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Key idea to study the Aut(F,)-module structure of Ay(n)
The Aut(F,)-module structure of Ay(n)
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Background

Habiro and Massuyeau extended the Kontsevich integral to
construct a functor

Z:B—A,
where B is the category of bottom tangles in handlebodies and
A is the category of Jacobi diagrams in handlebodies.
We have a natural action

Autg(n) ~ B(0,n).
By restricting Z to the automorphism group, we have a similar
action
Autg(n) ~ A(0, n).
Fundamental group gives a surjection
Autp(n)(= HP) — Aut(Fp)°P

and we have
Aut(F,)°? ~ A4(0, n).



Spaces of Jacobi diagrams

Filtered vector space Aq4(n) of Jacobi diagrams. |

k: a field of characteristic 0.
Let d,n, k > 0.

EVAVARYAY
1 2 n

A Jacobi diagram on X,, is a vertex-oriented uni-trivalent graph
such that univalent vertices are embedded into X,.
The degree of a Jacobi dlagram = 14 {vertices}.

’
I,I\

Example (n=2,d = 3): ﬂ
Define

Spany {Jacobi dlagrams of degree d on X }
Ad(n) = -

STU relation: " - -




Spaces of Jacobi diagrams

Filtered vector space A4(n) of Jacobi diagrams. |l

Filtration of Aq(n):
Ad(n) = Ado(n) 2 Aga(n) 2 -+ 2 Agpq-1(n) =0,

Ad k(n) = {u € Ag(n) | #(trivalent vertices of u) > k} C Aqy(n).

Example (d = 2):

AQ(H) = A2’0(n) ) A2,1(n) D) A272(n) 20
Ay Rnyny Ky



Spaces of Jacobi diagrams

Graded vector space B,(n) of open Jacobi diagrams. |

Vi, =kvi ® - Dkv,.
A V,-colored open Jacobi diagram is a vertex-oriented uni-trivalent
graph such that each univ. vert. is colored by an element of V.

Define By «(n) by o owmtw

Spany { V,,-colored open Jacobi diag. of degree d with k triv. vert.}

AS rel. Y- IHX rel. X > ><,mu|ti|inearity

Then By(n) := @iiff B k(n) is a graded vector space.

Proposition (Bar-Natan “PBW theorem”)

We have an isom. 04, : gr(Aq(n)) =N By4(n) of graded vect. sp.
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Spaces of Jacobi diagrams

Graded vector space B,(n) of open Jacobi diagrams. |l

Example (d = 2):

Bz(n) = Bz,()(n) D Bz,l(n) D 5272(17).
v ) W
Vi— Vi Vo w3 /l\ Vi—O— V2
Vi V2 V3



Functor Ay and an Aut(F,)-module Ay(n)

Functor A, and an Aut(F,)-action on Ay(n). |

Fn=(x1, - ,xp): the free group of rank n.
Aut(F,): the automorphism group of F,.

F: the category of finitely generated free groups:
Ob(F)=N, F(m,n) = {Fn — F, | group homomorphism}.
A: the category of Jacobi diagrams in handlebodies:
Ob(A)=N, A(m,n) = Span{"“(m, n)-Jacobi diagrams” }.
Let Ay(m, n) denote the degree d part of A(m, n).
Note that we have Aq4(n) = A4(0, n) for n > 0.
Examples :

EA3(3,2), W‘ EAO(2,2), /<>\'),\ €A3(0,3):A3(3).




Functor Ay and an Aut(F,)-module Ay(n)

Functor A, and an Aut(F,)-action on Ay(n). Il

We obtain an isomorphism of k-vector spaces
Z : kF°P(m, n) = Ag(m, n)
by restricting the functor constructed by Habiro and Massuyeau.

Examples :
o f: F2 — F3 f(Xl) = X1X2, f(Xg) = X2X3,

24 %y X3

Z(f) = W € Ag(3,2).

X4 %2
o UcAut(R) U(x)=x1x, U(x)=x,
L. X2
Z(U) = ﬁ € Ao(2,2).
xh



Functor Ay and an Aut(F,)-module Ay(n)

Functor A, and an Aut(F,)-action on Ay(n). 1l

By using the isomorphism
Z :kF°P(m, n) = Ao(m, n),

we define a functor
Ay FP — fVect,
where fVect is the category of filtered vector spaces over k.
e For an object n > 0, we have Ag(n) = A4(0, n).

