.q) —e(r)w(p,q).

Since we have B()(F,U) C F,W, there is a map Gr B(*) : GrU — GrW on the associated
graded, and we set L := ker (Gr B(O)). The filtration on U induces a filtration on K N U, by
setting Fi,(K NU) := K N (F,U). By definition of K, the inclusion of K N U in U induces an
injective map

k:Gr(KNU) — L.
Let I be the submodule of U generated by the elements (i),(ii),(iii),(iv) of the statement, and
endow I with the filtration defined by FjI := I N (F,U). The inclusion of I in K N U induces
an injective map
t:Grl — Gr(KNU).

We claim two things:

(3.21) the composition ky o iy, : Gry I — Ly, is surjective for k > 4;

(3.22) we have F3I = F5(K NU).

Claim (3.21) will imply that ¢ is surjective for every k > 4, from which we will deduce that
KNU =1+ F3(KNVU); then, with claim (3.22), we will conclude that K N U = I which will
prove the lemma.

We first prove (3.21), fixing k € {4,...,g}. Since the maps ¢ and & are injective, the quotient
modules Gry [ = Fpl/Fy_1I and Grpy(K NU) = Fp(K NU)/Fr_1(K NU) can be viewed as
submodules of Gry U = F,U/F;,_1U. Thus, claim (3.21) is equivalent to the injectivity of
Grk U
GI‘k I
The quotient module Gry U is generated by the (classes of) elements u(q, t, 1), u(q, 1), ' (t; q,7),
u'(r;q,t) with g,r,t € S such that N(t) = k, N(q) < k, N(r) < k. This induces a generating

(3.23) ® := Gr, BV : — Gr, W.

(3.24) {u(q,t,t) | ¢t €S, N(t)=k, N(q) <k}
(3.25) U {ﬂ(q,ij,t”q,tes, N(t) =k, N(q)<k}
(3.26) u {a(g,rt) | qrtes, N(t)=k N(qg <k, N(r)<k, N(q) #N(r)}
(3.27) U {W(tq,r) | qrteS, N(t)=Fk N(q) <k, N(r) <k, N(q) #N(r) }
(3.28) U {u(r;q,t) | qr,t €S, N(t) =k, N(q) <k, N(r) <k, N(q) #N(r) }

of Gry U/ Gry I, which we reduce as follows:

e For any t,q,r,s € S such that N(¢t) = k, N(¢) < k, N(r) < k, N(s) < k and

N(q),N(r), N(s) are pairwise different, the element
D(q,q; t,s;r,7) =ce(t)u' (t;q,7) —e(s)u'(s;q,7)

is of type (ii), which shows that u/(t;q,7) = 0. Thus, all the generators of Gry U/ Gry, [
of type (3.27) are actually zero.

e For any t,q,r € S such that N(¢t) = k, N(q) < k, N(r) < k and N(q) # N(r), the
element

IHX3(t,q; r) = e(r)u'(q;t,7) + e(q) u(r,7,t) — e(r) v’ (t; q,7) — e(t) u(r, 7, q)

is of type (iii), which (using the previous item) implies that

(3.29) u(q;t,r) = —e(q)e(r) u(r, 7, t).
Thus, all the generators of type (3.28) are repeated in (3.25), so that they can be removed.
e For any ¢,p,q € S such that N(¢) = k, N(p) < k, N(q) < k and N(p) # N(q), the
element

IHXs(p, q: 1) = e(t) W/ (g:p. 1) + e(q) u(t,T,p) — e(t) ' (prq,t) — e(p) u(t, ,q)
is of type (iii), which (using (3.29)), implies that

a(t,t,p) = £(t)e(p) u(p, p,t) — £(t)e(p) ulq, G, t) + e(p)e(q) u(t, L, q).
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Thus, setting g := a1 and ¢ := a; in the above equation, we see that the submodule of
Gry U/ Gry I generated by (3.24) and (3.25) is actually generated by the single element
u(ay, ag, by) of (3.24) and (3.25).
e For any t,q,r,s € S such that N(¢t) = k, N(¢) < k, N(r) < k, N(s) < k and
N(q),N(r), N(s) are pairwise different, the element
IHX5(t,q;m8) = e(q)ult,r,s) —e(t)ulg,r,s) — e(s) u(F t,q)
—e(r)uls,t.q) —e(r)u'(g;5.1) +(s) ' (¢4, 7)
is of type (iv), which (using (3.29)) implies that
(3.30) e(q) ult,r,s) +e(s)ulr,t,q) +e(r)u(s, t, q) + e(r)e(s)e(q) uls, 5, t) = 0.
Thus, setting (¢,7) := (a,a1) in the above equation, we get
u(s,q, ar) = —e(s)u(q, a1, ar) — e(q) u(s, a1, ar) — e(s)e(q) u(s, s, ax),
and, setting (¢, s) := (ag,a1) in the same equation, we get
u(q, b1, ar) = —e(q) u(by, a1, ar) —e(r)u(r, q, ar) — e(q)e(r) u(r, a1, ax).
The above two equations show that, in the presence of (3.24) and (3.25), the generators
of type (3.26) can be reduced to those of the form u(q,a,ar) with ¢ € S such that
1 < N(q) < k. Furthermore, by setting (¢, r,s,t) := (a;,a1,a2,ax) in (3.30) for every
Jj€{3,...,k— 1}, we obtain
u(bj, a1, ar) = —u(ag, b, ag) — u(bz, ax, b;) — ulaz, a1, ar)
and, by setting (¢, 7, s,t) := (a2, a1, a;,a;) in (3.30), we also get
a(bg, ag, b;) = —u(a;,a1,ar) —(be, a1, ax) — wla;, b, ax).
We deduce that, in the presence of (3.24) and (3.25), the generators of type (5 6) can
be reduced to those of the form w(by, a1, ax) and u(a;,a1,ar) with j € {2,...,k —1}.
It follows from the above discussion that Gry U/ Gry I is generated by the following elements:
ﬂ(al,ak,bk), ﬂ(ai7bi,ak) with 7 < k, ﬂ(bg,al,ak), ﬂ(aj,al,ak) with 1 < j < k.
For p,q € S with N(p) < k,N(q) < k, let W(p, q) be the class of w(p,q) in Gry W. According
to (3.19), the values of the map (3.23) on this generating set are as follows:
®(u(ar,an,br)) = w(ag,by) +w(ar, bp) — w(a1,ax),
<I>( al,bl,ak)) = w(b;,ax) — w(a;,ar),
( analaak:)) = _@(a/17ak}) +w(b2)ak))7
<I>( a(aj, a1, ak ) = W(ar,ax) +w(a;,ax).

