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Outline

Background

Filtered vector space Ad(n) of Jacobi diagrams

Functor Ad and an action of Aut(Fn) on Ad(n)

Key idea to study the Aut(Fn)-module structure of Ad(n)

The Aut(Fn)-module structure of Ad(n)
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Background

Habiro and Massuyeau extended the Kontsevich integral to
construct a functor

Z : B ! A,

where B is the category of bottom tangles in handlebodies and
A is the category of Jacobi diagrams in handlebodies.
We have a natural action

AutB(n) y B(0, n).

By restricting Z to the automorphism group, we have a similar
action

AutB(n) y A(0, n).

Fundamental group gives a surjection

AutB(n)(= H
op
n )⇣ Aut(Fn)

op

and we have
Aut(Fn)

op y Ad(0, n).
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Filtered vector space Ad(n) of Jacobi diagrams. I

k: a field of characteristic 0.
Let d , n, k � 0.

Xn :=
1 n

· · ·

2
.

A Jacobi diagram on Xn is a vertex-oriented uni-trivalent graph
such that univalent vertices are embedded into Xn.
The degree of a Jacobi diagram = 1

2#{vertices}.

Example (n = 2, d = 3):
1 2

.

Define

Ad(n) :=
Spank{Jacobi diagrams of degree d on Xn}

STU relation : = �

.
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Filtered vector space Ad(n) of Jacobi diagrams. II

Filtration of Ad(n):

Ad(n) = Ad ,0(n) ◆ Ad ,1(n) ◆ · · · ◆ Ad ,2d�1(n) = 0,

Ad ,k(n) = {u 2 Ad(n) | #(trivalent vertices of u) � k} ⇢ Ad(n).

Example (d = 2):

A2(n) = A2,0(n) ◆ A2,1(n) ◆ A2,2(n) ◆ 0.

2 2 2

1 2 n
· · ·

3 1 2 n
· · ·

3 1 2 n
· · ·
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Graded vector space Bd(n) of open Jacobi diagrams. I

Vn := kv1 � · · ·� kvn.
A Vn-colored open Jacobi diagram is a vertex-oriented uni-trivalent
graph such that each univ. vert. is colored by an element of Vn.

Define Bd ,k(n) by v1 v2 + v3

Spank{Vn-colored open Jacobi diag. of degree d with k triv. vert.}

AS rel. = � , IHX rel. = � ,multilinearity
.

Then Bd(n) :=
L2d�2

k=0 Bd ,k(n) is a graded vector space.

Proposition (Bar-Natan “PBW theorem”)

We have an isom. ✓d ,n : gr(Ad(n))
⇠=
�! Bd(n) of graded vect. sp.
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Graded vector space Bd(n) of open Jacobi diagrams. II

Example (d = 2):

B2(n) = B2,0(n) � B2,1(n) � B2,2(n).
2 2 2

v1 v2 v3v1
v1 v2 v3

v1 v2
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Functor Ad and an Aut(Fn)-action on Ad(n). I

Fn = hx1, · · · , xni: the free group of rank n.
Aut(Fn): the automorphism group of Fn.

F: the category of finitely generated free groups:
Ob(F)=N, F(m, n) = {Fm ! Fn | group homomorphism}.

A: the category of Jacobi diagrams in handlebodies:
Ob(A)=N, A(m, n) = Spank{“(m, n)-Jacobi diagrams”}.

Let Ad(m, n) denote the degree d part of A(m, n).
Note that we have Ad(n) = Ad(0, n) for n � 0.

Examples :

2 A3(3, 2), 2 A0(2, 2), 2A3(0, 3) = A3(3).
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Functor Ad and an Aut(Fn)-action on Ad(n). II

We obtain an isomorphism of k-vector spaces

Z : kFop(m, n) ⇠= A0(m, n)

by restricting the functor constructed by Habiro and Massuyeau.

Examples :

f : F2 ! F3 f (x1) = x1x2, f (x2) = x2x3,

Z (f ) = 2 A0(3, 2).

U 2 Aut(F2) U(x1) = x1x2, U(x2) = x2,

Z (U) = 2 A0(2, 2).
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Functor Ad and an Aut(Fn)-action on Ad(n). III

By using the isomorphism

Z : kFop(m, n) ⇠= A0(m, n),

we define a functor
Ad : Fop

! fVect,

where fVect is the category of filtered vector spaces over k.

For an object n � 0, we have Ad(n) = Ad(0, n).