@ For a morphism f € F°P(m, n), let

Ad(f) . Ad(m) — Ad(n)

ur——=Z(f)ou
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Examples :

X2X3,

x1x2, f(x2)

f(x1)

0f:F2—>F3
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Functor Ay and an Aut(F,)-module Ay(n)

Functor Ay and an Aut(F,)-action on Ay(n). V

o UcAut(FR) U(x)=x1x2, U(x) = x,

A (U) /\/\ :Z(U)O/&Av}-\ _ i O/\/z\

1 2 1 2 /| 1
LON FON Ak

= m =N A+ A A €A
EAREATARFAYA

By restricting the functor Ay : F°? — fVect to the automorphism
group, we obtain an action Aut(F,)°® ~ Ag(n), which we write

Ag(n) ~ Aut(Fp).
For u € Ayg(n) and g € Aut(F,), we write u- g := Aq(g)(v).
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Functor Ay and an Aut(F,)-module Ay(n)

Out(F,)-action on Ay(n)

Inn(Fp): the inner automorphism group of F,
Out(F,) = Aut(F,)/ Inn(Fp,): the outer automorphism group of F,

The Inn(Fp)-action on Aq4(n) is trivial.
Therefore, Aq(n) v Aut(F,) induces Aq(n) ~ Out(Fp).

Define o, € Inn(Fy,) by 04 (x) = xyxx; * for any x € F,. We have

13 /29



Functor Ay and an Aut(F,)-module Ay(n)

Functor By and a GL(n; Z)-action on By(n). |

FAb: the category of finitely generated free abelian groups:
Ob(FAb)=N, FAb(m, n) = {Z™ — Z" | group homomorphism}.

gVect: the category of graded vector spaces over k.

We define a functor

By : FAb°Y — gVect.

@ For an object n > 0, By(n) = gr(Ad(n)) is the space of open
Jacobi diagrams.
e For a morphism P € FAb°?(m, n) = Mat(m, n), let

Bd(P) . Bd(m) ——— Bd(n)
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Functor Ay and an Aut(F,)-module Ay(n)

Functor By and a GL(n; Z)-action on By(n). I

We have Autgap(n) = GL(n; Z).

By restricting the functor By : FAb°? — gVect to the
automorphism group, we obtain an action GL(n; Z)°? ~ By(n),
which we write

By(n) ~ GL(n; Z).

This action naturally extends to By(n) v~ GL(n; k).

15/28



Functor Ay and an Aut(F,)-module Ay(n)

Functors Ay and By

Proposition
The functor Ay induces the functor By; that is, we have

For Ad fVect
| ole s
FAb°P gVect,

d

where gr sends a filtered vector space to its associated graded
vector space, ab®® is the opposite of the abelianization functor and
04 is a natural isomorphism determined by the PBW maps.

4

Proposition
Ad(n) <~ Aut(F,) induces By(n) v GL(n; Z).
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Functor Ay and an Aut(F,)-module Ay(n)

gr(lA(n))-action on By(n). |

IA(n) = ker(Aut(F,) — GL(n; Z)): IA-automorphism group of F,.
I'(IA(n)): the r-th term of the lower central series of 1A(n).
gr(IA(n)) = €D,>1 gr"(IA(n)): the associated graded Lie algebra.

Proposition

We have a map

[', ] : Ad7k(n) X IA(n) —>-Ad7k+1(n)
w w

(v,g)—— [ugl=u-g—u

by using the action Ag(n) ~ Aut(F,).

17/28



Functor Ay and an Aut(F,)-module Ay(n)

gr(lA(n))-action on By(n). Il

Proposition (Bracket map)

We can define a map
[-, ] : Ad’k(n) X I',(IA(n)) — Ad,k+r(n),

which induces a GL(n; Z)-module map

[-]: Bak(n) @ gr'(1A(n)) = Bak+r(n)-

The bracket map gives an action

Bgy(n) : gr. vect. sp. ~  gr(IA(n)) : gr. Lie alg.

18 /28



Functor Ay and an Aut(F,)-module Ay(n)

gr(lA(n))-action on By(n). 1l

Remark
We have a bracket map

[, ] 2 Agk(n) x Ar(n) = Ag ktr(n),

where A,(n) denotes the r-th term of the Johnson filtration of
Aut(Fp).
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Aut(Fp)-module structure of Ay(n)
Key idea

We observed that
Bgy(n) v« GL(n; Z)

Aqg(n) ~ Aut(F,)  induces {Bd(n)ﬂgr(lA(”))'

Key idea
The structure of By(n) as GL(n; Z)-modules with gr(lA(n))-action
gives us some information about the Aut(F,)-module structure of

Ad(n).

@ We can compute an irreducible decomposition of By(n)
as GL(n; Z)-modules in some cases (for small d or for small k).
e We can compute the gr(lA(n))-action on By(n) by hand for
small d.

20 /28



Aut(Fp)-module structure of Ay(n)

Aut(F,)-module structure of Ay(n). |

Let d = 2.

Set [Fm] := > ves,, O =D s, sen(o)o.