Using the fact that {w a;,ax) i < k} U {@(bi, ag) i < k:} U {E(ak, bk)} is a basis of Gr, W, we
easily check that the above values of ® are Q-linearly independent. Claim (3.21) follows.
We now prove (3.22). The quotient @ := F3U/F5I is generated by the classes

(3.31) u(p,q,r) with p,q,r € F3S pairwise different
and the classes
(3.32) ' (r;p,q) with p,q,r € F3S such that N(p), N(q), N(r) are pairwise different

of elements in F3U of type (3.17) and (3.18), respectively. For any p,q,r € F3S such that
N(p),N(q), N(r) are pairwise different, the element

D(p,p; 4.3 7,7) = (@) u'(g;p,7) +e(q) ' (@ p,7)
is of type (i), so that we have u/(q;p,r) = —u/(q; p,7) € Q. Thus, among the generators of Q of

type (3.32), we can reduce ourselves to u/(a1;az,as3), v/ (az; a1, as), v (as;a1,az). Furthermore,
for any p, q,r € F3S such that N(p), N(¢), N(r) are pairwise different, the element

IHX3(p, q; 7) = e(r) ' (g;p,7) + e(q) u(r, 7, p) — e(r) ' (p; q,7) — e(p) u(r, 7, q)

is of type (iii), so that e(q)u(r,7,p) = —e(r)u/(g;p,r) + (r) W (p;q,r) + e(p)u(r, 7, q) € Q;
hence, among the generators of Q of type (3.31), we can remove u(aq, b1, as), u(asz, b, as) and
u(as, bs,a1). Consequently, the module @ is generated by the following 10 elements:

ﬂ(ah az, a3)7 a(bh as, aS)a ﬂ<a17 b2> a3)7 ﬂ(al» as, b3)7
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u(ai,by,as3), u(az,bs,a1), u(as,bs,as), (a1 az,a3), u'(az;ar,as), v(as;ar,az).

According to (3.19) and (3.20), the values of the map B : Q — F3W @& Q (which is induced by
B : F3U — F3W @ Q) on this generating set are as follows:

F( al,ag,ag) = ( w(ag, az) + w(ay,as) + w(ai, az), —1/4)
B(u(by,a2,a3)) = (—w(az,as)+wlar,bs) +w(a1,bz), +1/4)
B(u(a1,b2,a3)) = (w(az,bs) —w(ar,a3) +wlai,bs), +1/4)
B(u(ai,a2,b3)) = (w(az,bs) +w(ar,bs) —wlai,az), +1/4)
B(u(ai,bi,a3)) = (w(a1,bs) —w(ar,a3) +wlai,by), +1/4)
E(ﬂ(a ba, 1)) = (w(a1, by) — w(ay,az) + w(ag,bs), +1/4)
B(u(as, b3, a2)) = (w(az,bs) —w(az,a3) +w(as,bs), +1/4)
B(u/(a1;a2,a3)) = (w(az,a3) —w(az,b3), 0)

B(u/(az;a1,a3)) = (w(ay,as) —w(a1,b3), 0)

B(u/(as;a1,a2)) = (w(ay,az) —w(a1,bs), 0)

Using that {w(a;, a;) |1 <i<j <3} U{w(a;,b;)|1 <i<3}U{w(a;b;)|1<i<j<3}is
a basis of the Q-vector space F3W, it is easily checked that the above vectors of F3W @ Q are
Q-linearly independent. Therefore, the map B is injective. U

3.4. Vanishing of J on K. We now prove that the map J : A2(A>H) — I'yZ/T'3Z vanishes on
the elements of type (R;) with 0 < ¢ < 3, which have been identified in Theorem 3.6. Again,
we use the action of the subgroup G = G(S) of Sp(H) defined at (3.7). Since the elements
(R;) constitute a G-generating system of K and since J is G-equivariant, this will prove that
J(K) = 0 and conclude the proof of Theorem B.

3.4.1. BP-maps and PB-maps. We start by fixing notations for some specific elements of the
Torelli group Z, which we shall need in the sequel.

The first class of elements of Z, which we have already met in previous sections and are
called BP-maps by Johnson, are opposite Dehn twists T T 1 along a pair (,9) of disjoint and
cobounding, simple closed curves. In fact, we shall only need such “B” ounding “P”airs (g, 0) that
delimitate a subsurface of genus 1 in ¥. The data of a BP-map TET(;1 of genus 1 is encoded by
giving a chain of 3 circles in 3, whose neighborhood is a subsurface of genus 1 with 2 boundary
components, as shown below:

X
9 )=z e=x z
(333) | (‘»’ — ¥, Q}EngTiz){_X},yAf {/\Y}7z:/\{yZ/}\,e:{e}.
Z

(The value of 7 on T.T; " is derived directly from (2.2).)