For a morphism f 2 Fop(m, n), let

Ad(f ) : Ad(m) // Ad(n)

2 2

u � // Z (f ) � u

.
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Functor Ad and an Aut(Fn)-action on Ad(n). IV

Examples :

f : F2 ! F3 f (x1) = x1x2, f (x2) = x2x3,

A3(f )

 

1 32

!
= Z (f ) �

1 32

= �

1 32
=

1 2

=
1 2

+
1 2

+
1 2

+
1 2

=
1 2

+
1 2

+
1 2

+
1 2

2 A3(2).
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Functor Ad and an Aut(Fn)-action on Ad(n). V

U 2 Aut(F2) U(x1) = x1x2, U(x2) = x2,

A2(U)

0

@
1 2

1

A = Z (U) �
1 2

= �

1 2

=

1 2

=
1 2

+
1 2

2 A2(2).

By restricting the functor Ad : Fop
! fVect to the automorphism

group, we obtain an action Aut(Fn)op y Ad(n), which we write

Ad(n) x Aut(Fn).

For u 2 Ad(n) and g 2 Aut(Fn), we write u · g := Ad(g)(u).
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Out(Fn)-action on Ad(n)

Inn(Fn): the inner automorphism group of Fn
Out(Fn) = Aut(Fn)/ Inn(Fn): the outer automorphism group of Fn

Theorem

The Inn(Fn)-action on Ad(n) is trivial.
Therefore, Ad(n) x Aut(Fn) induces Ad(n) x Out(Fn).

Define �x1 2 Inn(Fn) by �x1(x) = x1xx
�1
1 for any x 2 Fn. We have

1 2 n

u

· �x1 =

1 2 n

u

=
1 2 n· · ·

u

=

1 2 n· · ·

u

=

1 2 n· · ·

u

=
1 2 n

u

.
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Functor Bd and a GL(n;Z)-action on Bd(n). I

FAb: the category of finitely generated free abelian groups:
Ob(FAb)=N, FAb(m, n) = {Zm

! Zn
| group homomorphism}.

gVect: the category of graded vector spaces over k.
We define a functor

Bd : FAbop ! gVect.

For an object n � 0, Bd(n) ⇠= gr(Ad(n)) is the space of open
Jacobi diagrams.

For a morphism P 2 FAbop(m, n) = Mat(m, n), let

Bd(P) : Bd(m) // Bd(n)

2 2

u

w1 w2d�k

� //
u

w1P w2d�kP

.
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Functor Bd and a GL(n;Z)-action on Bd(n). II

We have AutFAb(n) = GL(n;Z).
By restricting the functor Bd : FAbop ! gVect to the
automorphism group, we obtain an action GL(n;Z)op y Bd(n),
which we write

Bd(n) x GL(n;Z).

This action naturally extends to Bd(n) x GL(n; k).
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Functors Ad and Bd

Proposition

The functor Ad induces the functor Bd ; that is, we have

Fop

abop

✏✏

Ad // fVect

gr
✏✏

FAbop
Bd

// gVect,

⇠=
w� ✓d

where gr sends a filtered vector space to its associated graded
vector space, abop is the opposite of the abelianization functor and
✓d is a natural isomorphism determined by the PBW maps.

Proposition

Ad(n) x Aut(Fn) induces Bd(n) x GL(n;Z).
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gr(IA(n))-action on Bd(n). I

IA(n) := ker(Aut(Fn)⇣ GL(n;Z)): IA-automorphism group of Fn.
�r (IA(n)): the r -th term of the lower central series of IA(n).
gr(IA(n)) =

L
r�1 gr

r (IA(n)): the associated graded Lie algebra.

Proposition

We have a map

[·, ·] : Ad ,k(n)⇥ IA(n) // Ad ,k+1(n)

2 2

(u, g) � // [u, g ] = u · g � u

by using the action Ad(n) x Aut(Fn).
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gr(IA(n))-action on Bd(n). II

Proposition (Bracket map)

We can define a map

[·, ·] : Ad ,k(n)⇥ �r (IA(n)) ! Ad ,k+r (n),

which induces a GL(n;Z)-module map

[·, ·] : Bd ,k(n)⌦ grr (IA(n)) ! Bd ,k+r (n).

The bracket map gives an action

Bd(n) : gr. vect. sp. x gr(IA(n)) : gr. Lie alg.
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gr(IA(n))-action on Bd(n). III

Remark

We have a bracket map

[·, ·] : Ad ,k(n)⇥Ar (n) ! Ad ,k+r (n),

where Ar (n) denotes the r -th term of the Johnson filtration of
Aut(Fn).
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Key idea

We observed that

Ad(n) x Aut(Fn) induces

(
Bd(n) x GL(n;Z)
Bd(n) x gr(IA(n)).

Key idea

The structure of Bd(n) as GL(n;Z)-modules with gr(IA(n))-action
gives us some information about the Aut(Fn)-module structure of
Ad(n).

We can compute an irreducible decomposition of Bd(n)
as GL(n;Z)-modules in some cases (for small d or for small k).

We can compute the gr(IA(n))-action on Bd(n) by hand for
small d .
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Aut(Fn)-module structure of A2(n). I

Let d = 2.

Set symm :=
P

�2Sm
�, altm :=

P
�2Sm

sgn(�)�.