We have an irreducible decomposition as GL(n; Z)-modules

NN N A
Bz(n): 8270(n) D 5271(17) (&) BQVQ(H),
2l 2l 2l
2\
Sa2)V SaanV /'\ SV -0
ViVvj Vv i
©®
AN
SV ﬁm
Vi ViViVi

where S is the Schur functor and V = V,,.
A r2d-k
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Aut(Fp)-module structure of Ay(n)

Aut(F,)-module structure of Ay(n). Il

TANAY 27T
ANAN PR

Let P= LYMs Q= Blbllalkl ¢ Ay4).

ATAVA AA AA
Az P(n) := Spani {Ax(f)(P) : f € F°P(4,n)} C Ax(n).
A2Q(n) := Span {Ax(f)(Q) : f € F°P(4,n)} C Ax(n).

For n > 3, we have an indecomp. decomp. as Aut(F,)-modules

Ag(n) = AQP(H) D AQQ(H).

We have GL(n; Z)-module isomorphisms

gr(A2P(n)) = SV,
gr(A2Q(n)) = S22V ®S1,11)V © Sy V.

Thus, A2P(n) is an irreducible Aut(F,)-module.



Aut(Fp)-module structure of Ay(n)

Aut(F,)-module structure of Ay(n). llI

Let n > 3. A2Q(n) admits a unique composition series of length 3
A2 Q(n) 2 Aza(n) 2 Az(n) 2 0;

that is, there are no other Aut(F,)-submodules of A, Q(n).

Sketch of proof: We have
gr(A2Q(n)) = Sp2)V & Su1nyV @SV
and

A2Q(n)/A21(n) =SV, A21(n)/A22(n) =Su11)V,
A2,2(n) = S(2) V.
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Aut(Fp)-module structure of Ay(n)

Aut(F,)-module structure of Ay(n). IV

Uniqueness:
By computation of the gr(IA(n))-action on By(n), we have

8(2,2) V ~ S(l,l,l) V ~ 8(2) V
Agg(ﬂ)I

[ A271(n)
AQQ(I’I)

Here, S\V ~» S,V means that the following map is injective:

SaV —= Hom(grl(IA(n)), S, V).
W W

u——— (g [u,8])

For the above reasons, A>Q(n), Az 1(n), A22(n) and 0 are the only
Aut(F,)-submodules of A, Q(n).
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Aut(Fp)-module structure of Ay(n)

Aut(F,)-module structure of Ay(n). V

For d =2 and n > 3, we have

B2(n) = Bz’o(n) D 8271(n) D 8272(n)
I 2l I
S(4) 74

Asmyz @
8(2’2) V ~ 8(1’171) V ~> 8(2) V
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Aut(Fp)-module structure of Ay(n)

Higher degree cases (d = 3)

For d = 3 and n > 4, we have

AN AN pay /R 00
B3(n) = B370(n) (&) B3,1(n) b B372(n) b B373(n) () 83,4(n)
2l 2l Al 2l 2l

:
= S2)V ~>=SE12) V ~> SV
) /f’ ® \ ®

=7 S3)V =S

AN BeyVi=SanV ~SpV
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Aut(Fp)-module structure of Ay(n)

Higher degree cases (d = 3)

For d = 3 and n > 4, we have

B3(n) = B370(n)€B B3,1(n) b B372(n) b B373(n)€B 83,4(n)
2l 2l Al 2l 2l

AWA W’Sm)V
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Aut(Fp)-module structure of Ay(n)

Higher degree cases (d = 3)

For d = 3 and n > 4, we have

B3(n) = B370(n)€B B3,1(n) D B372(n) D B373(n)€B 83,4(n)

I 2l 2l Al 2l
S(e)V
@
Astm) =
S(472) V ~>= 8(3’12) V ~> S(4) V
& 7 e\ ©®
8(23) V ~>= 8(2713) 8(371) V
S
8(22) V
¥
8(22) \/ ~> 8(13) V ~> S(Z) \/
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Aut(Fp)-module structure of Ay(n)

Higher degree cases. |

The bracket map
[,]: Bak(n) ©gr(1A(n)) — Bak+1(n)

is surjective for n > 2d — k.

| A\

Proposition
We have

Rad(Adﬁk(n)) = Ad,k+1(n)

for any k > 0.
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Aut(Fp)-module structure of Ay(n)

Higher degree cases. Il

let P = :__'_ST_XT_?_C{__I__: ’ = !_‘2#;2_: i i NN € Ad(zd)
AA AN AN ANAN AN

Let
AgP(n) := Span {Aq(f)(P) : f € F°®(2d,n)} C Aq4(n),

AdQ(n) := Span, {A4(f)(Q) : f € F°P(2d, n)} C Aq4(n).

For sufficiently large n, we have an indecomposable decomposition
of Aut(F,)-modules

Ad(n) = AdP(n) D AdQ(n)
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Aut(Fp)-module structure of Ay(n)

Higher degree cases. IlI

For n > 4, we have an indecomp. decomp. of Aut(F,)-modules

A3(n) = A3P(n) (o) A3Q(n).
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