The second class of elements of Z are called PB-maps, since they arise from embeddings of
the commutator subgroup of the “P”ure “B”raid group into Z [28]. Specifically, a PB-map in 7
is encoded by a Y-shaped graph in the surface X, which gives a 2-holed disk in ¥ and defines a
commutator of two Dehn twists [T, Tj], as shown below:

([T, T5)) = —x Ay Az

(3.34) X, where x = {X},y = {Y}, 2 ={Z}.

(The value of 71 on [T.,Ts] can be derived, for instance, from the exact relationship between
Milnor invariants and Johnson homomorphisms [6]; BP-maps also appear in [29] under the name
“commutators of simply intersecting pairs”.)
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Recall that N : S — {1,...,g} is the map defined by N(a;) = N(b;) = i, and observe that
any elementary trivector s; A so A s3 (with s1, 89,53 € S pairwise different) can be realized as
the value of 71 on

e a PB-map if N(s1), N(s2), N(s3) are pairwise different,
e a BP-map if N(s;) = N(s;) for some ¢ # j.

Example 3.13. The elementary trivectors a; A as Abs and a3 Aby Abs are (up to signs) realized
by the following PB-map and BP-map, respectively:

3.4.2. Vanishing of J on the elements (Ro). All the elements of the family (R) are of the form
N(s1, s2,83; 8, 85, s5) where the elementary trivectors s; A s2 A s3 and s§ A sh A sh are realized
by BP-maps or PB-maps with disjoint supports: specifically, the realizations are shown (up to
a sign) in Table 1. Therefore, all the elements of (Rg) belong to ker(.J).

:(\\ :\“/*

/\(al,a27a3 5 a47a57a6)

\ f\“/—l ‘1\ ‘k) ‘/J
383

A A A
—~ N A A
e \9/6

N(a1,a2,a3; as, as, as) N(a1,b1,az; az,as, aq)

N(a1,a2,a3; az, a3, aq)

TABLE 1. Realizations of elementary trivectors with no contraction

Since (Ry) is a G-generating system of K N Uy, we obtain the following more general result.
Lemma 3.14. The submodule K N Uy of A2(A>H) is contained in ker(J).

3.4.3. Vanishing of J on the elements (R1). We deduce from the following lemma that the first
six elements of (R;) are in the kernel of J.

Lemma 3.15. Let x,y,c1,c2,u,v € S be pairwise different, and assume that ¢c; # c3 too. Then
we have D(x,y; c1,c0; @, v) € ker(J).

Proof. Let n:=¢e(c1) e(c2). We claim that
C:=Nz,y,c1 +co; —mey + c2,u,0) € ker(J).

Since A\(x,y,c1; ¢3,u,v) and N(z,y,co; ¢1,u,v) belong to ker(J) by Lemma 3.14, we deduce
that —n/A\(z,y,c1; c1,u,0) + Nz, y,c2; ¢z, u,0) = —e(co) D(z,y; ¢1,c0; u,v) does too.

We now prove the above claim. If ¢ ¢ {Z,y} and ¢; ¢ {@, v}, then we consider the symplectic
transformation T that maps (c1, ¢1, ¢2, ¢3) to (¢14c2, 1, ca, —n ¢1+¢3) and fixes all other elements
of S; then T maps

N(z,y,c1; ca,u,0) € ker(J)
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to C, so that C' € ker(J). If we have ¢; ¢ {Z,y} and c3 & {&,v}, we can proceed similarly by
exchanging the roles of ¢; and co.

We now assume that none of the above two conditions occur, i.e. we have {c1,c2} = {Z,y}
or (exclusively) {c1,c2} = {@,v}. For instance, we assume that (c¢1,c2) = (,7), the other cases
being treated similarly. Then

C= A(aa—ﬂa+é§,C1 +c23 _77/0\{"_52/,&7:5) = T'A(aaé\iacl; /C\é,a,'l) )
and we deduce from Lemma 3.14 that C belongs to ker(J) in the present case too. O
Besides, we have the following variant of Lemma 3.15 (which will be used later).

Lemma 3.16. Let x,y,c,u,v € S be pairwise different, and assume that ¢ & {Z,y,u,0}. Then
we have D(z,y; ¢,¢; w,v) € ker(J).
Proof. Let T be the symplectic transformation that maps ¢ to ¢ 4+ ¢ and fixes all other elements
of S. We have

T -Nz,y,c; c,u,v) — Nx,y,c; e,u,v) — N(x,y,¢; ¢,u,0) =e(c) D(z,y; ¢,¢; u,v)
and we conclude with Lemma 3.14. O

The next lemma deals with the seventh (and last) element of (Rq).
Lemma 3.17 (Gervais & Habegger). We have IHXi(a1;a9,as3,a4; b1) € ker(J).

Proof. This has been proved by Gervais and Habegger [6] but, for the sake of completeness, we
repeat their arguments (with some variations). We focus on a subsurface of ¥ of genus 4 which
contains the based loops a1, f1, ..., a4, B84 of Figure 1. This subsurface (union a rectangle) is
shown in Figure 3 as the cylinder D x [0, 1] over a 4-holed disk D: the curves X,Y, Z (shown in
Figure 3) lie on D x {1} and we denote by Xy, Yy, Zp the corresponding curves on D x {0} (not
shown in Figure 3).