We have an irreducible decomposition as GL(n;Z)-modules

B2(n) = B2,0(n) � B2,1(n) � B2,2(n),

⇠ = ⇠ = ⇠ =

S(2,2)V alt2 alt2

vi vj vkvl

S(1,1,1)V vi vj vk
S(2)V vi vj

�

S(4)V sym4

vi vjvkvl

where S� is the Schur functor and V = Vn.
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Aut(Fn)-module structure of A2(n). II

Let P = sym4 , Q = alt2 alt2 2 A2(4).

A2P(n) := Spank{A2(f )(P) : f 2 Fop(4, n)} ⇢ A2(n).
A2Q(n) := Spank{A2(f )(Q) : f 2 Fop(4, n)} ⇢ A2(n).

Theorem

For n � 3, we have an indecomp. decomp. as Aut(Fn)-modules

A2(n) = A2P(n)� A2Q(n).

We have GL(n;Z)-module isomorphisms

gr(A2P(n)) ⇠= S(4)V ,

gr(A2Q(n)) ⇠= S(2,2)V � S(1,1,1)V � S(2)V .

Thus, A2P(n) is an irreducible Aut(Fn)-module.
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Aut(Fn)-module structure of A2(n). III

Theorem

Let n � 3. A2Q(n) admits a unique composition series of length 3

A2Q(n) ) A2,1(n) ) A2,2(n) ) 0;

that is, there are no other Aut(Fn)-submodules of A2Q(n).

Sketch of proof: We have

gr(A2Q(n)) ⇠= S(2,2)V � S(1,1,1)V � S(2)V

and

A2Q(n)/A2,1(n) ⇠= S(2,2)V , A2,1(n)/A2,2(n) ⇠= S(1,1,1)V ,

A2,2(n) ⇠= S(2)V .
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Aut(Fn)-module structure of A2(n). IV

Uniqueness:
By computation of the gr(IA(n))-action on B2(n), we have

S(2)VS(1,1,1)V  S(2,2)V  
A2,2(n)

A2,1(n)
A2Q(n)

.

Here, S�V  SµV means that the following map is injective:

S�V // Hom(gr1(IA(n)), SµV ).

2 2

u � // (g 7! [u, g ])

For the above reasons, A2Q(n),A2,1(n),A2,2(n) and 0 are the only
Aut(Fn)-submodules of A2Q(n).
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Aut(Fn)-module structure of A2(n). V

For d = 2 and n � 3, we have

B2(n) = B2,0(n) � B2,1(n) � B2,2(n)

⇠ = ⇠ = ⇠ =

S(4)V
�

S(2,2)V // S(1,1,1)V // S(2)V
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Higher degree cases (d = 3)

For d = 3 and n � 4, we have

B3(n) = B3,0(n) � B3,1(n) � B3,2(n) � B3,3(n) � B3,4(n)

⇠ = ⇠ = ⇠ = ⇠ = ⇠ =

S(6)V
�

S(4,2)V // S(3,12)V //

%%

⌧⌧

⇠⇠

S(4)V
� � �

S(23)V //

88

S(2,13)V //

%%

⌧⌧

S(3,1)V
�

S(22)V

%%
�

S(22)V // S(13)V // S(2)V
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Higher degree cases (d = 3)

For d = 3 and n � 4, we have

B3(n) = B3,0(n) � B3,1(n) � B3,2(n) � B3,3(n) � B3,4(n)

⇠ = ⇠ = ⇠ = ⇠ = ⇠ =

S(6)V
�

S(4,2)V // S(3,12)V //

%%

⌧⌧

⇠⇠

S(4)V
� � �

S(23)V //

88

S(2,13)V //

%%

S(3,1)V
�

S(22)V
�

S(22)V // S(13)V // S(2)V
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Higher degree cases (d = 3)
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Higher degree cases. I

Proposition

The bracket map

[·, ·] : Bd ,k(n)⌦ gr1(IA(n)) ⇣ Bd ,k+1(n)

is surjective for n � 2d � k .

Proposition

We have
Rad(Ad ,k(n)) = Ad ,k+1(n)

for any k � 0.
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Higher degree cases. II

As in the case of d = 2, for d � 3,

let P = sym2d , Q = alt2 2 Ad(2d).

Let

AdP(n) := Spank{Ad(f )(P) : f 2 Fop(2d , n)} ⇢ Ad(n),

AdQ(n) := Spank{Ad(f )(Q) : f 2 Fop(2d , n)} ⇢ Ad(n).

Conjecture

For su�ciently large n, we have an indecomposable decomposition
of Aut(Fn)-modules

Ad(n) = AdP(n)� AdQ(n).
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Higher degree cases. III

Theorem

For n � 4, we have an indecomp. decomp. of Aut(Fn)-modules

A3(n) = A3P(n)� A3Q(n).

29 / 29