FIGURE 3. The curves X,Y,Z and U,V,W on 9(D x [0,1])

In the rest of this proof, the Dehn twist T along a simple closed curve C' is simply denoted
by C and, if C is oriented, the homology class {C} € H is denoted by the lower case roman
letter c. By the Hall-Witt identity, we know that

XY, 2] [V Z, X, Y]] [*Y.[Z2,X]] =1 e M.
and, since the Dehn twists along X, Yy, Zyp commute with those along X,Y, Z, we obtain that
Z(XX5), 1Y 2] [ (225 ), 1, Y]] [F (YY) [2.X)] =1 e M.
Note that X X', YY; !, ZZ;" are BP-maps (of genus 1) while [Y, Z],[X,Y],[Z, X] are PB-

maps: hence the above identity gives a degree 2 relation in Gr' Z. (See [29] for a systematic use
of Hall-Witt identities in presentations of the group Z.) Consequently, the sum

(Zo (XX AT, Z) + (Y -1 (2251) A (X Y]) + (X -1 (YY) A7 (2, X))
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belongs to ker(J). (Here X, € Sp(H) denotes the action of the Dehn twist along X.) Using
(3.33) and (3.34), we obtain
Z, m(XXy") = ebiAZi(u)Aby
= ebiAN(u+2)Aby
= ebi A((a1 —aq) + (b +by)) ANby = by A (a1 —ayg +b3) A by
and
71([Y, Z]) =nba Aby Abs

respectively. (Here e and 7 are fixed signs, which we do not need to determine.) Next, it follows
from Lemma 3.14 that

(Z* T (XX&I)) AT([Y, Z]) = —en\(b1,aq,bs; by, by, b3)  mod ker(J);
similarly, we obtain
(Y* Ty (ZZo_l)) AT([X,Y]) = —en/N\(b3, a4,bs; b1,b4,b2) mod ker(J)
and
(Xy 7 (YYO_l)) AT1([Z,X]) = —enN(ba2, a4,by 5 bg, by, b1) mod ker(J).
Therefore the element
N(bg, b1, aq; by, bs, b2) + N(ba, b3, aq; by, ba,by) + N(by, b, ay ; by, b1, b3)

IHX1(ba;b1,b3,b2 5 aq)

belongs to ker(J), and we conclude using the G-action. 0

Since (Rq) is a G-generating system of K N Uy, we obtain the following.
Lemma 3.18. The submodule K N Uy of A2(A3H) is contained in ker(J).

3.4.4. Vanishing of J on the elements (R2). We now deal with the elements of the family (R2)
through the next three lemmas.

Lemma 3.19. The elements IHXy(a1, a9 ; ag; b1) and IHXa (a1, a9 as; ag) belong to ker(J).
Proof. For all h € {3,..., g}, the element Z?;ll N(ay,az,ba; ap,a;,b;) of A2(A3H) belongs to

ker(.J), since aj Aag Abs and Z?:_ll ap Na; Ab; can be realized by BP maps (of genus 1 and h—1,
respectively) whose supports are disjoint one from the other. Setting h := 3, we obtain that

(3.35) W= N(a1, a2,bz; az,a1,b1) + N(ay, az,b2; az, az, bz)

belongs to ker(.J). The element of G ~ Z§ x &, corresponding to the transposition (23) maps
W to IHXs (a1, as; as; by) which, therefore, is in ker(J) too.
Next, the element of G corresponding to the cycle (1423) transforms W to

E := N(a4,a3,bs; a1, as,b3) + N(ag, a3, b3 ; a1, aq,bs)

which, therefore, belongs to ker(J). Let also T be the symplectic transformation that maps
(aq,b2) to (ag + ag,ba — by) and leaves all other elements of S fixed. We have

T -EFE—-F = /\(CLQ, as,bs; ay,as, bg) + /\(a4, as,bs; ay,as, b4) mod K NU,.
Hence, using Lemma 3.14 and the G-action, we obtain that

IHXz(a1, a2 as; as) = N(a1, a3, b3; az,a3,b3) — N(ay, az,a4; az, bz, by) € ker(J). O

Lemma 3.20. The following five elements belong to ker(J):

b b b
S<a1,a2; Zz b;>7 S<a1,a2; Zi Zg), S(al,tm; Zi Z;) S<a17a2; a; Z:>, S<a17a2; Zi bi)'
Proof. Consider the element W € ker(J) defined by (3.35), and let T be the symplectic trans-
formation that maps (ag, a3) to (az + bs, az + b2). We have

ba by

T()'W_W:S(alab2§ by as) + D(b3, ba; a1,as; ba,ar) + W’
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where W’ := A(a1, as,bs ; as, bz, ba) — N(ay, b3, as; b, as, bs). But, an appropriate element of G

b2 by ) belongs to ker(J).
b3 as

transforms W’ to W, and we deduce from Lemma 3.15 that S(al, ba;
Using again the G-action, we conclude that S(al, as; 32 Zl ) is in ker(J) too.
3 03

By Lemma 3.15, D := D(a1,as; as,a4; az,a4) belongs to ker(J). For the symplectic trans-
formation 77 that maps (a3, a4) to (a3 + by, aq + b3) and fixes all other elements of S, we have

T.-D—D = D; mod (KﬁUg—l—KﬁUl)
where
D: = N(ai,as3,a2; ba,az,b3) + N(a1,ba,az; ba,as,a4)
as a
_/\(alval’naél; b47a27b3) - /\(a17b47a'4; b47a27a4) = _S(alvaﬂ; bj ai) .

Hence, by Lemma 3.14 and Lemma 3.18, D; belongs to ker(J). Using the G-action, we deduce
that S(al,ag ; @2 a4) does too.
as bs

Proceeding with the same strategy, we consider the symplectic transformation T3 mapping
(az2,b5) to (a2 + as,bs — ba) and fixing all other elements of S. We have

ag Qg a2 a4
T- -S(a as; )—S(a as; )
3 1,42, as b3 1,42, as b3

= D3 +D(ay,as5; as,as; az,bz) +D(ar,as5; as,as; as, by)
where

D3 = —N(a1,a2,a4; as,b2,bs) — N(ai, as,bs; as, ba,az)

—|—/\(a1,a3,b3; a5,b3,a3) —|—/\(a1,a2,a3; a5,b2,b3) = S(al,a5; Zz Z;) .

Therefore, using the G-action, we deduce that S(al, as; 24 Z5) is in ker(J).
3 b3

We continue with the symplectic transformation Ty mapping (as, bs) to (az + ag, by — b2) and
fixing all other elements of S. We have

. a2 b1 _ L a2 b1)
T4 S(a'17a'2a as bg) S(a/laa2a as b3
= Dy —D(a1,a4; as,bi; az,b2) — D(a1,aq; as,bi; as,bs)

where

Dy = —N(ai,a2,b1; as,ba,a1) — N(a1,b1,b3; as, a1, as3)

b
_/\(a17a37b3; a47b37a3) - /\(alaa23a3; a47b27b3) - S(a1;a4; Zz b;) .

Therefore, using the G-action, we deduce that S(al, as; Zl 24) is in ker(J).
3 b3

Finally, using again the above transformation 77, an elementary computation shows that the
difference T1 - \(a1,as3,a4; as,as,as) — N(a1,as,aq; az, a3, as) decomposes as

/\(al, b47 b3 ; a2,as, CL4)—|—/\(CL1, b4, a4 5 ag, b4, CL4)—|—/\(CL1, as, bg ; a2,as, b3)+/\(a1, as,aq 5 az, b4, bg)

plus a sum of 11 terms which belongs to K NUy + K NU;. Using Lemma 3.14 and Lemma 3.18,

we conclude that S(a1, as; 24 24> belongs to ker(.J). O
3 03

Lemma 3.21. We have T(ay ; as, a3, aq) € ker(J).

Proof. Let T be the symplectic transformation that maps (az, b1) to (az + ay, by —bs) and leaves
all other elements of S fixed. We have

as a as a
T.S<a1,a2; az b;f)fS(al,ag; az b;)

= N(a1,a2,a3; a1,ba,b3) — N(a1, a2, a4 ; a1, b2, bs) — N(a1, aq, b3 ; a1, ba,as),
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which is —T(aq ; a2, a4,a3). Using the G-action, we obtain that T(a; ; as,as,a4) € ker(J). O
Since (R2) is a G-generating system of K N Us, we obtain the following.
Lemma 3.22. The submodule K N Uy of A*2(A3H) is contained in ker(J).

3.4.5. Vanishing of J on the elements (R3). We deduce from Lemma 3.15 and Lemma 3.16 that
the first two elements of (R3) belong to ker(J). The following deals with the last two elements
of (R3), and finishes the proof of Theorem B.

Lemma 3.23. The elements IHX3(ay,az; az) and IHXS(ay, az; as,aq) belong to ker(J).

Proof. Let Ty be the symplectic transformation that maps (a1, as2) to (a1 + bz, as + b1 ), and set
Ey = N(bg,as3,b3; b1, as,b3) + N(ba,az,by; as, bz, ba),
Fy = N(ai,a3,b3; b1,as3,b3) + N\(ba,as,bs; as,as,bs)
+ A(a1,as,b3; b1, az,b2) + N\(ba,as3,b3; a1,b1,a2) .
We have
T, - IHXa(a1,az2; ag; by) — IHXs(ay, a9 az; b)) = Ei+ Fi.

Since Eq belongs to K N (Vi 1+ V) = K NUs, it follows from Lemma 3.19 and Lemma 3.22 that
F1 belongs to ker(.J). Besides, we have

IHX5(a1,a2; az) = —F1 + N(as, bz, a1 ; b1, az,b2) + N\(as, bz, b1 ; a1, a2,b2).

D(a3,bs ; a1,b1 ; az,b2)

Thus, an application of Lemma 3.16 shows that J vanishes on IHX3(ay,as; a3).
Finally, consider the symplectic transformation 75 that maps (ag, as) to (as + bs, az + bs) and
fixes all other elements of S. We have

TQ'S(ag,ag; Z? Z?)—S(ag,ag; Zi Cblf)EEQ mod (Kﬂvl—l—Kﬂsz)

where
— N(as,az,a4; bz, bz, by)
+ A(as, az, a1 ;5 bz, b, by)

Ey = —NA(bs,a2,a4; as,ba,bs) — N(az, bs,as; as,be, by
+A(b2, a2, a1 ;5 az,ba, by) + N(as, b3, a1 ; az, ba, by
( ) = N\(

_/\ 627a47bl ; a27b47a1 - /\ a37a47b1 ; b3;b47a1

—_ — — —

+A(ba, a1,b1 5 az,bi,a1) + N(as,a1,by ;5 bs, b1, a1

It follows from Lemma 3.18 and Lemma 3.22 that Es is in ker(J). Next, we observe that
Ey = IHXj(a1,a4; ag,a3) + N(as, b3, aq; by, a1,by) — N(aq, by, a1 5 by, az,b2)
—N\(b2,a2,a4; as,ba,bsy) + N\(ba,az, a1 ; az, ba, by)
+A(b2,a1,b1 5 az,bi,a1) + N(as,a,b1 ;5 bz, b1, a1)
—N(as, b3, aq; ag,ba,bs) + N(as, b3, a1 ; az, ba, by)
= IHX}(a1,aq; az,a3) + N(ag, bz, aq; by, a1,b1) — N(ayg, bs, ar ; by, az, ba)
+IHX3(a1, a4 ; az) — N(ay,b1, a4 ; by, as,ba) + N(ay, by, a1 ; by, as, be)
—IHX3(as, a3 ; a1) + N(az, b, as; bs,a1,b1) — N(as, bs, az; ba,a1,b1)
—N(as, b3, aq; ag,ba,bs) + N(as, b3, a1 ; az, ba, by)
= IHX}(a1,aq; az,a3) + IHX3(a1,aq; az) — IHX3(az, a3 ; az)
+D(as, b3 as,a2; a1,b1) + D(az, ba; az,ba; a1,b1) + D(as, bs; a1, aq; az,b2).
From the previous paragraph, we know that IHX5(ay1,as2; ag) belongs to ker(J): so, by the G-
action, IHX3(a1,a4; a2) and IHX3(az,as; a1) do too. Then, it follows from Lemma 3.15 and

the above decomposition of Fy that IHXj(a1,a4; ag,as) is in ker(J): using the G-action, so is
IHX5 (a1, a2 ; as, aq). O

4. STRUCTURE OF CERTAIN SUBQUOTIENTS OF THE TORELLI GROUP

In this section, we derive from Theorem A and Theorem B some explicit descriptions of certain
quotients of (subgroups of) the Torelli group Z.
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4.1. The groups I'2Z/T'3Z, K/T3Z and Z/T'3Z. Set Dy(H) := S*(A’H)/A*H, and view it as a
lattice of S2(A2HQ)/A*H? ~ D4 (H)®Q. Let also Do(H) be the submodule of S?(A2HQ) /A*HC
generated by D5(H) and the elements 1 (u A v) - (u A v) for all u,v € H. According to [3],
the images 72([Z,Z]) and 72(K) of the second Johnson homomorphism are determined by the

following commutative diagram, with exact rows:
T S
(4.1) Z,7] —2— Dy(H) — ker (w: S2H © Zy — Zy) — 0
Lo
K —"— Dy(H) " ker (w: A2H ® Zy — Zs) — 0

Here, the map S?H ® Zo — A>H ® Zs is the canonical projection, and the “trace” maps are
defined as follows:

Trs((a/\b)-(c/\d)) = w(a,¢)b-d+w(a,d)b-c+w(bc)a-d+w(b,d)a-c,
TrA((a/\b)-(c/\d)) = w(a,c)bANd+w(a,d)bANc+wb,c)and+wbd,d)aNc,
TrA<%(u/\U) . (u/\v)) = (1+w(u,v)) uAv.

Consider a basis S = {a1,...,aq,b1,...,bg} of H of the form (2.6), and let (—, =) = (—, —)g :
H x H — 7 be the symmetric bilinear form defined by (a;, b;) = d;;, (a;,a;) =0, (b;,b;) = 0.
Let also © = Og : S?2(A2H?)/A*H? — Q be the map defined by

O((anb)-(cAd)) = (a,d)(b,c)— (a,c)(bd).

Lemma 4.1. The restriction of © (respectively, 20) to ker(Tr%) (respectively, to ker(Tr’))
reduced modulo 47 does not depend on the choice of the symplectic basis S.

Proof. Since the abelian group ker(Tr)/ ker(Tr) is of 2-torsion (for K/[Z,Z] to have the same
property), it suffices to prove the statement for the restriction of © to ker(Tr®). Since ker(Tr") =
75([Z,Z]) is the image of the map B : A2(A®H) — D4(H) defined by (3.2), it suffices to check
that the reduction of

0= @( Z w(@s, ;) (Tit1 A Tig2) - (Yj41 A yj+2)>
1,J€ZL3
modulo 4 is independent of the choice of S, for any x1, 2, x3,y1, Y2, ys € H. Indeed, this integer
0= w@iy;) @ir1,Yir2) @iv2, 1) — O @(@i,y;) @ig1,Yjr1) (Tig2,Yj42)
1,JE€L3 1,JE€L3

should be compared to the integer

0 = Z w(zi,y;) (W(Tis1s Yjro) W(Tiv2, Yjt1) — W(@it1, Yjr1) w(@ir2, Yj42))
1,j€%ZL3
w(z,y) w(@,y2) w(@,ys)
= —3|w(@2,y1) w(@2,y2) w(@2,y3)
w(zs,y1) w(rs,y2) w(ws,ys)
which (obviously) does not depend on S. By decomposing every factor in 6 of the form (x,y) as

a sum w(z,y) + 2 z(z,y) where z(z,y) € Z, and distributing all the products, we easily observe

that 6 — 6 belongs to 4Z. d
We can now give a complete description of the abelian groups I'sZ/T'sZ and K/T'3Z.

Theorem 4.2. (i) The homomorphism (72,8d") induces an isomorphism

(4.2) [,Z/TsT = U'(H)

onto the free abelian group U'(H) := {(T,z) € Dy(H) ® Z : Tr%(T) = 0, 20(T) = —z mod 8}.

(i) Similarly, the homomorphism (12,8d") induces an isomorphism

(4.3) K/TsT = U(H)

onto the free abelian group U(H) := {(T,z) € Da(H) & Z : TN (T) =0, 20(T) = —z mod 4}.
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Proof. According to Proposition 3.2, we have the commutative diagram

A%(A®H) J2 2T
Ro ~ I'sZ

X J/(T27d”)

S2(A2HO)
ATHT Q

where, according to Theorem B, the map B is injective: it follows that (72,8d") is injective.

To specify the image of (72,8d"), we now need to review the way d” can be defined from the
Casson invariant A\ of Z-homology 3-spheres. Consider the Heegaard splitting S = AU B of
genus g of the 3-sphere, and let j : ¥ < S3 be an embedding of our surface ¥ such that j(X) is
the Heegaard surface AN B = A = —JB deprived of a small disk D. Then, consider the map

NI —Z, f—A(S*(f. 1))

where S3(f,j) is the homology 3-sphere A U B obtained by “cutting” S® along its Heegaard
surface and gluing back with (jo foj 1) Uidp : B — dA. Then, by [21, Lemma 7.2], we have

)\j _@SOTQ

4.4 d'=--

(4.4) 5 1

Here the basis S of H is choosen so that ai,...,a, (respectively, by,...,by) are the homology
classes of a system of meridional curves oy, ..., a4 for the handlebody A (respectively, meridional

curves f1,..., B, for the handlebody B).

Let f € I';Z: then X;(f) is even, since the mod 2 reduction of the Casson invariant is the
Rochlin invariant, which is a finite-type invariant of degree 1. Thus, it follows from (4.4) that
8d"(f) = —20(12(f)) mod 8; hence (72(f),8d"(f)) belongs to U'(H). Conversely, let (T,z2) €
U'(H): we claim that (T, z) is in the image of T'sZ by (72,8d"”). Indeed, by (4.1), there exists
f € T'3Z such that 72(f) = T. We know by [22, Prop. 6.4] (see also [21, Prop. 6.3]) the existence
of a 1 € ker 19 such that A\;(1)) = 1: hence we have ¢? € I'yZNker 75 and A;(¢)?) = 2. Therefore,
for any £ € Z, the element f; := f1)?* of I';T satisfies

n(f) =7(f) =T and d'(fo) "= d"(f) - L.

Thus, taking ¢ := d’(f) — z/8 € Z, we obtain that the value of f; by (72,8d") is (T, z). This
achieves the proof of (i): the homomorphism (4.2) is bijective.

We now prove (ii). The surjectivity of (4.3) is proved similarly to the surjectivity of (4.2).
Moreover, the injectivity of (4.2) implies the injectivity of (4.3) in the following way. Let
k € K be such that m2(k) = 0 and d’(k) = 0. The fact that 72(k) = 0 implies that the
function B(k) : @ — Zs (image of k by the Birman—Craggs homomorphism) is constant [12, p.
178], and the fact that d”(k) = 0 implies then that S(k) is null. We deduce from Johnson’s

determination (2.1) of Z,;, that k € T'2Z. O

The following result, which describes the structure of the group Z/T'sZ, is a refinement of
Morita’s description [23, Th. 3.1] of the group Z/ ker(72).

Theorem 4.3. The extension of groups

T1

1— > K/TsT ——T/T5T A3H 1

is central, and its characteristic class viewed as an element of

H2(N*H; K/T5T) ~ Hom (A2(A*H), K/T5T) = Hom (A2(A*H), U(H))
maps any (x1 Axa Axs) A (Y1 Aya Ays) to
( w(@,y) w(@,ye) w(@r,ys)
)

Y w@iyy) (@ Amiga) - (Y1 Ayjra), =2 |w(za, 1) w(T2,92) w(w2,ys)
i,€2L3 w(zs,y1) wlzs,y2) w(s,ys)

Proof. The centrality of the extension is given by Theorem A. Let s : A>H — Z/T3T be a
setwise section of 71, and let ¢ : ASH x A>H — K/T'3Z be the corresponding 2-cocycle, i.e.
c(zly) = s(z)s(y)s(zy)~t. Then, as an element of Hom(A?(A*H),K/T'3Z), the cohomology
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class C of ¢ is given by C(x A y) = c(z|y) c(y|z)~! = [s(x), s(y)]. Thus, we have a commutative
diagram

/K xT/K (i N [2Z/TsT

T1 XTlJN

AH x A3H —S— K/T5T

where the composite [—, —] o (7 x 71)~! is the map Jo. Then the conclusion comes from Propo-
sition 3.2 and the definition of the map B. (]

We now give three applications of the previous theorems.
Corollary 4.4. The group Z/T'sT is torsion-free, and its center is KC/T'sZT.

Proof. The group Z/T'sZ is torsion-free because (by Theorem 4.2 (ii)) it is an extension of a
torsion-free abelian group by another one.

Let f € Z with the property that [f,h] € I'sZ for all h € Z. Then, we have d’([f,h]) = 0
for all h € T and, by Proposition 3.2, we obtain that 7 (f) € A>H belongs to the kernel of the
bilinear map

) w(z,y1) w(z,y2) w(x,ys)
b:APH x N*H — Z, (v1 Axa Az, y1 Aya Ays) — |w(ze,y1) w(®2,y2) w(w2,y3)].

w(zs,y1) w(rs,y2) w(xs,ys)
But, this form is non-singular since b(s1 A s2 A 83,81 A 82 A 83) = £1 for any pairwise-different
81, 82,83 € S. Therefore, we have 71 (f) = 0 so that f € K. This proves that the center of Z/T's7
is contained in K/T'sZ. (The converse inclusion is given by Theorem 4.3.) O

Denote by M = M[0] D M[1] D M[2] D --- the Johnson filtration of the mapping class
group M. Thus, for every k > 0, M[k] is the subgroup of M acting trivially on the k-th
nilpotent quotient 7 /Iy 17 of the fundamental group = = 71 (X, x). So far, we have encountered
M[1] =Z, M[2] = K = kerm; and MI3] = kers. The inclusion I'yZ C MJk] holds true for
every k > 1, and determining the gap between the two filtrations is an important question: thus,
the problem is to determine the kernel and the image of the induced homomorphism

In degree k = 1, the kernel M[2]/T'2Z of (4.5) is isomorphic to the 2-torsion group B<2(Q)
via the Birman—Craggs homomorphism (. The following, which identifies the kernel of (4.5) for
k =2, is a direct consequence of Theorem 4.2 (i).

Corollary 4.5. We have (I'eZ N M[3])/TsZ ~ Z via d".

By [10], the map (4.5) is surjective in degree 1; but it is not in degree 2 since 8 induces an
isomorphism between M[2]/(M]3] - I'3Z) and B<2(Q)/B<o(Q) [30, Prop. 3.3]. The following
gives the surjectivity of (4.5) in degree 3.

Corollary 4.6. We have M[3] = M[4]-T'3T.

Proof. Let f € M[3]. By [2, Th. A], there exists an element 1 € M([4] such that \;(¢)) = —1,
which implies that 2d” () = 1 by (4.4). We also have that 2d”(M][3]) C Z, hence setting k :=
24" () e M[4], we obtain that fk~' € M[3] and d”(fk~') = 0. It follows from Theorem 4.2 (ii)
that fk~! belongs to I'sZ. O

4.2. Relation to the monoid of homology cylinders. Let ZC := ZC(X) be the monoid of
homology cylinders over the surface X: its neutral element is the trivial cylinder ¥ x [—1, +1],
and its operation is the “stacking product”. The reader is referred to the survey paper [16] for
the precise definition of ZC, and an overwiew of its relationship with the study of the Torelli
group. Here, we simply recall a few facts and some notations about homology cylinders:

e The monoid ZC comes with a sequence of Yy -equivalence relations (for k > 1), which are
defined by surgery techniques.

e The Y -filtration ZC = Y1ZC D Y2ZIC D Y3ZC D --- on the monoid ZC is defined by
Y, ZC := {M € IC : M is Yj-equivalent to ¥ x [—1,+1]}.

e For every k > 1, the quotient monoid ZC/Y}, is actually a group.
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e The “mapping cylinder” construction defines a monoid homomorphism ¢ : Z — ZC,
which is injective and maps the lower central series to the Y-filtration.

It is an important problem to compare the lower central series of Z with the pull-back by ¢
of the Y-filtration. In the lowest (non-trivial) degree, it is known that the homomorphism
c:Z/T2T — IC/Y, induced by c is an isomorphism [9, 20]. In the next degree, the group ZC/Y3
has been given a complete description in [21, Th. 5.8], in the same spirit of Theorem 4.3 and
in terms of “symplectic Jacobi diagrams”; but the question of its comparison with the group
Z/T'sZ was left open. We can now answer this question.

Theorem 4.7. There is an exact sequence of groups

(4.6) 1 ——T/TsT —S 5 TC/Vs —2— S2H 2243 7, 1

where a denotes the “quadratic part” of the relative Alexander polynomial of homology cylinders,
as defined in [21, §3.2].

Proof. Some of the homomorphisms that we considered in the previous subsections on (subgroups
of) T extend to (submonoids of) ZC. Specifically, we shall need the following:

e The first Johnson homomorphism extends to 7, : ZC — A®H, and encodes the action of
ZC on 7/T'sm; we denote its kernel by KC := KC(X).

e The second Johnson homomorphism extends to 72 : KC — Dy(H), and encodes the
action of KC on 7 /Tym.

e The second core of the Casson invariant extends to d” : KC — Q, and formula (4.4)

(47 generalizes to 7 ~Aj Osoa BOgo 7'27
2 4 4
where A\; : ZC — Z measures the Casson invariant after the “insertion” of homology
cylinders, and Og : S?H — Q is a certain homomorphism depending on the choice of
the basis S of H.

We prove the injectivity of ¢ : Z/T'sZ — ZC/Y3. Let f € Z whose mapping cylinder c(f) is
Y3-equivalent to the trivial cylinder. Since the action of ZC on m/T'y7 is preserved by Y3-surgery,
we have f € K and 7»(f) = 0. Since the Casson invariant is preserved by Yz-surgery, we also
have d”(f) = 0. It follows from the injectivity of (4.3) in Theorem 4.2 that f belongs to I'sZ.

That the image of ¢ : Z/T'3Z — ZC /Y3 is contained in ker « is given by [21, Prop. 3.13]. To
prove the converse inclusion, let M € ZC satisfying (M) = 0. Since 7, : T — A>H is surjective,
we observe that ZC = KC - ¢(Z): thus, there is an f € T such that My := M - c(f~!) belongs to
KC. Next, according to [4, Prop. 6.1], we have the commutative diagram

(4.8) KC—*— S?H

Dy (H) —— A2H © Z,
Tr

where the projection p maps h -k to (h A k mod 2) for all h,k € H. Therefore, the fact
that a(My) = (M) = 0 implies that m5(My) € ker Tr; besides, we deduce from (1.7) that
8d"(My) = —20(12(Mp)) mod 4. Then, it follows from the surjectivity of (4.3) in Theorem 4.2
that there exists u € K such that d”(u) = d”(My) and 72(u) = 72(Mp). As a consequence of [21,
Th. A], we deduce that c(u) is Ys3-equivalent to My. Hence we obtain that

{M}={Moc(f)} = {c(uf)} €IC/Y;
belongs to the image of c.

Finally, the sequence (1.6) is also exact at S2H for the following reasons. The identity
IC = KC-¢(Z) implies that «(ZC) = a(KC). We know from [7, Th. 3] that the map 75 in (4.8) is
surjective, and we deduce from [21, Prop. 3.13] that a(KC) contains ker p = (h? | h € H). Thus,
we conclude that

a(KC) = a(KC) +kerp = p '(Tr™(Da(H)))
=" pNkerw: N’H®Zy — Zy) = (ker(w mod 2): S*H — Zj).
O
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